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Algorithm (4): (Quadratic Interpolation with Three Points)

Step 1: 

𝑮𝒊𝒗𝒆𝒏 𝒂 𝒕𝒐𝒍𝒆𝒓𝒂𝒏𝒄𝒆 𝜺 > 𝟎, initial point 𝜶𝟏 and step length 𝒉.

𝑻𝒂𝒌𝒆 𝜶𝟐 = 𝜶𝟏 + 𝒉. Evaluate 𝜱 𝜶𝟏 = 𝜱𝟏 𝒂𝒏𝒅𝜱 𝜶𝟐 = 𝜱𝟐.

Step 2:

If 𝜱𝟏 < 𝜱𝟐 take the third point 𝜶𝟑 𝒂𝒔 ∶ 𝜶𝟑 = 𝜶𝟏 − 𝒉. Otherwise take 

the third point 𝜶𝟑 𝒂𝒔: 𝜶𝟑 = 𝜶𝟏 + 𝟐𝒉. Evaluate 𝜱 𝜶𝟑 = 𝜱𝟑.

Step 3:

Use Equation (56) 𝒕𝒐 𝒇𝒊𝒏𝒅 ഥ𝜶 and evaluate 𝜱 ഥ𝜶 .

Step 4:

If the difference between the two lowest function values is less than or 

equal the given tolerance stop. Otherwise go to next step.

Step 5:

Discard the point with the highest function value and go to step 3.



Theorem (8):

1: Let 𝜱(𝜶) have continuous forth order derivatives.

2: Let 𝜶∗ be such that 𝜱′ 𝜶∗ = 𝟎 𝒂𝒏𝒅𝜱′′ 𝜶∗ ≠ 𝟎.

Then the sequence {𝜶𝒌} generated by Equation (56) converges to 𝜶∗

with order 𝟏. 𝟑𝟐 of converge rate.

Example:

Use quadratic interpolation with three points method to find the 

position of the 𝒎𝒊𝒏𝒊𝒎𝒊𝒛𝒆𝒓 𝒐𝒇 𝒇 𝒙 = 𝟐𝒙𝟐 − 𝒆𝒙. Given the 𝒊𝒏𝒊𝒕𝒊𝒂𝒍

𝒑𝒐𝒊𝒏𝒕 𝟏 , length step 𝟎. 𝟓 and tolerance 𝟎. 𝟎𝟎𝟎𝟏.



Solution:

Let 𝜶𝟏 = 𝟏 → 𝜶𝟐 = 𝜶𝟏 + 𝒉 = 𝟏 + 𝟎. 𝟓 = 𝟏. 𝟓.

⸫ 𝒇 𝜶𝟏 = 𝒇 𝟏 = −𝟎. 𝟕𝟏𝟖𝟐𝟖 𝒂𝒏𝒅 𝒇 𝜶𝟐 = 𝒇 𝟏. 𝟓 = 𝟎. 𝟎𝟏𝟖𝟑𝟏.

Since  𝒇 𝜶𝟏 < 𝒇 𝜶𝟐 , we take the third point 

𝜶𝟑 = 𝜶𝟏 − 𝒉 = 𝟏 − 𝟎. 𝟓 = 𝟎. 𝟓.

⸫𝒇 𝜶𝟑 = 𝒇 𝟎. 𝟓 = −𝟏. 𝟏𝟒𝟖𝟕𝟐.

Now, we have 𝜶𝟏 = 𝟏 ,𝜶𝟐 = 𝟏. 𝟓 𝒂𝒏𝒅 𝜶𝟑 = 𝟎. 𝟓.

And 𝜱𝟏 = 𝒇 𝜶𝟏 = −𝟎. 𝟕𝟏𝟖𝟐𝟖 ,𝜱𝟐 = 𝒇 𝜶𝟐 = 𝟎. 𝟎𝟏𝟖𝟑𝟏,

𝜱𝟑 = 𝒇 𝜶𝟑 = −𝟏. 𝟏𝟒𝟖𝟕𝟐.

Now, we find the value of ഥ𝜶 as follows:

⸫ ഥ𝜶 =
𝜱𝟏 𝜶𝟐

𝟐−𝜶𝟑
𝟐 +𝜱𝟐 𝜶𝟑

𝟐−𝜶𝟏
𝟐 +𝜱𝟑 𝜶𝟏

𝟐−𝜶𝟐
𝟐

𝟐[𝜱𝟏 𝜶𝟐−𝜶𝟑 +𝜱𝟐 𝜶𝟑−𝜶𝟏 +𝜱𝟑 𝜶𝟏−𝜶𝟐 ]
= 𝟎. 𝟑𝟕𝟒𝟓𝟗.

⸫ 𝒇 ഥ𝜶 = −𝟏. 𝟏𝟕𝟑𝟕𝟓.



Now, we put the function values in descent order:

𝜱𝟐 = 𝒇 𝜶𝟐 = 𝒇 𝟏. 𝟓 = 𝟎. 𝟎𝟏𝟖𝟑𝟏

𝜱𝟏 = 𝒇 𝜶𝟏 = 𝒇 𝟏 = −𝟎. 𝟕𝟏𝟖𝟐𝟖

𝜱𝟑 = 𝒇 𝜶𝟑 = 𝒇 𝟎. 𝟓 = −𝟏. 𝟏𝟒𝟖𝟕𝟐

𝒇 ഥ𝜶 = 𝒇 𝟎. 𝟑𝟕𝟒𝟓𝟗 = −𝟏. 𝟏𝟕𝟑𝟕𝟓

Now, we find the difference between 𝜱𝟑 𝒂𝒏𝒅 𝒇 ഥ𝜶 .

⸫𝜱𝟑 − 𝒇 ഥ𝜶 = −𝟏. 𝟏𝟒𝟖𝟕𝟐 + 𝟏. 𝟏𝟕𝟑𝟕𝟓 = 𝟎. 𝟎𝟐𝟓𝟎𝟑 > 𝟎. 𝟎𝟎𝟎𝟏 .

Then, we discard the highest function value 𝜱𝟐 = 𝒇 𝜶𝟐 = 𝟎. 𝟎𝟏𝟖𝟑𝟏 and 

set 𝜶𝟏 = 𝟏 ,𝜶𝟐 = 𝟎. 𝟓 𝒂𝒏𝒅 𝜶𝟑 = 𝟎. 𝟑𝟕𝟒𝟓𝟗 𝒂𝒏𝒅

𝜱𝟏 = −𝟎. 𝟕𝟏𝟖𝟐𝟖 ,𝜱𝟐 𝒂𝒏𝒅 𝜱𝟑 = −𝟏. 𝟏𝟕𝟑𝟕𝟓 .

Now, we find the value of ഥ𝜶 as follows:

⸫ ഥ𝜶 =
𝜱𝟏 𝜶𝟐

𝟐−𝜶𝟑
𝟐 +𝜱𝟐 𝜶𝟑

𝟐−𝜶𝟏
𝟐 +𝜱𝟑 𝜶𝟏

𝟐−𝜶𝟐
𝟐

𝟐[𝜱𝟏 𝜶𝟐−𝜶𝟑 +𝜱𝟐 𝜶𝟑−𝜶𝟏 +𝜱𝟑 𝜶𝟏−𝜶𝟐 ]
= 𝟎. 𝟑𝟔𝟏𝟓 𝒂𝒏𝒅

𝒇 ഥ𝜶 = 𝒇(𝟎. 𝟑𝟔𝟏𝟓) = −𝟏. 𝟏𝟕𝟒𝟏𝟏.



Now, we put the function values in descent order:

𝜱𝟏 = 𝒇 𝜶𝟏 = 𝒇 𝟏 = −𝟎. 𝟕𝟏𝟖𝟐𝟖

𝜱𝟐 = 𝒇 𝜶𝟐 = 𝒇 𝟎. 𝟓 = −𝟏. 𝟏𝟒𝟖𝟕𝟐

𝜱𝟑 = 𝒇 𝜶𝟑 = 𝒇 𝟎. 𝟑𝟕𝟒𝟓𝟗 = −𝟏. 𝟏𝟕𝟑𝟕𝟓

𝒇 ഥ𝜶 = 𝒇 𝟎. 𝟑𝟔𝟏𝟓 = −𝟏. 𝟏𝟕𝟒𝟏𝟏

Now, we find the difference between 𝜱𝟑 𝒂𝒏𝒅 𝒇 ഥ𝜶 .

⸫𝜱𝟑 − 𝒇 ഥ𝜶 = −𝟏. 𝟏𝟕𝟑𝟕𝟓 + 𝟏. 𝟏𝟕𝟒𝟏𝟏 = 𝟎. 𝟎𝟎𝟎𝟑𝟔 > 𝟎. 𝟎𝟎𝟎𝟏.

⸫We discard the highest value 𝜱𝟏 = 𝒇 𝜶𝟏 = 𝒇 𝟏 .

Now, we set 𝜶𝟏 = 𝟎. 𝟓,𝜶𝟐 = 𝟎.𝟑𝟕𝟒𝟓𝟗 𝒂𝒏𝒅 𝜶𝟑 = 𝟎. 𝟑𝟔𝟏𝟓.

And 𝜱𝟏 = 𝒇 𝜶𝟏 = 𝒇 𝟎. 𝟓 = −𝟏. 𝟏𝟒𝟖𝟕𝟐 ,

𝜱𝟐 = 𝒇 𝜶𝟐 = 𝒇 𝟎. 𝟑𝟕𝟒𝟓𝟗 = −𝟏. 𝟏𝟕𝟑𝟕𝟓

𝜱𝟑 = 𝒇 𝟎. 𝟑𝟔𝟏𝟓 = −𝟏. 𝟏𝟕𝟒𝟏𝟏 .

Now, we find the value of ഥ𝜶 as follows:

⸫ ഥ𝜶 =
𝜱𝟏 𝜶𝟐

𝟐−𝜶𝟑
𝟐 +𝜱𝟐 𝜶𝟑

𝟐−𝜶𝟏
𝟐 +𝜱𝟑 𝜶𝟏

𝟐−𝜶𝟐
𝟐

𝟐[𝜱𝟏 𝜶𝟐−𝜶𝟑 +𝜱𝟐 𝜶𝟑−𝜶𝟏 +𝜱𝟑 𝜶𝟏−𝜶𝟐 ]
= 𝟎. 𝟑𝟓𝟕𝟎𝟗 .

⸫ 𝒇 ഥ𝜶 = 𝒇 𝟎. 𝟑𝟓𝟕𝟎𝟗 = −𝟏. 𝟏𝟕𝟒𝟏𝟑 .



Now, we put the function values in descent order:

𝜱𝟏 = 𝒇 𝜶𝟏 = 𝒇 𝟎. 𝟓 = −𝟏. 𝟏𝟒𝟖𝟕𝟐

𝜱𝟐 = 𝒇 𝜶𝟐 = 𝒇 𝟎. 𝟑𝟕𝟒𝟓𝟗 = −𝟏. 𝟏𝟕𝟑𝟕𝟓

𝜱𝟑 = 𝒇 𝟎. 𝟑𝟔𝟏𝟓 = −𝟏. 𝟏𝟕𝟒𝟏𝟏

𝒇 ഥ𝜶 = 𝒇 𝟎. 𝟑𝟓𝟕𝟎𝟗 = −𝟏. 𝟏𝟕𝟒𝟏𝟑

Now, we find the difference between 𝜱𝟑 𝒂𝒏𝒅 𝒇 ഥ𝜶 .

⸫ 𝜱𝟑 − 𝒇 ഥ𝜶 = −𝟏. 𝟏𝟕𝟒𝟏𝟏 + 𝟏. 𝟏𝟕𝟒𝟏𝟑 = 𝟎. 𝟎𝟎𝟎𝟎𝟐 < 𝟎. 𝟎𝟎𝟎𝟏.

⸫The required minimizer is 𝟎. 𝟑𝟓𝟕𝟎𝟗 .


