Optimization
Fourth Class
2020 - 2021
By
Dr.Jawad Mahmoud Jassim
Dept. of Math.

Education College for Pure Sciences
University of Basrah
Irag




L_ine Search

Lecture 4



4: Fibonacci Method:

Definition (14): (Fibonacci - Sequence)

The Fibonacci —sequence {F} is defined as follows:

Fo=F{=1, Fj,,1.=F,+F;_1,k=1,2,3, eeeeee (13)
Thus the Fibomacci numbersare 1,1,2,3,5,8,13,21, 34,55, ---

If we use FF""‘ instead of T in (6) and (4) in golden section method, we
n—-k+1
Immediately obtain the formula /;“” "*w\
- F/ g \E\
Ak =a + |1 - ](bk ay) % W) V‘
- Fp-— k+1 \ w\ &h’/f
A = ag + [P0 (b — ay) \ﬁ*“\{/
Fpn—k+1
M=ap+2%1h, —a) k=12, —1 o rere e (14)
Fr—k+1
F,_
n, = ag + Fn_,:l (b, —ag) k=12, n—1......ceoceee... (15)

Which is called the Fibonacci Formula.



As stated In the last section (Golden Search Method), in Case 1, if
D(Ay) < D(uy), the new interval of uncertainly is

&*o
(@1, bice] = [, pl, s0 B R
bk+1 — QAp+1 = U — Ay,. From (15), we have % _’jf; .';V\
Frn— \A e g
Hi—Af = Fn—kk (bk — ak) . Hence \ (/
bk+1 — Air+1 = Fr: —k (bk ak) (16)

Which give a reductlon In each iteration. This Is also true for Case 2.

Assume that we ask for the length of finial interval no more than
o,ie. b,—a,<9.



Ifweputk+ 1 =mnin(16), we have i’ 559\ §)
F l’.l a ‘ :\‘9? l * |
Fi Fy F3  Fp_q Fq 1 \%"“i"‘“‘(y
:Fz F3 Fyu Fy (bl_al) =F_n(b1_a1) :F_n(bl_al)
1

Since b, —a, <6
o F_ln(bl — al) <o

bi1—aq
o

“Fp > (18)

The procedure of the Fibonacci method is similar to the Algorithm of
Golden Section Method (Algorithm 2).



Let Fj, = r*.Since Fyyq = Fy + Fy_1 , k=12,

skt — kg k=1 kg — ke k=1 kg ke k-1 — g S
rk(r —1-— r‘l) = 0.

Since r* = 0 (properties of the exponential function)

Wr=1—711=0 51?2 —r—1=0 oot vt vr e e, (19)

L= 155 e (20)
Then thezgeneral solution of the difference equatlon Fk+1 =F, +Fj_41s

Fi = ArX + Br¥ o e e (21)
Using the initial conditions F 0= F 1 = 1, we get -
TR T

A+B=1...cuiueun.. (¥ Q“‘@\i
Ar{ +Bry =1............ (*%) 3( = )%
Now, we solve the above two equations to find 4 and B. \A\_ /A
Multiply the equation (*) by rq, we get \i‘?i_f gf_)i/

Ar{ + Bry =11 ...... .. . (¥%%)



Now, the difference between the equations (x**) and (**), we get
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Substituting the values of A and B in the equation (21),we get

k+1
1 [ 1+V5 1 \/—
F,= Ar* + Br¥ = [rk+1 rk+1] :E[(T)kﬂ ] (22)




Theorem (6):

klim Fl’j‘l = \/32_1 = T,where tis given in Golden Section Method.
—> o0 I
Proof

SinceFk+1 =Fk+Fk—1;k= 1,2,
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= — - = = —1.
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2 Jim == ===t ((Since L > 0)).



Note (14):

Theorem (6) shows that when k — oo the Fibonacci method
and the golden section method have the same reduction rate
of the interval of uncertainly. Therefore the Fibonacci

method converges with converges ratio t.




Algorithm (3): (Fibonacci Method)

Step 1:

Let initial interval [a4, b1] be given and the number of function evaluations
N —1,(N = 3) be preset.

Step 2:
Fork=1,2,---,N — 2, compute
x¥ = vkt — a, ]+ a;, and X% = Nk _[h, — a;] + ay. Then calculate
Fy—k+1 . Fn-k+1
f(xlf) and f(x3).
Step 3:
k k _ _ .k .

If f(x3) > f(x7), set a4 = ay , bry1 = x5, and go to step 5. B
Otherwise go to step 4. J? s\ §)
Step 4: ESOE1

If f(x%) < F(x%),set a1 = x%,by1 = by, and go to step 5. Qnﬁ‘“/ﬁ

. ¥ g \{/
Step 5: &d o

If Kk =N — 2, stop and determine the required interval is [aj.1, Dr+1]-
Otherwise go to step 2.



H.W.

Use the Fibonacci method to find the location of the
minimizer for the function

X TN
f ( x) — E f or x < 2 é 4 ,&%
—Xx+ 3 forx > 2 '.% e /¥
n mg . \AN_ b2 ) J £~/
Use the initial interval [0,3] and N = 6. Q:%Ef’f?\/



