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Chapter Two

Line Search

Lecture 2



3: Convergence Theory for Exact Line Search

The general form of an unconstrained optimization algorithm is as 

follows.

Algorithm (2): (General Form of Unconstrained Optimization 

Algorithm)

First: Initial step

Given 𝑿𝟎 𝝐 𝑹
𝒏 , 𝟎 ≤ 𝜺 ≤ 𝟏.

Second: 𝒌𝒕𝒉 − 𝑺𝒕𝒆𝒑

𝟏: 𝑪𝒐𝒎𝒑𝒖𝒕𝒆 𝒕𝒉𝒆 𝒅𝒆𝒔𝒄𝒆𝒏𝒕 𝒅𝒊𝒓𝒆𝒄𝒕𝒊𝒐𝒏 𝒅𝒌.

2: Compute the step size 𝜶𝒌 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕

𝒇 𝑿𝒌 + 𝜶𝒌𝒅𝒌 = 𝐦𝐢𝐧
𝜶≥𝟎

𝒇(𝑿𝒌 +𝜶𝒅𝒌)…………………………………(𝟔)

3: Set 𝑿𝒌+𝟏 = 𝑿𝒌 + 𝜶𝒌𝒅𝒌…………………………………………… (𝟕)

4: If 𝒈 𝑿𝒌+𝟏 ≤ 𝜺 stop, where 𝒈(𝑿𝒌+𝟏 𝒊𝒔 𝒕𝒉𝒆 𝒈𝒓𝒂𝒅𝒊𝒆𝒏𝒕 𝒗𝒆𝒄𝒕𝒐𝒓

𝒂𝒕 𝑿𝒌+𝟏. Otherwise repeated the above steps.



Note (8):

We denote 𝜱 𝜶 = 𝒇 𝑿𝒌 + 𝜶𝒅𝒌 ……………………………………… (𝟖)

Obviously, we have from Algorithm (2) that

𝜱 𝟎 = 𝒇 𝑿𝒌 , 𝜱 𝜶 ≤ 𝜱 𝟎 .

Note (9):

The equation (6) in Algorithm (2) is to find the global minimizer of 𝜱 𝜶 which is 

rather difficult. Instead, we take 𝜶𝒌 such that 

𝜶𝒌 = 𝒎𝒊𝒏 𝜶 ≥ 𝟎 ∶ 𝒈𝒌
𝑻𝒅𝒌 = 𝟎 ………………………………………… . (𝟗)

𝒘𝒉𝒆𝒓𝒆 𝒈 𝒊𝒔 𝒕𝒉𝒆 𝒈𝒓𝒂𝒅𝒊𝒆𝒏𝒕 𝒗𝒆𝒄𝒕𝒐𝒓 𝒐𝒇 𝜱 𝜶 𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒈𝒊𝒗𝒆𝒏 𝒊𝒏 (𝟖).

Since by (6) and (9), we find the exact minimizer of 𝜱 𝜶 respectively. We say that (6) 

and (9) are exact line searches.

Note (10):

𝑳𝒆𝒕 𝜽𝒌 𝒃𝒆 𝒕𝒉𝒆 𝒂𝒏𝒈𝒍𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒅𝒌 𝒂𝒏𝒅 − 𝒈𝒌 , 𝒕𝒉𝒆𝒏

𝐜𝐨𝐬 𝜽𝒌 = −
𝒅𝒌
𝑻 𝒈𝒌

𝒅𝒌 𝒈𝒌
……………………………………………………… . . (𝟏𝟎)



Theorem (2):

Let 𝜶𝒌 > 𝟎 be the solution of the equation 

𝒇 𝑿𝒌 + 𝜶𝒌𝒅𝒌 = 𝐦𝐢𝐧
𝜶≥𝟎

𝒇(𝑿𝒌 + 𝜶𝒅𝒌), and 𝑮(𝑿𝒌 + 𝜶𝒅𝒌) ≤ 𝑴,𝒘𝒉𝒆𝒓𝒆𝑴 𝒊𝒔

𝒔𝒐𝒎𝒆 𝒑𝒐𝒔𝒊𝒕𝒊𝒗𝒆 𝒏𝒖𝒎𝒃𝒆𝒓 𝒂𝒏𝒅 𝑮 𝒊𝒔 𝒕𝒉𝒆 𝑯𝒆𝒔𝒔𝒊𝒂𝒏𝒎𝒂𝒕𝒓𝒊𝒙. Then

𝒇 𝑿𝒌 − 𝒇 𝑿𝒌 + 𝜶𝒌𝒅𝒌 ≥
𝒅𝒌
𝑻 𝒈 𝑿𝒌

𝟐

𝟐𝑴 𝒅𝒌
𝟐 ………………………………… . . (𝟏𝟏)

Note (11):

Theorem (2) means that 𝒇 𝑿𝒌 + 𝜶𝒌𝒅𝒌 < 𝒇 𝑿𝒌 .

Definition (7): (Neighborhood)

Given a point 𝑿 𝝐 𝑹𝒏 and a 𝜹 > 𝟎. 𝑻𝒉𝒆 𝜹 − 𝒏𝒆𝒊𝒈𝒉𝒃𝒐𝒓𝒉𝒐𝒐𝒅 of 𝑿 is defined as

𝑵𝜹 𝑿 = 𝒀 𝝐 𝑹𝒏: 𝒀 − 𝑿 < 𝜹 .

Definition (8): (Accumulation Point)

The point 𝑿 𝝐 𝑫 ⊂ 𝑹𝒏 is said to be an accumulation point if for each 𝜹 > 𝟎,

𝑫 ∩ 𝑵𝜹 𝑿 ≠ ∅,𝒘𝒉𝒆𝒓𝒆 ∅ 𝒊𝒔 𝒂𝒏 𝒆𝒎𝒑𝒕𝒚 𝒔𝒆𝒕.



Definition (9): (Index Set)

Let 𝑾𝒂 be the set of all words containing 𝒕𝒉𝒆 𝒍𝒆𝒕𝒕𝒆𝒓 𝒂, 𝑾𝒃 be the set of all words 

containing the letter 𝒃 and 𝒔𝒊𝒎𝒊𝒍𝒂𝒓𝒍𝒚 𝒇𝒐𝒓 𝑾 𝒄 𝒕𝒐 𝑾𝒛. The subscripts 

𝒂, 𝒃, 𝒄,⋯ , 𝒛 𝒂𝒓𝒆 𝒌𝒏𝒐𝒘𝒔 𝒂𝒔 indices. Then the set 𝑰 = { 𝒂, 𝒃, 𝒄,⋯ , 𝒛} is called the index 

set.
Theorem (3): 

1: Let 𝒇(𝑿) be continuously differentiable function on an 𝒐𝒑𝒆𝒏 𝒔𝒆𝒕 𝑫 ⊂ 𝑹𝒏.

2: Assume that the sequence generated by Algorithm (2) satisfies 

𝒇 𝑿𝒌+𝟏 ≤ 𝒇 𝑿𝒌 𝒂𝒏𝒅 𝒈 𝑿 𝑻𝒅𝒌 ≤ 𝟎,𝒘𝒉𝒆𝒓𝒆 𝒈 𝒊𝒔 𝒕𝒉𝒆 𝒈𝒓𝒂𝒅𝒊𝒆𝒏𝒕 𝒗𝒆𝒄𝒕𝒐𝒓.

3: Let ෡𝑿 𝝐 𝑫 be an accumulation point of 𝑿𝒌 and 𝑲𝟏 be an index set with

𝑲𝟏 = 𝒌 ∶ 𝐥𝐢𝐦
𝒌 →∞

𝑿𝒌 = 𝑿 .

4: Assume that there exists 𝑴 > 𝟎 such that 𝒅𝒌 < 𝑴 𝒇𝒐𝒓 𝒂𝒍𝒍 𝒌 𝝐 𝑲𝟏.

Then:

1: If ෢𝒅𝒌 is any accumulation 𝒑𝒐𝒊𝒏𝒕 𝒐𝒇 {𝒅𝒌}, we have 𝒈(෡𝑿)𝑻෡𝒅 = 𝟎.

2: If 𝒇(𝑿) 𝒊𝒔 𝒕𝒘𝒊𝒄𝒆 𝒄𝒐𝒏𝒕𝒊𝒏𝒖𝒐𝒖𝒔𝒍𝒚 𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒕𝒊𝒂𝒃𝒍𝒆 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒐𝒏 𝑫,

𝒘𝒆 𝒉𝒂𝒗𝒆 ෡𝒅𝑻𝑮 ෡𝑿 ෡𝒅 ≥ 𝟎.



Definition (10): (Continuous Function)

Let 𝒇:𝑫 ⊂ 𝑹𝒏 → 𝑹. 𝑳𝒆𝒕 𝑿𝟎 𝝐 𝑫. We say that 𝒇 is continuous function at 𝑿𝟎 if for every 

𝜺 > 𝟎, there exists 𝜹 = 𝜹(𝑿𝟎, 𝜺) such that if 𝑿 𝝐 𝑫 with 𝑿 − 𝑿𝟎 < 𝜹 implies 

𝒇 𝑿 − 𝒇(𝑿𝟎) < 𝜺 .

Definition (11): (Uniformly Continuous)

Let 𝒇:𝑫 ⊂ 𝑹𝒏 → 𝑹. We say that 𝒇 is uniformly continuous if 𝒇𝒐𝒓 𝒂𝒍𝒍 𝜺 > 𝟎, there 

exists 𝜹 = 𝜹 𝜺 such that if 𝑿, 𝒀 𝝐 𝑫 with 𝑿 − 𝒀 < 𝜹 implies 

𝒇 𝑿 − 𝒇(𝒀) < 𝜺 .

In other words, 𝒇 is uniformly continuous if it is continuous at each 

point 𝑿𝟎 𝝐 𝑫 and the 𝜹 corresponding to each 𝜺 in the definition of 

continuity at 𝑿𝟎 can be the same for all 𝑿𝟎 𝝐 𝑫.



For example, 

𝒇 𝒙 = 𝒙 𝒊𝒔 𝒖𝒏𝒊𝒇𝒐𝒓𝒎𝒍𝒚 𝒄𝒐𝒏𝒕𝒊𝒏𝒖𝒐𝒖𝒔 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒐𝒏 𝒓𝒆𝒂𝒍 𝒏𝒖𝒎𝒃𝒆𝒓𝒔.

𝒇 𝒙 = 𝒙𝟐, 𝒙 𝝐 −𝑴,𝑴 ,𝑴 > 𝟎 𝒊𝒔 𝒖𝒏𝒊𝒇𝒐𝒓𝒎𝒍𝒚 𝒄𝒐𝒏𝒕𝒊𝒏𝒖𝒐𝒖𝒔 ,𝒘𝒉𝒊𝒍𝒆

𝒇 𝒙 = 𝒙𝟐 𝒊𝒔 𝒏𝒐𝒕 𝒖𝒏𝒊𝒇𝒐𝒓𝒎𝒍𝒚 𝒄𝒐𝒏𝒕𝒊𝒏𝒖𝒐𝒖𝒔 𝒐𝒏 𝒕𝒉𝒆 𝒔𝒆𝒕 𝒐𝒇 𝒓𝒆𝒂𝒍 𝒏𝒖𝒎𝒃𝒆𝒓𝒔 .

Note (12):

Each uniformly continuous function is continuous.

Definition (12): (Lipschitz Continuity)

Let 𝒇:𝑫 ⊂ 𝑹𝒏 → 𝑹. We say that 𝒇 is Lipschitz continuous function if there exists 

𝑴 > 𝟎 such that 𝒇 𝑿 − 𝒇(𝒀) ≤ 𝑴 𝑿− 𝒀 𝒇𝒐𝒓 𝒂𝒍𝒍 𝑿, 𝒀 𝝐 𝑫.

Note (13):

Every Lipschitz continuous function is uniformly continuous function.



Definition (13): (Level Set)

A set where the function takes a given constant value.

Theorem (4):

𝟏: 𝑳𝒆𝒕 𝒈(𝑿) 𝒃𝒆 𝒖𝒏𝒊𝒇𝒐𝒓𝒎𝒍𝒚 𝒄𝒐𝒏𝒕𝒊𝒏𝒖𝒐𝒖𝒔 𝒐𝒏 𝒕𝒉𝒆 𝒍𝒆𝒗𝒆𝒍 𝒔𝒆𝒕

𝑳 = {𝑿 𝝐 𝑹𝒏 ∶ 𝒇(𝑿) ≤ 𝒇(𝑿𝟎).

𝟐: 𝑳𝒆𝒕 𝒕𝒉𝒆 𝒂𝒏𝒈𝒍𝒆 𝜽𝒌 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 –𝒈 𝑿𝒌 𝒂𝒏𝒅

𝒕𝒉𝒆 𝒅𝒊𝒓𝒆𝒄𝒕𝒊𝒐𝒏 𝒅𝒌 𝒈𝒆𝒏𝒆𝒓𝒂𝒕𝒆𝒅

𝒃𝒚 𝑨𝒍𝒈𝒐𝒓𝒊𝒕𝒉𝒎 𝟐 𝒊𝒔 𝒖𝒏𝒊𝒇𝒐𝒓𝒎𝒍𝒚 𝒃𝒐𝒖𝒏𝒅𝒆𝒅 𝒂 𝒘𝒂𝒚 𝒇𝒓𝒐𝒎 𝟗𝟎°

, 𝒊. 𝒆. 𝒔𝒂𝒕𝒊𝒔𝒇𝒊𝒆𝒔 𝜽𝒌 ≤
𝝅

𝟐
− 𝝁 𝒇𝒐𝒓 𝒔𝒐𝒎𝒆 𝝁 > 𝟎.

𝑻𝒉𝒆𝒏 𝒈 𝑿𝒌 = 𝟎 𝒇𝒐𝒓 𝒔𝒐𝒎𝒆 𝒌; 𝒐𝒓 𝒇 𝑿𝒌 → −∞ ;𝒐𝒓 𝒈 𝑿𝒌 → 𝟎.

𝒘𝒉𝒆𝒓𝒆 𝒈 𝒊𝒔 𝒕𝒉𝒆 𝒈𝒓𝒂𝒅𝒊𝒆𝒏𝒕 𝒗𝒆𝒄𝒕𝒐𝒓.



Lemma (1):

𝟏: 𝑳𝒆𝒕 𝒇 𝑿 𝒃𝒆 𝒕𝒘𝒊𝒄𝒆 𝒄𝒐𝒏𝒕𝒊𝒏𝒖𝒐𝒖𝒔𝒍𝒚 𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒕𝒊𝒂𝒃𝒍𝒆 𝒊𝒏 𝒕𝒉𝒆

𝒏𝒆𝒊𝒈𝒉𝒃𝒐𝒓𝒉𝒐𝒐𝒅 𝒐𝒇 𝒕𝒉𝒆𝒎𝒊𝒏𝒊𝒎𝒊𝒛𝒆𝒓 𝑿∗. 

𝟐: 𝑨𝒔𝒔𝒖𝒎𝒆 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆𝒓𝒆 𝒆𝒙𝒊𝒔𝒕𝒔 𝜺 > 𝟎 𝒂𝒏𝒅𝑴 > 𝒎 > 𝟎, 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕

𝒎 𝒀 𝟐 ≤ 𝒀𝑻𝑮 𝑿 𝒀 ≤ 𝑴 𝒀 𝟐 , 𝒇𝒐𝒓 𝒂𝒍𝒍 𝒀 𝝐 𝑹𝒏 𝒉𝒐𝒍𝒅𝒔 𝒘𝒉𝒆𝒏

𝑿 − 𝑿∗ < 𝜺.

𝑻𝒉𝒆𝒏

𝟏:
𝟏

𝟐
𝒎 𝑿−𝑿∗ 𝟐 ≤ 𝒇 𝑿 − 𝒇 𝑿∗ ≤

𝟏

𝟐
𝑴 𝑿−𝑿∗ 𝟐.

𝟐: 𝒈(𝑿) ≥ 𝒎 𝑿− 𝑿∗ .

Where 

𝒈 𝑿 𝒂𝒏𝒅 𝑮 𝑿 𝒂𝒓𝒆 𝒕𝒉𝒆 𝒈𝒓𝒂𝒅𝒊𝒆𝒏𝒕 𝒂𝒏𝒅 𝑯𝒆𝒔𝒔𝒊𝒂𝒏𝒎𝒂𝒕𝒓𝒊𝒙 𝒐𝒇 𝒇 𝒂𝒕 𝑿

𝒓𝒆𝒔𝒑𝒆𝒄𝒕𝒊𝒗𝒆𝒍𝒚.



Theorem (5):

1: Let the sequence {𝑿𝒌} generated by Algorithm (2) converges to the 

minimizer 𝑿∗ 𝒐𝒇 𝒇 𝑿 .

2: Let 𝒇 𝑿 be twice continuously differentiable in a neighborhood of 

𝑿∗.

3: If there exists 𝜺 > 𝟎 𝒂𝒏𝒅𝑴 > 𝒎 > 𝟎 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕

𝒎 𝒀 𝟐 ≤ 𝒀𝑻𝑮 𝑿 𝒀 ≤ 𝑴 𝒀 𝟐 , 𝒇𝒐𝒓 𝒂𝒍𝒍 𝒀 𝝐 𝑹𝒏 𝒉𝒐𝒍𝒅𝒔 𝒘𝒉𝒆𝒏

𝑿− 𝑿∗ < 𝜺.

Then 𝒕𝒉𝒆 𝒔𝒆𝒒𝒖𝒆𝒏𝒄𝒆 𝑿𝒌 , 𝒂𝒕 𝒍𝒆𝒂𝒔𝒕 , converges linearly to 𝑿∗.

Where 𝑮 𝑿 is the Hessian 𝒎𝒂𝒕𝒓𝒊𝒙 𝒐𝒇 𝒇 𝒂𝒕 𝑿.


