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Second: Cubic Interpolation Method:

The cubic interpolation method approximates the objective function
@(a) by a cubic polynomial P(a), four interpolation conditions are
required. For example, we may use function values at four points or
function values at three points and a derivative at one point or function
values and derivative values at two points. Note that in general, the
cubic interpolation has better convergence than the quadratic
Interpolation but that it needs computing of derivatives and more
expensive computation. In the following discuss the cubic interpolation
method with two points.

We are given two points a and b, the function values ®(a)

and ®(b), and their derivatives ®'(a) and ®'(b) 7 =}
to be construct a cubic polynomial of the form *“f




P(a) =ci(a—a)+cy(a—a)’+cs(a—a) + ¢4 oo ee... (57)
Where ¢4, ¢,, c3 and c4 are the coefficients of the polynomial which
are chosen such that

P(a) =c4 = ®P(a) .. P €21 - )

P'(a) =c3 = (b’(a) . R - 1)
P(b) = c{(b — a)3+c2(b a)2+c3(b a) + ¢4 = db(b) ......... (60)
P'(b) =3c{(b—a)’+2c;(b—a) + c3 = D' (D) ... .. cc vev eee ... (61)

From the sufficient condition of the minimizer, we have
P'(a) = 3cy(a— a)*+2c,(a—a)+c3=0.....,.

And
P'(ax) =6ci(a—a)+2cy; >0 .......c. e vl 08 L LR




Solving Equation (62), yields
3ci(a—a)’+2c,(a—a)+c3=0

—2c24ﬂj4c%—12c1c3 —2cp+ 2,Jc%—3c1c3 —czqﬂjc%—3c1c3

a—a-= = —
6C1 6C1 361

In order to guarantee the condltlon (63) holdlng we only take

—c2+_Jc2—3c1c3

a—a= Lo R - O L2 N2
3C1 -1

The formula (65) can be written as

—c2+‘Jc%—3c103 —c2+_Jc%—30103 —cz—_Jc%—
a—a-=— —

3cC 3c
1 1 —Cp— c%—




c3—(c5-3c1c3) 3c1c3

3C1(—C2—‘JC%—3C1C3) 3C1(—C2—‘JC%—30103)

La—a=— o3 (66)
c, + \/c% — 3c¢4C3
Let a be the minimizer of P(«a),then
ad=a-— S (67)

C2+‘JC%—3C1C3

The minimizer in Equation (67) is represented by c4, c, and c3. We
hope to represent a by @(a), ®'(a), @(b) and ®'(b)



Let
@ (b)-P(a)

s=3 P P TP P PP PP PP TR rryee eeeeenennne, (68)
z=s—®'(a) — d'(b) .. : (69)
w? =2z? - &' (a)D'(b) .. e e e ] (70)
Now, from Equations (58) and (60) we have
_ 3 [cl(b —a)3+cy(b—a)?+c3(b—a)+cq— c4]
b—a i °
s=3c;(b—a)?+3c(b—a) +3C3 oo cov e vt (71)

Now, from Equations (59), (61) and (71), we have
z=3ci(b—a)*+3c,(b—a) +3c3 —c3 — 3cy(b — a)?
—2cy(b—a) — ¢4
Z=Co(b—a)FC3 cooer e es et e v e e e (72)



Now, from Equations (59), (61) and (72), we have
w? = [cy(b—a) + ¢c3 *—c3[3cy(b—a)* + 2¢c,(b — a) + c¢;]
= ¢5(b — a)*+2cyc3(b — a) + ¢5 — 3cc3(b — a)?
—2c,¢c3(b — a) — c5
= c¢5(b — a)*—3cyc3(b — a)?
W2 = (b — @)?(€5 —3€1€3) e eov et et e s e e e R e

Hence, we have
2

. / 2 . — w — Z—C3 —
c3 = P'(a), c; —3cqc3 (b—a)? €2 =7
Use above values in Equation (67), yields
a=a =3 =a @  _, =
o - o S z-dl@ w " z—d(@tw 7—®d' (a)+w
C2+ \/C%—3C103 b—a 'b-a b—a (@)

... (74)



Now, multiply and divide above formula by @' (b), and use Equation
(70), yields: 3

__ . (b—a)@'@o') _  (b-a)(z*-w?)
A=A o @) 7 Grwd (b)—(22—w?)
o (b—a)(z—w)(z+w)
—a (z+w)®' (b)—(z—w)(z+wW)
— (b—a)(z—w)(z+w) (b—a)(w—2)
B = Q= b atw] = O Gt gy e v e e e e e

Unfortunately the formula (75) is not adequate for calculating a
because Its denominator is possibly zero or merely very small.

Fortunately it can be overcome by use of Equations (74) and (75).
Now, from Equations (74) and (75) and we use the fact that

a C a C a+tc
If 2=% 5 2=C-

b d b d b+d

(( L2_6 2+6_8_2>>
for example = = 1o, then ==—==55=5] |




Then, we have
B (b-a)®'(a) _ (b—a)(w-z) —-(b—-a)®'(a)+(b-a)(w-2z) _ (b—a)(—®'(a)+w-2)

z—d' (a)+w @' (b)+w-z z—P'(a)+w+d'(b)+w-z

_ B —o'(a)+w-z
=(b-a) [¢’(b)—¢’(a)+2w]

—d'(a)+w-—2z
@' (b) — D' (a) + Zw]

; c_x—az(b—a)[
Or
c_r=a+(b—a)[

—o'(a)+w-z ]
&' (b)-d'(a)+2w

Now if we take ®'(a) < 0 and ®'(b) > 0 then
w? = z? — &' (a)®'(b) > 0. Taking w > 0 it follows that the
denominator in Equation (76): @'(b) — @'(a) + 2w > 0.



Equation (76) may be written as:
—d'(a)+w-—12z

@' (b)) — d'(a) + ZW]

@' (b)-d' (b)-P' (a)+w+w—w—2z

c_x=a+(b—a)[

= a+(b-a) @' (b)—@' (@) +2w |

- B @' (b)-d' (a)+2w B @' (b)+w+z

= at+tb-a)l o —oiaaw 7)o (@]

_ B B @' (b)+w+z

=a+(b-all ¢,(b)_¢,(a)+2W] RN ¢ &)
Note (18):

The cubic interpolation method with two points has converge rate with
order two.



