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Chapter One

Basic Concepts

Lecture 5



12: Optimality Conditions for Unconstrained Optimization

Definition (12): (Local Minimizer)

Let 𝒇: 𝑹𝒏 → 𝑹 be a given function and 𝑫 be a given set in 𝑹𝒏. The 

point  𝑿∗𝝐 𝑫 is called a local minimizer of 𝒇 over 𝑫 if and only if 

there exists 𝜺 > 𝟎 such that 𝑩 𝑿∗, 𝜺 ⊂ 𝑫 𝒂𝒏𝒅

𝒇 𝑿 ≥ 𝒇 𝑿∗ 𝒇𝒐𝒓 𝒂𝒍𝒍 𝑿 𝝐 𝑩 𝑿∗, 𝜺 , where 𝑩 𝑿∗, 𝜺 is the open ball 

with center 𝑿∗ and radius 𝝐 defined by

𝑩 𝑿∗, 𝜺 = 𝑿𝝐 𝑹𝒏: 𝑿 − 𝑿∗ < 𝝐 𝒂𝒏𝒅 𝑿 − 𝑿∗ 𝒎𝒆𝒂𝒏𝒔

𝒕𝒉𝒆 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝑿 𝒂𝒏𝒅 𝑿∗ in the normed linear space 

(𝑹𝒏, . ).

A point 𝑿∗𝝐 𝑫 is called a strict local minimizer of 𝒇 over 𝑫 if and 

only if there exists 𝜺 > 𝟎 such that  𝑩 𝑿∗, 𝜺 ⊂ 𝑫 𝒂𝒏𝒅

𝒇 𝑿 > 𝒇 𝑿∗ 𝒇𝒐𝒓 𝒂𝒍𝒍 𝑿 𝝐 𝑩 𝑿∗, 𝜺 , 𝑿 ≠ 𝑿∗ .



Example (6):

Let 𝒇:𝑹 → 𝑹 be defined by 𝒇 𝒙 = 𝐬𝐢𝐧𝒙 , 𝒙 𝝐 𝑹 in the normed linear 

space (𝑹, . ) and 𝑫 = 𝟎, 𝟒𝝅 ⊂ 𝑹. Show that 𝑿∗ =
𝟑𝝅

𝟐
is a strict local 

minimizer of 𝒇 𝒐𝒗𝒆𝒓 𝑫.

Solution:

Let 𝜺 > 𝟎 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕

𝑩 𝑿∗, 𝜺 = 𝑿 𝝐 𝑹 ∶ 𝑿 − 𝑿∗ < 𝜺 = (𝑿∗ − 𝜺,𝑿∗ + 𝜺) ⊂ 𝑫.

𝑻𝒂𝒌𝒆 𝟎 < 𝜺 <
𝟑𝝅

𝟐
. Then 𝒇 𝑿 > 𝒇

𝟑𝝅

𝟐
𝒇𝒐𝒓 𝒂𝒍𝒍 𝑿 𝒊𝒏 𝑿∗ − 𝜺,𝑿∗ + 𝜺 , 𝑿 ≠

𝟑𝝅

𝟐
.

Hence 𝑿∗ =
𝟑𝝅

𝟐
is a strict local minimizer of 𝒇 over 𝑫.



Example (7):

Let 𝒇:𝑹 → 𝑹 be defined by 𝒇 𝒙 =

𝟏 , 𝒙 ≤
𝟏

𝟐

𝟎 ,
𝟏

𝟐
< 𝒙 <

𝟑

𝟐

𝟏 ,
𝟑

𝟐
≤ 𝒙 ≤

𝟓

𝟐

𝟎, 𝒙 >
𝟓

𝟐

. 𝑳𝒆𝒕 𝑫 = (
𝟏

𝟐
,
𝟑

𝟐
) ⊂ 𝑹.

Show that any point 𝑿∗ in (
𝟏

𝟐
,
𝟑

𝟐
) is a local minimizer of 𝒇 over 

𝟏

𝟐
,
𝟑

𝟐
.

Solution:

Let 𝜺 > 𝟎 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕

𝑩 𝑿∗, 𝜺 = 𝑿 𝝐 𝑹 ∶ 𝑿 − 𝑿∗ < 𝜺 = 𝑿∗ − 𝜺,𝑿∗ + 𝜺 ⊂
𝟏

𝟐
,
𝟑

𝟐
.  

Then 𝒇 𝑿 = 𝒇(𝑿∗) for all values of 𝑿 𝒊𝒏 = 𝑿∗ − 𝜺,𝑿∗ + 𝜺 .

Hence 𝑿∗ is a local minimizer of 𝒇 over 
𝟏

𝟐
,
𝟑

𝟐
.



Definition (13): (Global Minimizer)

Let 𝒇: 𝑹𝒏 → 𝑹 be a given function and 𝑫 be a given 𝒔𝒆𝒕 𝒊𝒏 𝑹𝒏. The point  𝑿∗𝝐 𝑫

is called a global minimizer of 𝒇 over 𝑫 if and only if 𝒇 𝑿 ≥ 𝒇 𝑿∗ for all 𝑿 𝝐 𝑫.

The point  𝑿∗𝝐 𝑫 is called a strict global minimizer of 𝒇 over 𝑫 if and only if

𝒇 𝑿 ≥ 𝒇 𝑿∗ for all 𝑿 𝝐 𝑫 ,𝑿 ≠ 𝑿∗.
Note (13):

The norm 𝑿 𝑬 is called Euclidean norm and defined as:

𝑿 𝑬 = (σ𝒊=𝟏
𝒏 𝒙𝒊

𝟐)
𝟏

𝟐 , 𝑿 = [𝒙𝟏 , 𝒙𝟐 , 𝒙𝟑 ,⋯ , 𝒙𝒏 ]
𝑻.

Example (8):

Let 𝒇: 𝑹𝟐 → 𝑹 𝒅𝒆𝒇𝒊𝒏𝒆𝒅 𝒃𝒚 𝒇 𝑿 = 𝒙𝟏
𝟐 + 𝒙𝟐

𝟐 , 𝑿 𝝐 𝑹𝟐. 

Let 𝑫 = 𝑩 𝟎,𝟏 = 𝑿 𝝐 𝑹𝟐: 𝑿 𝑬 < 𝟏 . Show that 𝑿∗ = 𝟎 is a strict global 

minimizer of 𝒇 over 𝑫.

Solution:

Notice that, geometrically, the set 𝑫 consists of all points 𝑿 in the interior of the 

circular disk with 𝒄𝒆𝒏𝒕𝒆r 𝟎 𝒂𝒏𝒅 𝒓𝒂𝒅𝒊𝒖𝒔 𝟏. Clearly 𝒇 𝑿 > 𝒇 𝟎 𝒇𝒐𝒓 𝒂𝒍𝒍 𝑿 𝝐 𝑫,

𝑿 ≠ 𝟎. So, 𝑿∗ = 𝟎 is a strict global minimizer of 𝒇 over 𝑫.



Example (9):

Let 𝒇: 𝑹𝟐 → 𝑹 𝒅𝒆𝒇𝒊𝒏𝒆𝒅 𝒃𝒚 𝒇 𝑿 = (𝒙𝟐 − 𝒙𝟏
𝟐)𝟐+(𝟏 − 𝒙𝟏)

𝟐. Show that 

𝑿∗ = [𝟏, 𝟏]𝑻 𝒊𝒔 𝒂 𝒔𝒕𝒓𝒊𝒄𝒕 𝒈𝒍𝒐𝒃𝒂𝒍 𝒎𝒊𝒏𝒊𝒎𝒊𝒛𝒆𝒓 𝒐𝒇 𝒇 𝒐𝒗𝒆𝒓 𝑹𝟐.

Solution:

𝑳𝒆𝒕 𝜹 = [𝜹𝟏 , 𝜹𝟐]
𝑻⊂ 𝑹𝟐.

⸫𝒇 𝑿∗ + 𝜹 = 𝒇 𝟏 + 𝜹𝟏, 𝟏 + 𝜹𝟐 = [𝟏 + 𝜹𝟐 − 𝟏+ 𝜹𝟏
𝟐]𝟐+[𝟏 − 𝟏 + 𝜹𝟏 ]𝟐

= [𝟏 + 𝜹𝟐 − 𝟏 + 𝟐 𝜹𝟏 + 𝜹𝟏
𝟐 ]𝟐+[𝟏 − 𝟏 − 𝜹𝟏]

𝟐

= [𝟏 + 𝜹𝟐 − 𝟏 − 𝟐𝜹𝟏 − 𝜹𝟏
𝟐]𝟐+𝜹𝟏

𝟐 = [𝜹𝟐 − 𝟐𝜹𝟏 − 𝜹𝟏
𝟐]𝟐+𝜹𝟏

𝟐.

Since 𝒇 𝑿∗ = 𝒇 𝟏, 𝟏 = 𝟎.

⸫ 𝒇 𝑿∗ + 𝜹 = 𝟎 + [𝜹𝟐 − 𝟐𝜹𝟏 − 𝜹𝟏
𝟐]𝟐+𝜹𝟏

𝟐 = 𝒇 𝑿∗ + [𝜹𝟐 − 𝟐𝜹𝟏 − 𝜹𝟏
𝟐]𝟐+𝜹𝟏

𝟐 .

Since [𝜹𝟐 − 𝟐𝜹𝟏 − 𝜹𝟏
𝟐]𝟐> 𝟎 𝒂𝒏𝒅 𝜹𝟏

𝟐 > 𝟎 , 𝒇𝒐𝒓 𝒂𝒍𝒍 𝜹 ≠ 𝟎 .

⸫ 𝒇 𝑿∗ + 𝜹 > 𝒇 𝑿∗ , 𝒇𝒐𝒓 𝒂𝒍𝒍 𝜹 ≠ 𝟎 .

Hence 𝑿∗ is a strong global minimizer 𝒐𝒇 𝒇 𝒐𝒗𝒆𝒓 𝑹𝟐. 



Example (10):

Let 𝒇:𝑹 → 𝑹 be defined by 

𝒇 𝒙 = ൝
(𝒙 − 𝟏)𝟐 , 𝒙 𝒏𝒐𝒕 𝒊𝒏 𝒕𝒉𝒆 𝒊𝒏𝒕𝒆𝒓𝒗𝒂𝒍 [𝟎, 𝟐]
𝟏 , 𝒙 𝒊𝒏 𝒕𝒉𝒆 𝒊𝒏𝒕𝒆𝒓𝒗𝒂𝒍 [𝟎, 𝟐]

.

Show that any point in [𝟎, 𝟐] is a global minimizer 𝒐𝒇 𝒇 𝒐𝒗𝒆𝒓 𝑹𝟐. 

Solution:

Let 𝒙∗ be any point 𝒊𝒏 𝒕𝒉𝒆 𝒊𝒏𝒕𝒆𝒓𝒗𝒂𝒍 𝟎, 𝟐 , then 𝒇 𝒙∗ = 𝟏

and 𝒇 𝒙∗ > 𝟏 𝒇𝒐𝒓 𝒂𝒍𝒍 𝒙∗𝒏𝒐𝒕 𝒊𝒏 𝒕𝒉𝒆 𝒊𝒏𝒕𝒆𝒓𝒗𝒂𝒍 𝟎, 𝟐 .

Hence 𝒙∗ is a global minimizer 𝒐𝒇 𝒇 𝒐𝒗𝒆𝒓 𝑹𝟐. 



Definition (14): (Maximizer)

Let 𝒇: 𝑹𝒏 → 𝑹 be a given function and 𝑫 be a given 𝒔𝒆𝒕 𝒊𝒏 𝑹𝒏. The 

point 𝑿∗𝝐 𝑫 is called a maximizer of 𝒇 over 𝑫 if and only if 𝑿∗ is a 

minimizer of −𝒇 𝒐𝒗𝒆𝒓 𝑫.

Definition (15): (Critical Point)

Let 𝒇: 𝑹𝒏 → 𝑹 𝒉𝒂𝒗𝒆 𝒇𝒊𝒓𝒔𝒕 𝒑𝒂𝒓𝒕𝒊𝒂𝒍 𝒅𝒆𝒓𝒊𝒗𝒂𝒕𝒊𝒗𝒆𝒔 𝒊𝒏 𝑫 ⊂ 𝑹𝒏. The point 

𝑿∗𝝐 𝑫 is called a critical point 𝒇 𝒊𝒏 𝑫 if and only if 𝒈 𝑿∗ = 𝟎 ,𝒘𝒉𝒆𝒓𝒆 𝒈

is the gradient vector of 𝒇.



Example (11):

Let 𝒇: 𝑹𝟐 → 𝑹 𝒃𝒆 𝒅𝒆𝒇𝒊𝒏𝒆𝒅 𝒃𝒚 𝒇 𝑿 = 𝒙𝟏
𝟑 − 𝟐𝒙𝟏

𝟐𝒙𝟐 + 𝒙𝟐
𝟐 , 𝑿 𝝐 𝑹𝟐. Find the critical 

points of 𝒇.

Solution:

First, we find the gradient of 𝒇 𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒈 𝑿 = [
𝝏𝒇

𝝏𝒙𝟏
,
𝝏𝒇

𝝏𝒙𝟐
]𝑻.

𝝏𝒇

𝝏𝒙𝟏
= 𝟑𝒙𝟏

𝟐 − 𝟒𝒙𝟏𝒙𝟐 , 
𝝏𝒇

𝝏𝒙𝟐
= −𝟐𝒙𝟏

𝟐 + 𝟐𝒙𝟐 .

⸫ 𝒈 𝑿 = [𝟑𝒙𝟏
𝟐 − 𝟒𝒙𝟏𝒙𝟐, −𝟐𝒙𝟏

𝟐 + 𝟐𝒙𝟐]
𝑻.

Second, put 𝒈 𝑿 = 𝟎.

⸫ 𝟑𝒙𝟏
𝟐 − 𝟒𝒙𝟏𝒙𝟐 = 𝟎……………………………………………… . . (𝟏)

𝒂𝒏𝒅 − 𝟐𝒙𝟏
𝟐 + 𝟐𝒙𝟐 = 𝟎 …………………………………………………… (𝟐)

From (2) we get 𝒙𝟐 = 𝒙𝟏
𝟐…………………………………………………… . . (𝟑)

From (3) and (1) we get 𝟑𝒙𝟏
𝟐 − 𝟒𝒙𝟏

𝟑 = 𝟎 → 𝒙𝟏
𝟐 𝟑 − 𝟒𝒙𝟏 = 𝟎 →

𝒙𝟏 = 𝟎 𝒐𝒓 𝒙𝟏 =
𝟑

𝟒
. From (3) we 𝒈𝒆𝒕 𝒙𝟐 = 𝟎 𝒐𝒓 𝒙𝟐 =

𝟗

𝟏𝟔
.

⸫𝑻𝒉𝒆 𝒄𝒓𝒊𝒕𝒊𝒄𝒂𝒍 𝒑𝒐𝒊𝒏𝒕𝒔 𝒂𝒓𝒆 [𝟎 , 𝟎]𝑻 𝒂𝒏𝒅 [
𝟑

𝟒
,
𝟗

𝟏𝟔
]𝑻.


