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Chapter Two

Line Search

Lecture 3



3: The Golden Section Method

Let 𝜱 𝜶 = 𝒇(𝑿 + 𝜶𝒅) be a unimodal function on 𝒕𝒉𝒆

𝒊𝒏𝒕𝒆𝒓𝒗𝒂𝒍 [𝒂, 𝒃]. 

At the iteration 𝒌 of the golden section method, 

let 𝒕𝒉𝒆 𝒊𝒏𝒕𝒆𝒓𝒗𝒂𝒍 𝒐𝒇 𝒖𝒏𝒄𝒆𝒓𝒕𝒂𝒊𝒏𝒍𝒚 𝒃𝒆 [𝒂𝒌 , 𝒃𝒌]. 

𝑻𝒂𝒌𝒆 𝒕𝒘𝒐 𝒐𝒃𝒔𝒆𝒓𝒗𝒂𝒕𝒊𝒐𝒏𝒔 𝝀𝒌 𝒂𝒏𝒅 𝝁𝒌 𝝐 𝒂𝒌 , 𝒃𝒌 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕

𝝀𝒌 < 𝝁𝒌 . Evaluate 𝜱 𝝀𝒌 𝒂𝒏𝒅 𝜱 𝝁𝒌 .

Then we have two cases:

Case 1: if  𝜱 𝝀𝒌 < 𝜱 𝝁𝒌 , then set 𝒂𝒌+𝟏 = 𝒂𝒌 , 𝒃𝒌+𝟏 = 𝝁𝒌.

Case 2: if 𝜱 𝝀𝒌 > 𝜱 𝝁𝒌 , then set 𝒂𝒌+𝟏 = 𝝀𝒌 , 𝒃𝒌+𝟏 = 𝒃𝒌.



How to choose the observations 𝝀𝒌 𝒂𝒏𝒅 𝝁𝒌 ?

We require that 𝝀𝒌 𝒂𝒏𝒅 𝝁𝒌 satisfy the following conditions:

1: The distance from 𝝀𝒌 𝒂𝒏𝒅 𝝁𝒌 to the end points of the 

𝒊𝒏𝒕𝒆𝒓𝒗𝒂𝒍 𝒂𝒌 , 𝒃𝒌 are 𝒆𝒒𝒖𝒊𝒗𝒂𝒍𝒆𝒏𝒕, 𝒕𝒉𝒂𝒕 𝒊𝒔:

𝒃𝒌 − 𝝀𝒌 = 𝝁𝒌 − 𝒂𝒌.

2: 𝑻𝒉𝒆 𝒓𝒆𝒅𝒖𝒄𝒕𝒊𝒐𝒏 𝒓𝒂𝒕𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒊𝒏𝒕𝒆𝒓𝒗𝒂𝒍𝒔 𝒐𝒇 𝒖𝒏𝒄𝒆𝒓𝒕𝒂𝒊𝒏𝒍𝒚

𝒇𝒐𝒓 𝒆𝒂𝒄𝒉 𝒊𝒕𝒆𝒓𝒂𝒕𝒊𝒐𝒏 𝒊𝒔 𝒕𝒉𝒆 𝒔𝒂𝒎𝒆, 𝒕𝒉𝒂𝒕 𝒊𝒔:

𝒃𝒌+𝟏 − 𝒂𝒌+𝟏 = 𝝉 𝒃𝒌 − 𝒂𝒌 , 𝝉 𝝐 𝟎, 𝟏 .

3: Only one extra observation is needed for each new iteration.



Now, we consider case 1:

Since

𝒂𝒌+𝟏 = 𝒂𝒌 , 𝒃𝒌+𝟏 = 𝝁𝒌 ………………………………………… 𝟏

And 

𝒃𝒌+𝟏 − 𝒂𝒌+𝟏 = 𝝉 𝒃𝒌 − 𝒂𝒌 ……………………………………… . (𝟐)

From (1) and (2) we have

𝝁𝒌 − 𝒂𝒌 = 𝝉 𝒃𝒌 − 𝒂𝒌 ………………… . .……………………… . . (𝟑)

⸫ 𝝁𝒌 = 𝝉 𝒃𝒌 − 𝒂𝒌 + 𝒂𝒌………………………………………………… (𝟒)

Since 

𝒃𝒌 − 𝝀𝒌 = 𝝁𝒌 − 𝒂𝒌 …………………………………………………  (5)



⸫From (4) and (5), we have:

𝝀𝒌 = 𝒃𝒌 − 𝝁𝒌 + 𝒂𝒌 = 𝒃𝒌 − 𝝉 𝒃𝒌 − 𝒂𝒌 + 𝒂𝒌 + 𝒂𝒌
𝝀𝒌 = 𝒃𝒌 − 𝒂𝒌 − 𝝉 𝒃𝒌 − 𝒂𝒌 + 𝒂𝒌

⸫ 𝝀𝒌 = 𝟏 − 𝝉 𝒃𝒌 − 𝒂𝒌 + 𝒂𝒌 ………………………………………… . 𝟔

Note that, in this case the new interval is 𝒂𝒌+𝟏, 𝒃𝒌+𝟏 = 𝒂𝒌, 𝝁𝒌 .

For further reducing the interval of uncertainly, the observations 

𝝀𝒌+𝟏 and 𝝁𝒌+𝟏 are selected.

Since 𝝁𝒌 = 𝒂𝒌 + 𝝉 𝒃𝒌 − 𝒂𝒌
⸫ 𝝁𝒌+𝟏 = 𝒂𝒌+𝟏 + 𝝉 𝒃𝒌+𝟏 − 𝒂𝒌+𝟏 .



⸫From case 1 and (4), we get

𝝁𝒌+𝟏 = 𝒂𝒌 + 𝝉 𝝁𝒌 − 𝒂𝒌 = 𝒂𝒌 + 𝝉[𝒂𝒌 + 𝝉 𝒃𝒌 − 𝒂𝒌 − 𝒂𝒌]

⸫ 𝝁𝒌+𝟏 = 𝒂𝒌 + 𝝉𝟐 𝒃𝒌 − 𝒂𝒌 ………………………………… (𝟕)

If we set 

𝝉𝟐 = 𝟏 − 𝝉 …………………………………………………… (𝟖)

Then

𝝁𝒌+𝟏 = 𝒂𝒌 + 𝟏 − 𝝉 𝒃𝒌 − 𝒂𝒌 = 𝝀𝒌……………………… (𝟗)

It means that the new observation   𝝁𝒌+𝟏 does not need to compute 

because coincides with 𝝀𝒌.

Similarly, if we consider Case 2, the new observation 𝝀𝒌+𝟏 coincides 

with 𝝁𝒌.

Therefore, for each new iteration, only one extra observation is 

needed, which is just required by third condition.



Now, what is the reduction rate of the interval of uncertainly 

for each iteration?

𝑩𝒚 𝒔𝒐𝒍𝒗𝒊𝒏𝒈 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝝉𝟐 = 𝟏 − 𝝉 , we immediately obtain   

𝝉𝟐 + 𝝉 − 𝟏 = 𝟎 → 𝝉 =
−𝟏∓ 𝟏+𝟒

𝟐
=

−𝟏∓ 𝟓

𝟐
.

Since 𝝉 > 𝟎 , then take 

𝝉 =
𝒃𝒌+𝟏 − 𝒂𝒌+𝟏
𝒃𝒌 − 𝒂𝒌

=
−𝟏 + 𝟓

𝟐
≅ 𝟎. 𝟔𝟏𝟖 …………………… (𝟏𝟎)

Then the formulas (6) and (4) can be written as

𝝀𝒌 = 𝒂𝒌 + 𝟎. 𝟑𝟖𝟐 𝒃𝒌 − 𝒂𝒌 ……………………………… (𝟏𝟏)

𝝁𝒌 = 𝒂𝒌 + 𝟎. 𝟔𝟏𝟖 𝒃𝒌 − 𝒂𝒌 ………………………………… (𝟏𝟐)

Therefore, the golden section method is also called the 𝟎. 𝟔𝟏𝟖 method.



Algorithm 2: (The Golden Section Method)

Step 1: (Initial Step)

Determine the initial interval [𝒂𝟏, 𝒃𝟏] and give the precision 𝜹 > 𝟎.

Compute initial observations 𝝀𝟏 𝒂𝒏𝒅 𝝁𝟏 as

𝝀𝟏 = 𝒂𝟏 + 𝟎. 𝟑𝟖𝟐 𝒃𝟏 − 𝒂𝟏 𝒂𝒏𝒅 𝝁𝟏 = 𝒂𝟏 + 𝟎. 𝟔𝟏𝟖 𝒃𝟏 − 𝒂𝟏 .

𝑬𝒗𝒂𝒍𝒖𝒂𝒕𝒆 𝜱 𝝀𝟏 𝒂𝒏𝒅𝜱(𝝁𝟏). Set 𝒌 = 𝟏.

Step 2: (Compare the function values)

If 𝜱 𝝀𝒌 > 𝜱 𝝁𝒌 , go to step 3.

If  𝜱 𝝀𝒌 ≤ 𝜱 𝝁𝒌 , go to step 4.
Step 3: (Case 2)

If 𝒃𝒌 − 𝝀𝒌 ≤ 𝜹 , 𝒔𝒕𝒐𝒑 𝒂𝒏𝒅 𝒐𝒖𝒕𝒑𝒖𝒕 𝝁𝒌 ; otherwise set

𝒂𝒌+𝟏 = 𝝀𝒌 , 𝒃𝒌+𝟏 = 𝒃𝒌, 𝝀𝒌+𝟏 = 𝝁𝒌, 𝜱 𝝀𝒌+𝟏 = 𝜱 𝝁𝒌 ,

𝝁𝒌+𝟏 = 𝒂𝒌+𝟏 + 𝟎. 𝟔𝟏𝟖 𝒃𝒌+𝟏 − 𝒂𝒌+𝟏 .

𝑬𝒗𝒂𝒍𝒖𝒂𝒕𝒆 𝜱 𝝁𝒌+𝟏 𝒂𝒏𝒅 𝒈𝒐 𝒕𝒐 𝒔𝒕𝒆𝒑 𝟓.



Step 4: (Case 1)

If 𝝁𝒌 − 𝒂𝒌 ≤ 𝜹 , 𝒔𝒕𝒐𝒑 𝒂𝒏𝒅 𝒐𝒖𝒕𝒑𝒖𝒕 𝝀𝒌 ; 𝒐𝒕𝒉𝒆𝒓𝒘𝒊𝒔𝒆 𝒔𝒆𝒕

𝒂𝒌+𝟏 = 𝒂𝒌 , 𝒃𝒌+𝟏 = 𝝁𝒌 , 𝝁𝒌+𝟏 = 𝝀𝒌, 𝜱 𝝁𝒌+𝟏 = 𝜱 𝝀𝒌 ,

𝝀𝒌+𝟏 = 𝒂𝒌+𝟏 + 𝟎. 𝟑𝟖𝟐 𝒃𝒌+𝟏 − 𝒂𝒌+𝟏 .

𝑬𝒗𝒂𝒍𝒖𝒂𝒕𝒆 𝜱 𝝀𝒌+𝟏 𝒂𝒏𝒅 𝒈𝒐 𝒕𝒐 𝒔𝒕𝒆𝒑 𝟓.

Step 5:

𝑺𝒆𝒕 𝒌 = 𝒌 + 𝟏 𝒂𝒏𝒅 𝒈𝒐 𝒕𝒐 𝒔𝒕𝒆𝒑 𝟐.

H.W:

Use golden section method to find the location of the 

minimizer for 𝒇 𝒙 = 𝒙 𝟏. 𝟓 − 𝒙 . 

Take the initial interval 𝟎, 𝟏 𝒂𝒏𝒅 𝜹 = 𝟎. 𝟎𝟓.


