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3: Partial Derivatives of a Function of Two Variables: 

 Definition (11): 

 The partial derivative of 𝒇(𝒙, 𝒚) with respect to 𝒙 at the point (𝒙𝟎, 𝒚𝟎) is: 

       
𝝏𝒇

𝝏𝒙
|(𝒙𝟎,𝒚𝟎) = 𝐥𝐢𝐦

𝒉 →𝟎

𝒇(𝒙𝟎+𝒉,𝒚𝟎)−𝒇(𝒙𝟎,𝒚𝟎)

𝒉
, 𝒑𝒓𝒐𝒗𝒊𝒅𝒆𝒅 𝒕𝒉𝒆 𝒍𝒊𝒎𝒊𝒕 𝒆𝒙𝒊𝒔𝒕𝒔. 

 

Notes: 

 1: The partial derivative of 𝒇(𝒙, 𝒚) with respect to 𝒙 at the point (𝒙𝟎, 𝒚𝟎) is 

the same as the ordinary derivative of 𝒇(𝒙, 𝒚𝟎) 𝒂𝒕 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 𝒙𝟎. That is 

     
𝝏𝒇

𝝏𝒙
|(𝒙𝟎,𝒚𝟎) =

𝒅

𝒅𝒙
𝒇(𝒙, 𝒚)|𝒙𝟎

 .   

2: A variety notations are used to denote the partial derivative at a point 

(𝒙𝟎, 𝒚𝟎) including        
𝝏𝒇

𝝏𝒙
|(𝒙𝟎,𝒚𝟎), 𝒇𝒙((𝒙𝟎, 𝒚𝟎), 𝒂𝒏𝒅  

𝝏𝒛

𝝏𝒙
|(𝒙𝟎,𝒚𝟎) .   

3: When we do not specify a specific point (𝒙𝟎, 𝒚𝟎) at which the partial 

derivative is being evaluated, then the partial derivative is being evaluated, 

then the partial derivative becomes a function whose domain is the points 

where the partial derivative exists. Notations for this function include 

 
𝝏𝒇

𝒅𝒙
 , 𝒇𝒙  , 𝒂𝒏𝒅 

𝝏𝒛

𝝏𝒙
 . 

4: The slope of the curve of the curve 𝒛 = 𝒇(𝒙, 𝒚𝟎) at the point 

(𝒙𝟎, 𝒚𝟎, 𝒇(𝒙𝟎, 𝒚𝟎)) in the plane 𝒚 = 𝒚𝟎 is the value of the partial derivative of 𝒇 

with respect to 𝒙 at (𝒙𝟎, 𝒚𝟎). 

5: The tangent line to the curve at 𝑷(𝒙𝟎, 𝒚𝟎, 𝒇(𝒙𝟎, 𝒚𝟎)) is the line in the plane 

𝒚 = 𝒚𝟎 𝒕𝒉𝒂𝒕 𝒑𝒂𝒔𝒔𝒆𝒔 through 𝑷(𝒙𝟎, 𝒚𝟎, 𝒇(𝒙𝟎, 𝒚𝟎)) with slope 𝒇𝒙((𝒙𝟎, 𝒚𝟎). 

6: The partial derivative  
𝝏𝒇

𝒅𝒙
  at (𝒙𝟎, 𝒚𝟎) gives the rate of change of 𝒇 with 

respect to 𝒙 when 𝒚 is held fixed at the value 𝒚𝟎 . 

 

Definition (12):   

The partial derivative of 𝒇(𝒙, 𝒚) with respect to𝒚 at the point (𝒙𝟎, 𝒚𝟎) is: 

 
𝝏𝒇

𝝏𝒚
|(𝒙𝟎,𝒚𝟎) = 𝐥𝐢𝐦

𝒉 →𝟎

𝒇(𝒙𝟎,𝒚𝟎+𝒉)−𝒇(𝒙𝟎,𝒚𝟎)

𝒉
, 𝒑𝒓𝒐𝒗𝒊𝒅𝒆𝒅 𝒕𝒉𝒆 𝒍𝒊𝒎𝒊𝒕 𝒆𝒙𝒊𝒔𝒕𝒔.    

      

Notes: 

 1: The slope of the curve 𝒛 = 𝒇(𝒙𝟎, 𝒚) at the point 𝑷(𝒙𝟎, 𝒚𝟎, 𝒇(𝒙𝟎, 𝒚𝟎)) in the 

vertical plane 𝒙 = 𝒙𝟎 is the partial derivative of 𝒇 with respect to 𝒚 𝒂𝒕 

(𝒙𝟎, 𝒚𝟎). 

 2: The tangent line to the curve at 𝑷(𝒙𝟎, 𝒚𝟎, 𝒇(𝒙𝟎, 𝒚𝟎)) is the line in the plane 
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  𝒙 = 𝒙𝟎 𝒕𝒉𝒂𝒕 𝒑𝒂𝒔𝒔𝒆𝒔 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝑷(𝒙𝟎, 𝒚𝟎, 𝒇(𝒙𝟎, 𝒚𝟎)) 𝒘𝒊𝒕𝒉 𝒕𝒉𝒆 𝒔𝒍𝒐𝒑𝒆 
𝝏𝒇

𝝏𝒚
|(𝒙𝟎,𝒚𝟎) . 

3: The partial derivative 
𝝏𝒇

𝝏𝒚
 at (𝒙𝟎, 𝒚𝟎) gives the rate of change of 𝒇 with 

respect to 𝒚 when 𝒙 is held fixed at the value 𝒙𝟎 . 

4: The partial derivative with respect to 𝒚 is denoted by 

      
𝝏𝒇

𝝏𝒚
|(𝒙𝟎,𝒚𝟎)     ,       𝒇𝒚(𝒙𝟎, 𝒚𝟎)  ,   𝒂𝒏𝒅   

𝝏𝒛

𝝏𝒚
|(𝒙𝟎,𝒚𝟎) .     

5: When we do not specify a specific point, the partial derivative becomes a 

function and denoted as 
𝝏𝒇

𝝏𝒙
 , 𝒇𝒚 ,

𝝏𝒛

𝝏𝒙
 . 

 

Example (11): 

 Find the values of 
𝝏𝒇

𝝏𝒙
 𝒂𝒏𝒅 

𝝏𝒇

𝝏𝒚
 at the point (𝟒, −𝟓) if 

  𝒇(𝒙, 𝒚) = 𝒙𝟐 + 𝟑𝒙𝒚 + 𝒚 − 𝟏. 

Solution: 

𝝏𝒇

𝝏𝒙
= 𝟐𝒙 + 𝟑𝒚 →  

𝝏𝒇

𝝏𝒙
|(𝟒,−𝟓) = 𝟐(𝟒) + 𝟑(−𝟓) = 𝟖 − 𝟏𝟖 = −𝟕. 

𝝏𝒇

𝝏𝒚
= 𝟑𝒙 + 𝟏 →  

𝝏𝒇

𝝏𝒚
|(𝟒,−𝟓) = 𝟑(𝟒) + 𝟏 = 𝟏𝟐 + 𝟏 = 𝟏𝟑. 

 

Example (12): 

Find 
𝝏𝒇

𝝏𝒙
 𝒂𝒏𝒅 

𝝏𝒇

𝝏𝒚
  if 𝒇(𝒙, 𝒚) = 𝒚 𝐬𝐢𝐧 𝒙𝒚. 

Solution: 

 
𝝏𝒇

𝝏𝒙
= 𝒚𝟐 𝐜𝐨𝐬 𝒙𝒚 . 

𝝏𝒇

𝝏𝒚
= 𝒙𝒚 𝐜𝐨𝐬 𝒙𝒚 + 𝐬𝐢𝐧 𝒙𝒚 .  

 

Example (13): 

Find 𝒇𝒙  &  𝒇𝒚   𝒊𝒇  𝒇(𝒙, 𝒚) =
𝟐𝒚

𝒚+𝐜𝐨𝐬 𝒙
 . 

Solution: 

𝒇𝒙 =
𝟐𝒚 𝐬𝐢𝐧 𝒙

(𝒚+𝐜𝐨𝐬 𝒙)𝟐
     &     𝒇𝒚 =

𝟐 𝐜𝐨𝐬 𝒙

(𝒚+𝐜𝐨𝐬 𝒙)𝟐
 . 

 

Example (14): 
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Find 
𝝏𝒛

𝝏𝒙
  assuming the equation 𝒚𝒛 − 𝐥𝐧 𝒛 = 𝒙 + 𝒚 defines 𝒛 as a function of 

two independent variables 𝒙 𝒂𝒏𝒅 𝒚 and the partial derivative exists. 

Solution: 

 
𝝏

𝝏𝒙
(𝒚𝒛 − 𝐥𝐧 𝒛) =

𝝏

𝝏𝒙
(𝒙 + 𝒚) → 𝒚

𝝏𝒛

𝝏𝒙
+ 𝒛

𝝏𝒚

𝝏𝒙
−

𝟏

𝒛

𝝏𝒛

𝝏𝒙
= 𝟏 +

𝝏𝒚

𝝏𝒙
 → 

 𝒚
𝝏𝒛

𝝏𝒙
+ 𝟎 −

𝟏

𝒛

𝝏𝒛

𝝏𝒙
= 𝟏 + 𝟎 →  𝒚

𝝏𝒛

𝝏𝒙
−

𝟏

𝒛

𝝏𝒛

𝝏𝒙
= 𝟏 →  

𝝏𝒛

𝝏𝒙
(𝒚 −

𝟏

𝒛
) = 𝟏 → 

 
𝝏𝒛

𝝏𝒙
=

𝟏

𝒚−
𝟏

𝒛

=
𝒛

𝒛𝒚−𝟏
 . 

 

Example (15): 

 The plane 𝒙 = 𝟏 intersects the paraboloid 𝒛 = 𝒙𝟐 + 𝒚𝟐 in a parabola.  Find 

the slope of the tangent to the parabola at (𝟏, 𝟐, 𝟓). 

Solution: 

 The slope is 

  
𝝏𝒛

𝝏𝒚
|(𝒙𝟎,𝒚𝟎) =

𝝏𝒛

𝝏𝒚
|(𝟏,𝟐) = 𝟐𝒚|(𝟏,𝟐) = 𝟒. 

Functions of More Than Two Variables 

 The definitions of the partial derivatives of functions of more than two 

variables are similar to the definitions for functions of two variables. They are 

ordinary derivatives with respect to one variable, taken while the other 

independent variables are held constant. That is, if 𝒘 = 𝒇(𝒙, 𝒚, 𝒛), 𝒕𝒉𝒆𝒏 

 
𝝏𝒇

𝝏𝒙
=

𝝏𝒘

𝝏𝒙
 𝒊𝒔 𝒕𝒉𝒆 𝒑𝒂𝒓𝒕𝒊𝒂𝒍 𝒅𝒆𝒓𝒊𝒗𝒂𝒕𝒊𝒗𝒆 𝒘𝒊𝒕𝒉 𝒓𝒆𝒔𝒑𝒆𝒄𝒕 𝒕𝒐 𝒙. 

𝝏𝒇

𝝏𝒚
=

𝝏𝒘

𝝏𝒚
  𝒊𝒔 𝒕𝒉𝒆 𝒑𝒂𝒓𝒕𝒊𝒂𝒍 𝒅𝒆𝒓𝒊𝒗𝒂𝒕𝒊𝒗𝒆 𝒘𝒊𝒕𝒉 𝒓𝒆𝒔𝒑𝒆𝒄𝒕 𝒕𝒐 𝒚. 

𝝏𝒇

𝝏𝒛
=

𝝏𝒘

𝝏𝒛
 𝒊𝒔 𝒕𝒉𝒆 𝒑𝒂𝒓𝒕𝒊𝒂𝒍 𝒅𝒆𝒓𝒊𝒗𝒂𝒕𝒊𝒗𝒆 𝒘𝒊𝒕𝒉 𝒓𝒆𝒔𝒑𝒆𝒄𝒕 𝒕𝒐 𝒛. 

Example (16): 

 If 𝒙, 𝒚 & 𝒛 are independent variables and 𝒇(𝒙, 𝒚, 𝒛) = 𝒙 𝐬𝐢𝐧(𝒚 + 𝟑𝒛).  

 Find   
𝝏𝒇

𝝏𝒙
,

𝝏𝒇

𝝏𝒚
 & 

𝝏𝒇

𝝏𝒛
 . 

Solution: 
𝝏𝒇

𝝏𝒙
= 𝐬𝐢𝐧(𝒚 + 𝟑𝒛). 

𝝏𝒇

𝝏𝒚
= 𝒙 𝐜𝐨𝐬(𝒚 + 𝟑𝒛). 

𝝏𝒇

𝝏𝒛
= 𝟑𝒙 𝐜𝐨𝐬(𝒚 + 𝟑𝒛).  
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