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Chapter One

Basic Concepts

|_ecture 3



10: Function and Differential

Definition (8): (Gradient Vector)

Let f: R™ — R have first partial derivatives in R™. The gradient vector
of fat X in R™ is defined as

VFX) = [, 5L, e ST

dx1 0xp dx3 ' 0xy

We use notation g(X) for the gradient vector of f at X.

Definition (9): (Hessian Matrix)
Let f: R"™ — R have second partial derivatives in R". The Hessian
% f

dx; 0x;j

matrix G(X) of f at X is defined as G(X) = [ ],i,j =1,2,3,---,n.



Note (9):

: : T 92 9>
If f has continuous second partial derivatives in R™ then - %
ax,- ax]' ax]' ax,-
n(n+1)

i,j =1,2,3,:--,n. So that G(X) is symmetric and only second derivatives need

be calculated in order to evaluate G(X).
Example (1):
Find the gradient vector and Hessian matrix for the function f: R* — R defined by
f(X) = 3x5 + 4x,x, — 4x5 .
Solution:

2

The gradient vector is defined as: Vf(X) = [aa; ,aa;]T= [6x1 + 4x, ,4x1 — 8x,] T
1 2
2

The Hessian matrix is defined as:  G(X) = [aj- i};x-] L,j=1,2.
i 0X;j
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11: Convex Sets and Convex Functions

Definition (10): (Convex Set)

Lettheset D c R". Ifforany X,Yin D ,wehaveaX + (1 —a)Y in D for

a €|0,1], then D is said to be a convex set.

Note (10):

Definition (10) indicates, in geometry, that for any two points X, Y in D, the line
segment joining X and Y is entirely contained in D.
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Note (11):

X=ax;+ (1 —a)x,,where ae€[0,1] is called convex combination of x; and x,.
Note (12):

X =X a;x;is called a convex combination of x4, x5, x3,**, X;n, Where
Yiciai=1, a;=>20,i=1,2,3,---,m.

Lemma (1):

The set D ¢ R™ is convex if and only if for any x¢, x5, x3,:**, x, in D,
Yiz1aix; inD,where ¥ ,a;=1, a;20,i=1,2,3,-,m.
Proof: (H.W.)

Theorem (1):
Let D; and D, be two convex sets in R". Then:

1: D1 N D5 IS convex set.
2: Dl + DZ = {x1 + X9 ¢ Xq€ D1 , X2 € Dz} IS convex set.
Proof: (H.W.)




Example (2):

Show that the set H = { Xe R™ : p'X = ¢} is convex, where p e R" is a
nonzero vector and c Is a scalar.

Solution:

Let X4,X, e Hand a € [0, 1].

~plX;{=candp'X, =c .

We want to prove thataX; + (1 —a)X, € H .

pllaXi+(1-a)X3]= ap’ X+ —a)p’X, =ac+ (1 —a)c=c.
caXi1+(1—-a)X,eH.

~. H Is convex set.




Example (3):
Show that the set § = {XeR" : X = X, + Ad, A = 0} Is a convex set, where

deR" is a nonzero vector and X, Is a fixed point.

Solution:

Let X{,X, eSand ae€|0,1].

X1 =X¢g+Aidand X, = Xy + A,d ,where 1,4, = 0.

We want to provethataX; + (1 —a)X, €S.

caX1+ (A —a)X, =alXg+44d]+ (1 —a)[Xg + 1,d ]
= aXg + atlid + Xy + A,d — aXy — al,d
=Xo+ (ad{ + (1 —a)A,)d

Sinceai; +(1—a)i, =0

Laly+ (1 —a)A,eS

~. SIS a convex set.




