Note:
dr B dr dt 1 v

— =——=V—=—=T . i ittt et s s e . 5

ds dt ds lv| |v] )
This equation says that % Is the unit tangent vector in the direction of the
velocity vector.

4: Curvature and Normal Vector of a Curve

: : d
As a particle moves along a smooth curve in the plane, T = d—: turns as the

curve bends. Since T is a unit vector, its length remains constant and only its
direction changes as particle moves along the curve. The rate at which T turns
per unit of length along the curve is called the curvature.

Definition (9):
If T is a unit vector of a smooth curve, the curvature function of the curve is

__,dar
K—lal.

Formula for Calculating Curvature
If a smooth curve r(t) is already given in terms of some parameter t other
than the arc length parameter s, we can calculate the curvature as:

dT
dT dT dt dt 1 dT 1 dT
ds dt ds as |_S | dt |lv| " dt
dt dt
Note:

The curvature of the straight line is zero.




Example (10):
Find the curvature of the circle.

Solution:

Letr(t) = (acost)i+ (asint)j the parameterization of a circle of
radius a.

d N , -
v= d—: = (—asint)i + (acost)j — |v| = VaZsin’t + a%cos’t = a.
s , dT , . .
T = % = (—sint)i + (cost)j — T (—cost)i — (sint)j.
dT -

|E| = Vcos?t + sin?t = 1.

k=Ll L1 1

"7 wildatl T w T a radius’

Normal Vector of a Curve
Since T has a constant length, the derivative % is orthogonal to T. Therefore,

if we divide % by its length k (curvature), we obtain unit vector N orthogonal
toT. T

Definition (10):

At a point where k # 0, the priniciple unit normal vector for a smooth curve

1dT

inthe planeis N = -

Note:
The principle normal vector N will point toward the concave side of the

curve.

Formula for Calculating Normal Unit Vector
If r(t) is a smooth curve, then the principle unit normal vector is given by




Example (11):
Find T & N for the circular motion r(t) = (cos 2t)i + (sin 2t)j .
Solution:

T=—,v=r'(t) = (-2sin2t)i + (2 cos 2t)j & |v| = V4sin?2t + 4cos*2t

v
~ vl =2.
o~ T = (—sin 2t)i + (cos 2t)j .
dar
a  dT . . ., dT
N = él vg; = (2 cos 28)i — (Zsin 28)j, | | = 2.
& N = (—cos 2t)i — (sin 2t)j .
Notice that T- N = 0 (N is orthogonal to T).

Circle of Curvature for Plane Curves

The circle of the curvature or osculating circle at a point P on a plane curve
where k # 0 is the circle in the plane of the curve that

1: is tangent to the curve at P (has the same tangent line the curve has).

2: has the same curvature the curve has at P.

3: has center that lies toward the concave or inner side of the curve.

The radius of curvature of the curve at P is the radius of the circle of
curvature which is p = % :




Example (12):

Find the osculating circle (circle of curvature) of the parabola y = x? at the
origin.

Solution:

We parameterize the parabola using the parameter t = x, theny = t*.
Lr(t) =ti+t%).

. 1 |dT v
Since Kk = — |—| ,whereT = —.
lv| ldt 2

cv=r{)=i+2tj - |v|=V1+4t%.

So that
T = 1 dT 4t

, , 1 N
V1+4t? (i+24) - dt 11422 (2) J(A+412)3
So that, attheorigint=0 - v(0) =i & %(O) = 2j.
20 =18& |5 (0)|=2.
~k(0)=2.

. , 11
~The radius of curvature is p = =3

(i + 2t)).

The center of the circle is (0, %).

, , . . 1\2 1
~The equation of the osculating circle is x* — (y — 5) =5

osculating circle
The Curv




Curvature and Normal Vectors for Space Curves
If a smooth curve in space is specified by the position vector r(t) as a function

of some parameter t, and if s is the arc length of the curve, then the unit

tangent vector T = r_ v

ds |v|’
The curvature in space is then defined to be
_|9T| - L |£ (3)
~ lasl i lat

The vector % is orthogonal to T, and we define the principle unit normal
to be

dr

Example (13):

Find the curvature for the helix r(t) = (acos t)i + (asint)j + btk,
ab>0 &a*+b*=+0.

Solution:

is qi _ 1| v

The curvature is given by k = = |dt , T = ol

v =1(t) = (—asint)i + (acost)j + bk - |v| = Va? + b?.
1

~T= m((—asin t)i+ (acost)j + bk).
dr 1 , . , dT, _  a
..E—m((—acost)l—(asmt)]) _)lﬁl_\/m'
a
" K:a2+b2'

Example (14):

Find N for the helix in Example (13).

Solution:
dar
dt

N=-ar

b
Note:
If y = f(x) is a twice differentiable function of x, then the curvature of the

graph of a function in the xy — plane is given by
K(x) = If” ()] o
[1+(F (0)?]2

= (—cost)i — (sint)j .




Example (15):
Find the curvature of the curve y = In(cosx), —><x <.

Solution:
y =—tanx -y’ = —sec’x.
’ w2 2 2
K(x) _ [f ()] .= |-sec x|3 _ _sec x3 _ sech _ 1 — COSX.
[1+(f' (x)2]2  [1+tan®x]Z  [sec?x]z  S¢¢* SecX
Note:
x = Is a twice differentiable function of y, then the curvature is given
If gy t differentiable funct f y, then th t
lg” I
by k()=——"-=
[1+(g' ()?]2

Note:
The curvature of a smooth curve defined by twice differentiable functions
x=f({t)& y=g(t)is given by the formula
K(t) = 224
[%%+y2 ]2
The dots in the formula denote dif ferentiation with respect to t,
one derivative for each dot.

Example (16):
Find the curvature of the curve r(t) = ti + (Insint)j, 0 <t <.
Solution:

The parametric equations for the curvearex =t & y =Insint.
~ x=1,y=cott, x=0 &y =— csc’t

K(t) _ K(t) _ |[xy—yXx| _ |-csc®t csctt csctt _

3 = =

3 3,
[k2+32]2  [1+cot?t] z st esct

=sint.

3
2 [csc?t]
Definition (11):

The bi-normal vector of a curve inspace is B =T X N, which is a unit vector
that is orthogonal to both T & N.




@V

curve

(t)
/ —

Definition (12):
Together T, N & B define a moving right handed vector frame that plays a

significant role in calculating the paths of particle’s moving through space. It
is called the Frenet frame or the TNB frame.




