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Chapter one

Functions
Sets of Numbers:
N =1{0,1,2,..} Natural Numbers.
Z={..,-3,-2,-1,0,1,2,3,..} Integer Numbers.
Q={:ab€Zb=0} Rational Numbers.

IQ = m,e,v2,vV3,V5, ... Irrational Numbers.
R=QUIQ Real Numbers
Definition: If a and b are real numbers, we define the Intervals as follows:
(1) Open Intervals (a,b)={XeR:a< x<b}
(2) Closed Intervals [a,b] = {x eR:a<x< b}
(3) Half open, half closed Intervals [a,b)= {X eR:as<x< b} and
(a,b]={xeR:a<x<b}.
4) [a,0)={xeR:x>a}, (—»,a] ={Xe R: xsa}, (—w,a)={xeR:x<a}
and (—oo,0) = {x € R:x is areal number} = R.
Remark: If A and B are intervals, then
1. Theunionof A and B isdenoted by A U B and defined as the interval whose members
belong to A or B (or both).
2. The intersection of A and B is denoted by A N B and defined as the interval whose
members belong to both A and B.
Example: Let A = [0,5] and B = [1,7] then AU B = [0,7] and AN B = [1,5].
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Functions

Definition: A relation f : X —Y s called a function if and only if for each element
x € X there exist a unique element yeY suchthaty = f(x).

Note:
(1) x is the independent variable (input value of f) and y is dependent variable (output

value of f at x)
(2) The set X of all possible input values is called the domain of f and it's denoted by D

(3) The set Y is called the co-domain of the function.
(4) The set of all possible output values f(x) as x varies throughout D, is called the range
of f and it's denoted by R;. (Note that R S Y.)

Examples: Find the Domain and the Range of the following:
(1) y=x+5

D, ={xeR:—0o<x<w}=R

To find the Range, we represent x intermsof y. X =y-5
R, ={yeR:—0<y<w}=R

(2) y=X DfZ{XeR:—oo<X<oo}:R

x=\N = R, ={yeR:y>0}=[0,)

(3) y= ! (set the denominator = 0)
X+ 2
X+2=0, x=-2
- 1_2y = D, ={xeR:x=-2}=R/{-2}

Y S R ={yen:y=0}=%/0)
4 y=+x+9 x €[0,7] = D, =[0,7]

Put x = 0 in the function we get y =3
Put x =7 in the function we get y=4 then R, =[3,4]

1 3X
+5 6 =
2 — X © x> —5X+6

®) f(x)=
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Algebraic Combination of Function

If f and g are two functions with domains D, and D, respectively, then

1) (f+

) (X) = f(x) + g(x) with D, =D, ND,

f+g

2) (f-9)(x) =f(x)-g(x) with D, ,=D, ND,

@) (f.9)

@ ((He="X
g

(x) = 1(x) . 9(x)
f(x)

with D,, =D, ND,

g(x)’

g(x)=0with D;,, =D, ND, and g(x) # 0

Examples: 1) If f(x) = x2 — 5x — 6 and g(x) = 3x2 + 4 then find (f + g)(x),
F—9)), (g — N, (f.9)x), (f/g)(x) and (g/f)(x). Moreover,

find their domains.

Solution: D =R, D, =R
Function Formula Domain
f+g (f + g9)(x) = 4x* —5x — 2 R
f—-g (f —@)(x) = —2x* — 5x — 10 R
g—f (g —f)(x) =2x*+5x+ 10 R
f.g (f.g)(x) = 3x* — 15x3 — 14x? — 20x R
— 24
flg f x?—5x—6 R
(E) () = 3x2+ 4
glf (g) () = 3x%+4 (—o0,—1) U (—1,6) U (6, 0)
f x> —5x—6

2) If f(x) =Vx and gx) = V1 — x thenfind (f + g)(x), (f — 9)(x), (g — ) (%),
(f.9)x),(f/g)(x) and (g/f)(x). Moreover, find their domains.

Solution: Dy = {x € Rix > 0} = R* U {0} = [0,), D, = {x € Rix < 1} = (=00, 1]

Function Formula Domain
f+g (f +9) =vVx+Vl—x [0,1]
f-g f=9@) =vx—V1-—x [0,1]
g—f =N =VI-x—Vx [0,1]
f-g (f- @) = x(1 -x) [0.1]
fl9 (i) () = Vx _[x [0,1)

g Vi—x N1-—-x
g/f g Vi—x 1 —x (0,1]
(7) () = x - X
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3) If f(x) = 2 and gx) = x* thenfind (f + g)(x), (f — g)(x), (g — ) (),
(f.9)x),(f/g)(x) and (g/f)(x). Moreover, find their domains and ranges.

Solution: Di=R, Dyj=R

Function Formula Domain Rang
f+g f+9)x)=2+x? R [2,0)
f-g f—9x)=2—-x? R (=,2)
g—f (g—fx)=x*—-2 R [=2, )
f-g (f.9)(x) = 2x? R [0, )
flg (L') @) =£ (—0,0) U (0, 00) (0, )
g x?

g/f (g) _x? R (0, )
= (x) e
f 2

Composite Function
If the range of the function g(x) is contained in the domain of the function f (x), then the

composition f o g is the function defined by (f ° g)(x) = f(g(x)).
The domain of f o g consists of the number x in the domain of g for which g(x) lies in

the domain of f.

e f(g(x))

x5 g(x0) S f(g00) B

Department of Mathematics - College of Education for Pure Sciences - Basrah University
Telegram: @MathCall

t.me\MathCall


http://t.me/uobmath

University of Basrah
College of Education for Pure Sciences
Department of Mathematics

Calculus
Chapter One — Functions

Examples:
1) If f(x) =+x and g(x) = x + 1, then find

@Feg®) ©@eNE ©FNHE (d@egk)

Solution: Df =[0,%), D, =R

Composite Domain
(@) feg)() = f(g(x) = Jg(x) =Vx +1 [—1, )
(b) (ge ) =g(fx))=f)+1=+x+1 [0, )
(©) (f 2 HG) = F(f()) = JF@) = JVx = x* [0, <)
(d) (e @) =g(gx)) =g +1=(x+D+1=x+2 R

2) If f(x) = x? —3and g(x) = x + 1, then find

@ Feg)x) M@eNX @©FfNHx (d)(@eg)x)
Solution: D =R, D, =R

Composite Domain
(@ (fFeg) =fg) = (g(x))2 —3=x%2+2x-2 R
(b) (ge ) =g(f()) =f)+1=x*-2
(
(

) (fe NG =F(f®)) =(F@) —3=(*-3)?-3=x*—6x2+6
d)(gog)®)=9g(g)) =g +1=x+D+1=x+2

= B =

The Inverse of the functions:
Definition : A function is said to be one — to - one function if and only if there is no two
elements of the domain have the same image in the range.

€. if f(x,)="1(x,) = x,=x, or if x;#x, = f(x;)=# f(x,)
4 e 4 e
3e B
20 7 o
] o l e
A A
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Horizontal Line Test: A function is one-to-one if and only if there is no horizontal line
can intersect its graph more than once.

.\I

y= fix)

rfla)  fla)

. |~ e
- —————— —
(8]

Definition: Let f be a one-to-one function with domain A and range B (bijective
function), then its inverse function f ! has domain B and range A and is defined by
ff=xe fx) =y vyeBor fH(f(x)) = f(f'(x)) =xand D1 =Ry,
Df - Rf—l.

How to find the inverse function of a one-to-one function f

Step 1: Write y = f(x).

Step 2: Solve this equation for x in terms of y (if possible). CAUTION

Step 3: To express f~1 as a function of x, interchange x and y. The-lin f~lisnota
The resulting equation is y = f~1(x). power number. Thus

f~1(x) dose not mean
1

Example: Find the inverse of f for f(x) = x3 + 2 1
Solution: According to the above algorithm, we first write f @)
y = x3 + 2, then we solve this equation for x:

x3=y-2=>x=3y-2

Finally, we iterchange x and y:

y=3Vx—-2
D) = VT2

< The graph of f~1 is obtained by reflecting the graph of f around the line y = x.

y , _ y
- y=x / .
/ / y=e¢
/ y=x

/ /

/

/

y=a',a>1 1 / /

- / y=Inx
——— L 0

0 X 1 X
y=log,x, a=1
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Graph of Functions:

Definition: Let f(x) be a function with domain D;. The set of all points (x,y) in the

plane with x in Dy and y =

{(x, f(x)): x € Dy}

f(x) is called the graph of f(x).

¥y

X 1 2 n
f(x) f) f(2) f(m)
(, fC) | A W) [ (2, f(2) (n, f(n))

Shifting a Graph of a function:

1. Vertical Shifts:

y = f(x) + k = Shifts the graph off{

2. Horizontal Shifts:

y = f(x + h) = Shifts the graph off{

up kunitsif k >0
down |k| unitsif k <0

left hunitsif h >0
right |h| units if h <0

y= x2 42
y=x"+1 Add a positive Add a negative
v = x2 constant o x. constant o x.
y=(x +3)? y = x2 _v—(x—Z)z
y=x*=2
1 unit - =
| | | I
A x -3 of 1 2
-2 0 |\’2
—L 1 N2 units
—2-=
7
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Scaling and Reflecting a Graph of a Function:

For ¢ > 1, the graph is scaled as:
y = cf(x) Stretches the graph of f vertically by a factor of c.

y = %f(x) Compresses the graph of f vertically by a factor of c.
y = f(cx) Compresses the graph of f horizontally by a factor of c.
y=f (% x) Stretches the graph of f horizontally by a factor of c.

For ¢ = —1, the graph is reflected as:
y = —f(x) Reflects the graph f across the x — axis
y = f(—x) Reflects the graph f across the y — axis

Example: Consider the function y = v/x
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Some Specific Types of Functions
Algebraic Functions:

1. Real valued function:
The function f: X — Y is called a real valued function if X € RandY < R.

2. Constant function:

The function f: R — R, which is defined by y = f(x) = ¢, Vx € R, where c is constant
inR, is called a constant function. D = R and Ry = {c}.

Example: Consider the function y = f(x) = 2

x —2 —1 0 1 2
f(x) 2 2 2 2 2
(e f(x) | (=22) | (=1,2)| (02) | (1,2) | (2,2)

3. Identity function:
The function f: R = R, which is defined by y = f(x) = x,Vx € R, is called the identity
function. D, = Rand Rf = R.

X —2 -1 0 1 2
f(x) -2 -1 0 1 2
xf(®x) | (=2,-2) | (=1L,-1)| (0,0) | (L1) | (22)

4. Power function:
The function f: X — Y, which is defined by y = f(x) = x%,Vx € X, is called the power
function.
a) Ifa =n € N: graph for a = 1,2,3,4,5
a =1 - f(x) = x (Identity function)
a=2-f(x) =x*- D = Rand Ry = [0, ).
a=3-f(x)=x>-D; =RandR; = R.
a=4-f(x) =x*- D = Rand Ry = [0, ).
a=5-f(x)=x>-D; =RandR; = R.

|
|
-
|
|
- o
I
=
|
\
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I
¢
|
|
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|
M
|
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I
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b) Ifa = —n € N: graph fora =—-1,-2
a:—1—>f(x):x‘1—>f(x)=i—>Df=]R/{O}ande=[R/{0}.
a=—2—>f(x)=x‘2—>f(x)=xi2—>Df=R/{0}ande:(O,00).

¥

0 1 1~
Domain: x # 0 X
Range: y # 0 0
Domain: x # 0
Range: y =0
B 1132
c)Ifa € Q:graph fora = 21333

a=§—>f(x)=x%=\/§—>Df= [0,0) and Ry = [0, o).
a=1—>f(x)=x§=?\’/E—>Df=]R%ande=]R%.

; 3
a=5—>f(x)=x2=\/F—>Df= [0,0) and R = [0, o).
a=§—>f(x)=x§=W%szRandez[O,OO).

y

.
v y
. _
v=Vux
3~
Ir y=Vx
l —
| X | X | .
Domain: 0 =x < Domain: —o < x < o Domain: 0 = x < = Domain: — < x < =
Range: 0=y<w Range: —w<y< w Range: 0 <y < x

Range: O=y<w

5. Polynomial function:
A polynomial function is any function can be written in the form

f(xX) =P (x) =ax"+ap_x" 1+ +a,x*+a,x+a,n€N
with the coefficients a,,, a,_q,*+, az,a;,ao € Rand Dy = R.

with a, #0, n>0,(n is the degree of polynomial)
if n=0— f(x)=P,(x)=a, (constant function)
if n=1- f(x)=P,(x)=a,x+a, (linear function)

if n>22-f(x)=P,(x)=a,x" +a, ,x"" +---+a,x* +a,x+a, (nonlinear function)

10
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6. Absolute value function: y

The function f: R — R, which is defined by |y =K
x, x=0 y=-—x - o

y—f(x)—{_x’x<0 N

Is called the absolute value function (the modulus function).

3 2 -1 0] 1 2 3
7. Sign function 1
The function f: R — R, which is defined by
|x| 1 lf X > 0 Yoaxis 05
f(x) =sgn(x) = X700 0o ifx=0
0,x=0 (-1ifx<o0 : S : 2
is called the sign function. o
D; =R and R; ={-1,0,1}
8. The Greatest integer function)
The function f: R — R, which defined by y
( E ,//y =X
-2 if-2<x<-1 3+ S
-1 lf—1SX<0 2 /.o/—;'.-
f)=Ix]=< 0 if0<x<1 L v=l
1 ifl<x<?2 R L .
2 if2<x<3 223
\ : ,/'_f'\h
is called the greatest integer function. o 2t

Remark: Another name of the gratest integer function is the Floor Function.

Remark: There is another function called Celling Function denoted by [x] that maps x
to the least integer, greater than or equal to x.

11
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9. The piecewise function

A piecewise function is a function that is described by using different formulas on

different part of its domain.

Example: Find the domain and the range and

sketch the graph of the function v — —y v = f(x)

—x ifx<0 \ 20

fx)=<x%if0<x<1 | y=1

1 ifx>1 AR
Solution: D, = Rand R, = R* U {0} = [0, o). ! ! | l
Solution: Dy f (0} = [0,0) N
10. Odd function: The function f:X —Y isan odd function if f(-x)=-f(x).
11. Even function: The function f: X —Y is an even function if f(-x)= f(x).
12. Rational function: A rational function is a quotient or ratio f(x) = %, where p

and g are polynomials. The domain of a rational function is the set of all real x for which
q(x) # 0. The graphs of several rational functions are sbown here below.

¥ yo x>+ 8x=3

. 3x2 4+ 2
of 217

2t =3hL 5
fﬁ_}_ﬂ_ﬂf
! ! & x L . R T T 1

|
I

\

\
N
[
L
]
Lh
=
N
s

|
]

NOT TO SCALE
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Transcendental Functions:

1. Trigonometric Functions:
Definition: A function f(x) is a periodic function if there is a positive number p such

that f(x + p) = f(x) for every value of x. The positive number p is called the period of
the function f.

sin(x + 2m) = sin(x), cos(x + 2m) = cos(x)
sec(x + 2m) = sec(x),csc(x + 2m) = csc(x)

}period 21.

tan(x + m) = tan(x) .
period .
cot(x + m) = cot(x)
v ¥
¥ = COS X y = sinx
|
[
: L5 x iy
-7 4r 0 ¥ Jpm Im - _T T dm Im
2 2 I 2 2 2
|
Domain; —oe = x < @ Domain; —m < ¢ = o=
Range: -1=v=1 Range: -1=y=1
Period: 27 Period: 27
-"‘-
v = lan x b
¥ = cotx
* X ] B
Imtr w S0 ¥ S 3 n . x
- -5 + =5 -F_a| mN\¥ 3Im\2Zw
I T I T 2 2 2
Domain: x _'LiE_-, =+ BT?T‘ Domain: x # {], =T, :211'., “ e
2 = Range: —mo <y <l
Range: —s <y < Period: =
Period: =
¥ ¥
t  y=secx t

| ] I I
p-m _w 0| x @ 3w - w0 m ¥ 3w 2w
;T—\:z B :T_\z ﬂ— L) m
Domain: x #ti—'i: %T Domain: x = 0, *, =2, ...
Ranoe: v = i’ =1 Range: v=-lory=1
ge. y=-lory= Period: 2w

Period: 2
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Some Important Identities of The Trigonometric Functions

sin
tanx =
CoS T
CoS I
cotrx = —
Sin
1
secxr =
CcCoS T
1
CSCT = —
sin x

2

sin :U—I—coszzczl

sin2x = 2sinx CcosT
2

cos2T — cosx cosx —sinxsinz —cos’z —sin?z = 2cos’xz —1=1—2sin’z

2tanx
tan2x = ——8—
1 — tan? z

sin(z + y) = sinx cosy + cosz siny
cos(z + y) = coszcosy Fsinzsiny
tanz £ tany

t ty) =
an(z +y) 1 Ftanxtany

Definition by Power series

3 5 7 00 ( 1)nm2n+1
€T £Zr €
smr=¢— —+—/— — — + - =
st Z_; (2n +1)!
2 4 6 00 ( 1)"’932”
€& € &
T
T T ]

Remark: One can define tangent, cotangent, secant and cosecant using identities above.

14
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Inverse of Trigonometric Functions

The six basic trigonometric functions are not one-to-one (their values repeat periodically).
However, we can restrict their domains to intervals on which they are one-to-one. The sine
function increases from —1 at x = —7/2 to +1 at x = 7/2. By restricting its domain to

the interval [—m/2, w/2], we make it one-to-one, so that it has an inverse sin™ x

1

. Similar domain restrictions can be applied to all six trigonometric functions.

Domain restrictions that make the trigonometric functions one-to-one

>

|
|
|
|
0 =
2

——M|:]-—

¥ =sinx
Domain: [—/2, /2]
Range: [—1, 1]

y

cotx

y=cotx
Domain: (0, )
Range: (—oo, 0o)

Y = CO8 X
Domain: |0, 7]
Range: [—1, 1]

y sec x

-,

V= secx
Domain: [0, 7/2) U (7/2, 7]
Range: (—oo, —1] U [1, c0)

tan x

____lel |

P=lanx

Domain: (=m/2, 7/2)

Range: (—oc, 0o)

v
h csex

|
|
|
|
|
|
| |
I i
-7 0 ¥
2 2
| |
| |
| |
| |
| |

V=cCscx

Domain: [—m/2, 0) U (0, 7/2]
Range: (—oo, —1]U[1, =0)
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Domain: -1 =x = 1 Domain: =1 = x=1 Domain: —es < 1 < oa
Range: —% =y= % Range: =v=q Range: _% <y < %
‘ !

=

[TE
I
=
|
.
=
o
/T
|
— [
coH
I
o
=
[
L
by
2|5
-
Il
B
=
w LR
- e

2 -1
(a) (k) ic)
Domain: x==lorx =1 Domain; x=-=lorx=1 Domain: —oo < ¥ < oo
Range: O=y=m,y+# % Range: —% =y= g,;p =0 Range: D=y=mw
¥y ¥ ¥
A F

*

w
-T" l 2 s e S — N
s ¥ = BeC X \ y=c
2 L1 L1 oy

(d) (e) ()

Graphs of the six basic inverse trigonometric functions.

2. Exponential Functions:
The function of the form f(x) = a* where a > 0 and a # 1, is called an exponential

function. The domain of the exponential function is R.

\ ¥ ¥y ) /
\ /
\\ If
“\\ //

~_| 0, 1) 1 ,//
‘m_.x _ //‘ (0,1)
0 X 0 X 0
(byy=17 c)y=a", a=1

(ayy=a", 0<a<1
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Examples:

1)y =f(x)=2%>Dr =R,Rf = (0,0)

X f(x)=2F
5 1 1
2|y
L 11
1| f(-n=2 =73
0 f(0)=2"=1
1 f)=2'=2 :
2 f(2)=2"=4

2y =f@ =3 -0 =RR; = (0,)

2
o ICRE)
B e NS S
2 2 1
-1 -
0 £(0) = % :O -1
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f(x):[

" f(x)

3

3. Logarithmic Functions:

The function of the form f(x) = log,(x) where a > 0 and a # 1, called logarithmic

function. The domain of logarithmic function is R*.
y =log,(x) & a¥ =x

Lows of logarithms: [t

y

If x and y are real numbers, then

1.log,(x.y) =log,(x) + log,(y)

2.logq(x /y) = loga(x) — loga(y)
3.log,(x") =r.log,(x) (wherer € R)

The Natural Logarithmic Function:

The function of the form f(x) = log.(x) = In(x), x > 0 called the natural logarithmic
function.Df = R*, Ry = R,

/

0 (1,0) X
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Exercises 2
In exercises (1-20), find the domain and range of each the following where

y=fX)

1l.y=5x+3 2.y =2x*+1 y=-7x—4
4.y =7 5.y =4 — x? 6.y =V5x + 10
7.y =Vx2 —3x 8.y=1—+x 9.y =vx+9
10.y =vV3x—4 11.y =vVx?—4 12. y = V4 — x?
1 6 1
18.y=-3 14.y=3 5.y ==
2 x 1
16.y = — 17.y = — 18.y—1_x_iz
19.y =2 + = 20.y = 2
Y= x2+4 YT 16

In exercises (21-35), find the domain and the range and sketch the graph of each
the following function

21.y=vVx—5 22.y = |2x + 1] 23.y = 2
_ Il _(x ifx<0 _{2x+3 ifx<-1
24'y_x2 25'y_{x+1 if x>0 2.y = 3—x ifx=>-1

-1 if x<-1 1,
28.4 3x +2 if x| <1 29.y={§ ifx<0

7 z{x+2 ifx <-1 .
7-2x ifx=>1 x ifx=0

x? ifx>-—1

30.y = — 3l.y = |x2 — 1] 32.y = [sin(x)]

| x|

2
33. y = [COS(X)] 34. y = /|x| 35. y = l’;_l

In exercises 36 and 37, write formulas for f o g and g o f and find the domain and
the range of each
1

36. f(x) =vx+1,9(x) == 37. f(x) = x%, g(x) =1 —/x

X

38. Let f(x) = ——. Find a function y = g(x) so that (f o g)(x) = x.

39. Let f(x) = 2x3 — 4. Find a function y = g(x) so that (f o g)(x) = x + 2.
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In exercises 40-54 , graph each function, not by plotting points, but by applying
appropriate transformation to the graph of the standard functions.

40.y = —2x ¥ 1 41.y = /1—§ 42.y=(x—1)3+2
43.y = (1 —x)3 +2 4.y=—-1 45.y=xz—2+1
46.y = —/x? 47.y = (=2x)?/3 48.y = |x? — 2x|
49.y = —/|x| 50.y =1+ 2cos (x) 51.y = [sin(x)|

(= ifx<0

1
52.y = ~tan (x — ) 53'y_{ex—1ifx20

54.y = 3ln (x — 2)

In exercises 55-60, find £~1 and it's range of each function

55. f(x) = V10 — 3x 56. f (x) = —— 57. f(x) = e*’
58. f(x) = 2x3 + 3 50. f() =In (x +3)  60. f(x) = 1o
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