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Chapter One
Basic Concepts

|_ecture 8
Solved Problems



Problem (1):

Let the function f: R* — R is defined by

f(X) = x1e*2 + x1x5. Does f has any critical points?
Solution:

1: We find the gradient vector as

af af !
gX) = [axl a_le =[e*2 +x; xq€*2 + xq]'.
2: Putg(X) =0

Since e*2 + x5, # 0 for all x, in R (( because e*2 > 0))
Then we conclude that the function
f(X) = x1e*2 + x1x, has no critical points.



Problem (2):
Show that the matrix A = [z IZ_] ,wherea > 0is

positive definite if ac > b*.
Solution:

Let Y = 0 in R?.

We want to prove YT AY > 0.

YTAY = [y1  ¥2] [z ’Z] [i;]

'y
= [ay; + by, by, + ay;] _y; = ayi + by1y, + by 1y, + cy3

_ 2b
= ay% + 2by,y, + cy% = a_yi T o V1)2 + 23’%]
2h b2 bZ
= a[y} + Zy1y2 + Y5 - 5¥5 + 3]



2b 2
= aly; Y1iY2 T 3¥V2 — Yz

a

b 2 _bZ
= a[(Y1 +;J’2) | acyzaz yZ]
b 2 | ( _bZ) 2
= a(y1+7y2) +—

Then

vy = al(ys +Ly,) + Ll )
Since ac > b*— ac — b* > O.
(ac—b?)y3 1> 0

a’

b \2
Hence a[(yl + ;yz) |
Then, we have Y AV > 0.
Thus the matrix A is positive definite.



Problem (3):

Let the function f: R? — R is defined by f(X) = x%e*% + x2.
Show that the point X* = [0, 0]”is the strong global minimizer
of f over R*.

Solution:
By Theorem (7):

X" is critical point + G(X") is positive definite matrix

!

X" is a local minimizer point




By Theorem (5)

The function f is strictly convex

I

G(X") is positive definite matrix

By Theorem (12)
If The function f is strictly convex

!

The point X™ is unique global minimizer




1: We find the gradient vector as

gX) = [aajl ’% = [2x,e%2 | 2x%x,e%2 + ZxZ]T
2: We find the critical points as follows:
Put g(X) =10
2xlex% =0 ->x1=0.
And

2x2x,e%2 +2x, =0 > x,=0.
~.The critical point is [0, 0]".



3: We find the Hessian matrix as follows:

i 2 0 f 2 0 f
— = 2e*2 = 4x1x,€%*2 =

dx3 ' 9x10x9 1°2 Oxp0x1 "’
9% f

— A2 42 X5 2 x5
a—x%—élxlxze 2 + 2x7e*2 + 2.

. 2
s G(XY) = [ 0
4: We prove G(X") is positive definite matrix as follows:
Let Y # 0 in R%. We want to prove Y/ G(X*)Y > 0.

Y6 =1 y2A[7 D[} =12v 23]}

Y2
=2y +2y5 >0,forY #0.
~.By Theorem (7), we conclude that X" is a local minimizer point.



Now, by Theorem (5), we conclude that the function
f is strictly convex function.

Finally, by Theorem (12), we conclude that the point X™ is the
unique global minimizer for the function f .



Problem (4):
Let f: R> - Risdefined by f(X) = 3x% + 4x,x, — 4x5 .
Show that the point X* = [0, 0] is a saddle point for f.
Solution:

1: We find the gradient of the function as follows:

T
9(X) = [;5 2| =[6x1+4x; 4x1—8x,]"
2: We find the critical points as follows:
Put g(X) = 0.
L6X1 44X, =0 e (1)
4x1 —8x2 =0 oo i e (2)

Now, from (1) and (2), wegetx; = 0and x, = 0.
~.The critical point is X* = [0, 0]".



3: We find the Hessian matrix as follows:
ﬂ—G 0% f — 4 = 0% f azf__g

dx3 " 9x10x2 dx20x1 " x5

«“ _ [6 4
S6x) =, g
4: Determine whether the Hessian matrix is positive definite or

not.

Let Y # 0 in R?.

o —~ 6 41 1Y1

Y aX)Y =[y1 Y2 [4_ _8] }’2] y
= 6y +4y1y2 + 4y1y2 — 8Yy3



* 8 3
“YTG(X)Y = 6y% +8y1y, —8y5 =6y} +2y1y2 293 |

' 4 4
=6 _3’% +SY1Y2 — 33 ]
4 4, 4, 4
=6 Y1 +§)'1}’2 +§}’z 972 ——YZ]

2 16
=6[(y1 +3¥2)*— 5 ¥; |

~. The last expression Is not positive everywhere, for example if
we take

Y = [1,0]7, then Y G(X*)Y = 6 > 0,while if we take

¥ =[-,1]7, then YTG(X")Y = - < 0.

~X* = [0, 0]"is not local minimizer for the function f.

Now, we must prove X™ = |0, O]Tis not local maximizer.




Let h(X) = —f(X).

~. The Hessian matrix of the function h(X) at X* is given as
~_ [-6 —4

H(X") = | + o |

Now, determine whether H(X™) is positive definite or not.

LetV # 0.

L VIH(X)V = [V1 3] [:2 —84] zﬂ

1%

— [—6']71 — 4‘172 ) —4‘vl + 8772] v;]

= —6v] — 4v,V, — 4V,V, + 85 = —6vF — 8V v, + 8V
8 8 9 2 16 o

= —6 [”% T V1V2 — g”z] = —6[(vy + gvz)z—jvz I.

~. The expression term is not positive everywhere for example if
we take



V =1[1,0]", then VTH(X*)V = —6 < 0,while if we take
V=[-21]", then VG(X")V == > 0.

~X* = [0, 0]"is not local minimizer for the function h = —f.
0, 0]is not local maximizer for the function f

X" =10,0 Tis not local maximizer and not local maximizer for
the function f.

Thus, we conclude that the point X* = [0, 0]7 is a saddle point for
the function f.
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