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|_ecture 6



l1: Quadratic Interpolation Method with Two points:

Given two points a4 and a, and one function value @(a) (or ®(a,))
and two derivative values @'(a4) and @' (a,).

Construct the quadratic interpolation function with the following
conditions:

qla) =aa? +bay +¢c=P(Ag) oo ev e vee e e e eee v (36)
’(al) = 2aa1 + b = ¢’(a1) R & A

erte D, =D(aq), d>1 = ¢’(a1) and d>2 = d)’(az) ,
Then above equations (36-38) becomes: *
AA12 + DAL+ C=Dg oo et e s
2001 + D = D oo e e e e e e
200, + D = D5 oo e e S R




We want to find the coefficients a and b.

Subtracting Equations (40) and (41), we have
P -P; .

From equations (40), we have

... a =

P —P)
(a1— az)
Let & be the minimizer of the quadratic function ®(a) = aa?* + ba + c.

b=d®]; —2aa; = P; — 7 2 RPN

_ _ _ b
P (a)=0 >2aa+b=0 - a=——.
o —o! Y Y
d),— 1 2 o 1 2 a
Cq = — 1 (ag-ap)t _ @ (yq-ap) ! — o — @
o ®1-2; ®1-P; ®1-P; 1 of-o) -
(a1-az) | (@1-ap) (@1-az) | (@1-az)




... a — al - ¢;_¢é

Note (15):
We call the quadratic interpolation method (I) the quadratic
Interpolation formula, and the quadratic interpolation method (11) the

secant formula.
Theorem (7):

1: Let @: R — R be three times continuously differentiable function.
2. Leta® besuchthat @' (a*) = 0 and @' (a*) + 0.
Then the sequence {a;} generated by Equation (45) converges to a® with

order”T\/g = 1.618 of converge rate.




Note (16):
Theorem (7) tells us that the secant method has super linear convergence.

111: Quadratic Interpolation Method with Three Points
Given three distinct points a4, @, and a3 and their function values.
The required interpolation conditions are:

qla;) =aa? +ba;+c=P(a;),i =1,2,3. .o e vescoscerizrseer o (46)
Let d; = d(a;),i=1,2,3.
Then we have the following system of equations:
q(aqy) = aa12 F DO FC=Dy o os e B e L (47
qg(a,) = aaz +hay, +Cc =Dy ..o cev e SRS (48)
q(a3) = aaz® + baz +¢c = @5 ... . (49)

Now, solve the Equations (47) — (49) to flnd the coefﬁuents a, b and c by
Cramer's rule as follows:



A1 2
a=— and b=— ,
A
where
alz (4] 1
— |X> a- 1| = (4 4]
2 a3 1
a3 a3 1

= a,%(a; — az) — ai(a® — a3?) + (a2 a3 — aa3?)
= a,%(a; — a3) — as(a; — az)(ay + az) + a; az(a; — az)
= (a; — az)[a1* — ay(a; + a3) + a; a;]
= (az — az)[a1* — a1, — a; az + a; as]
= (ay — az)[a;(a; — az) — az(a; — ay)]
= (ay — az)(a; — az)(a; — az)
JA=—(a; —ayx)(a; —az)(az —ayq) ............ (51)




¢1 a1 1
a, 1 P, 1 D
A]_: ¢2 - 1| = ¢1 ‘az 1‘ — 1 ¢2 1‘ + ¢2
¢3 s 1 3 3 3

=@ (a; —az) — ay (P, — P3) + (Pa3 — a,P3)
= (a; —a3)®, —ay; ®; + a,P; + az3 P, — a, P;
A = (ay —az)Py + (a3 — ay)P, + (a; — az)P3 (52)

ali ¢1 1 2 ¢2 1 azz 1 azz ¢2
A= ™ @y 1) =aq” g 1‘_¢1a2 1| as® @
agz ¢3 1 3 3 3

= a1%(P; — P3) — P (az” — az?) + (a*P3 — a3 D))
= a1°®, — a2 D3 + P (a3® — ay?) + a2 P3 — Az’ D,
Ay= ®@q(a3® — ay?) + Dy(ay® — az?) + @3(az? — a,?) (53)



Ay (o —az)®Py + (a3 —a))P; + (a; — az)P3

a=—-—-—=—- — O - - - = 2 54
A —(a; —az)(a; —asz)(as —ay) (54)
And
_ Ay @ (az?—az?)+dy(ar%—az?)+d3(az’—aq?)
b = = BT S—— N ¢ 1)

Let a be the minimizer of the quadratic function
®(a) = aa® + ba + c.
b

P (a)=0 »2aa+b=0 - a=—_.
¢1(a32—a22)+¢2(alz—a32)+¢3(a22—a12)
~(a1-az)(az—az)(az-aq)
2 (az—a3)®q1+(az—a)Pr+(ag-az)P3
~(ag-az)(az-a3)(az-aq)
_ <D1(a32—a22)+d>2(alz—a32)+<b3(a22—a12)
2 [(az—a3)Py+(az—a) P2+ (ay—az) D3]

... a —_




e Gl e Gl e TC s ) R P

2[@q (az—a3)+P; (az—aq)+P3(a;—az)]

Note (17):
Equation (56) Is called the quadratic interpolation formula with
three points.




