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3: Partial Derivatives of a Function of Two Variables:
Definition (11):
The partial derivative of f(x,y) with respect to x at the point (xg, yo) Is:

af — 1ivn [ &othyo)—f(x0.¥0)
7x oy = liM 3

, provided the limit exists.

Notes:
1: The partial derivative of f(x,y) with respect to x at the point (xg, o) IS
the same as the ordinary derivative of f(x,y,) at the point x,. That is

of _d
x| Foyo) = ;f (7)1, -

2: A variety notations are used to denote the partial derivative at a point

. . of i)
(x0,¥0) including == x50 Fx((Xo, ¥0), and ==y -

3: When we do not specify a specific point (x, yo) at which the partial
derivative is being evaluated, then the partial derivative is being evaluated,
then the partial derivative becomes a function whose domain is the points
where the partial derivative exists. Notations for this function include

4: The slope of the curve of the curve z = f(x, y,) at the point

(x0, Yo, f(x0, ¥0)) in the plane y = y, is the value of the partial derivative of f
with respect to x at (xg, yo).

5: The tangent line to the curve at P(xq, ¥o, f (X0, ¥0)) is the line in the plane
y = yo that passes through P(xq, yo, f(x0, o)) With slope f,((xg, ¥0)-

6: The partial derivative % at (xg, yo) gives the rate of change of f with

respect to x when y is held fixed at the value y, .

Definition (12):
The partial derivative of f(x,y) with respect toy at the point (x, yo) IS:

of — yie fO0Y040)—f(X0,Y0)
ay |(xo'}’o) - ,lll_% . h

, provided the limit exists.

Notes:
1: The slope of the curve z = f(x,,y) at the point P(xg, yo, f (X0, o)) in the
vertical plane x = x is the partial derivative of f with respect to y at

(X0, Yo)-
2: The tangent line to the curve at P(xq, yo, f (X0, ¥0)) is the line in the plane

—




2020-2019/ ilpaly il and [/ 48 puall o slall 4y il 4408/ 3 joad) dasls [ auls 35050 3 ga ) giSal) &l jualaa

X = xy that passes through P(xy,y,, f(x9,yo)) with the slope
of
ay |(xo,}’o) .
3: The partial derivative 2—5, at (xg, yo) gives the rate of change of f with

respect to y when x is held fixed at the value x, .
4: The partial derivative with respect to y is denoted by

of dz
ay I(xo'}’O) ’ fy(xoyyo) , and ay |(x0'yo) .
5: When we do not specify a specific point, the partial derivative becomes a
| of o oz
function and denoted as P Sy, e

Example (11):
Find the values of Z—i and Z—f’ at the point (4, —5) if

fx,y) =x*+3xy+y—1.
Solution:

af of
55 = 2X 3y > —lu-s5 =2(4) +3(-5) =8-18=-7.

of of
gy~ 3*¥+1- £|(4,_5)=3(4)+1=12+1=13.

Example (12):
Find 2 and 2L if f(x,y) = yssi
Ind * an 3 f(x,y) = ysinxy.

Solution:
of _ 2
5, = Y cosxy.
%z Xy cos xy + sinxy .

Example (13):
Find fx & f, if f(x,y) = —2

y+cosx
Solution:
f __ 2ysinx f _ 2cosx
X 7 (y+cosx)? Y (y+cosx)?

Example (14):

—
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Find % assuming the equation yz — In z = x + y defines z as a function of

two independent variables x and y and the partial derivative exists.
Solution:

9 _ _9 9z 9y 1dz 9y
ax(yz lnz)_ax(x-l_y)_)yax-l_ dx zax_1+6x

dz 10z dz 10z dz 1

0 =140 o y2- 21 2(y—7)=1>
dz 1 z

Example (15):

The plane x = 1 intersects the paraboloid z = x? + y? in a parabola. Find
the slope of the tangent to the parabola at (1, 2, 5).

Solution:

The slope is

0z 0z

3y l@oye) = 35l = 2¥laz) =4
Functions of More Than Two Variables

The definitions of the partial derivatives of functions of more than two
variables are similar to the definitions for functions of two variables. They are
ordinary derivatives with respect to one variable, taken while the other
independent variables are held constant. That is, if w = f(x,y, z), then

O _ 9% s the partial derivative with tt
ax — ax 'S the partial derivative with respect to x.
OF _ 9% is the partial derivative with tt
ay - dy is the partial derivative with respect to y.
of ow ] . ,

Fy il the partial derivative with respect to z.

Example (16):
If x, y & z are independent variables and f(x,y,z) = xsin(y + 32).
Find 2,2 g Y

ax’ dy 3z
Solution:
of . (y+3
35~ Sin y + 32z).
o _ xcosy+32)
dy x cos(y + 32).
g = 3xcos(y + 3z).
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