
Note: 

              
𝒅𝒓

𝒅𝒔
=

𝒅𝒓

𝒅𝒕
·

𝒅𝒕

𝒅𝒔
= 𝒗

𝟏

|𝒗|
=

𝒗

|𝒗|
= 𝑻 . … … … … … … … ….        (𝟓) 

 This equation says that  
𝒅𝒓

𝒅𝒔
 is the unit tangent vector in the direction of the 

velocity vector.                                                                             𝑻 

 

4: Curvature and Normal Vector of a Curve                                        𝑻 

 

                                                           𝒚 

                                                                                                                 𝑻 

 

                                                                  𝑷𝟎              𝒔            𝑻 

                                                                                                          𝒙 

 

As a particle moves along a smooth curve in the plane, 𝑻 =
𝒅𝒓

𝒅𝒔
 turns as the 

curve bends. Since 𝑻 is a unit vector, its length remains constant and only its 

direction changes as particle moves along the curve. The rate at which 𝑻 turns 

per unit of length along the curve is called the curvature. 

 

Definition (9): 

 If 𝑻 is a unit vector of a smooth curve, the curvature function of the curve is 

   𝞳 = |
𝒅𝑻

𝒅𝒔
 |. 

 

 

 

Formula for Calculating Curvature 

 If a smooth curve 𝒓(𝒕) is already given in terms of some parameter 𝒕 other 

than the arc 𝒍𝒆𝒏𝒈𝒕𝒉 𝒑𝒂𝒓𝒂𝒎𝒆𝒕𝒆𝒓  𝒔, we can calculate the curvature as: 

 𝞳 = |
𝒅𝑻

𝒅𝒔
| = |

𝒅𝑻

𝒅𝒕

𝒅𝒕

𝒅𝒔
| = |

𝒅𝑻
𝒅𝒕
𝒅𝒔
𝒅𝒕

| =
𝟏

|
𝒅𝒔
𝒅𝒕

 |
|
𝒅𝑻

𝒅𝒕
| =

𝟏

|𝒗|
|

𝒅𝑻

𝒅𝒕
| 

 

Note: 

 The curvature of the straight line is zero. 

 



Example (10):  

 Find the curvature of the circle. 

Solution: 

 Let 𝒓(𝒕) = (𝒂 𝐜𝐨𝐬 𝒕)𝒊 + (𝒂 𝐬𝐢𝐧 𝒕)𝒋  𝒕𝒉𝒆 𝒑𝒂𝒓𝒂𝒎𝒆𝒕𝒆𝒓𝒊𝒛𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒂 𝒄𝒊𝒓𝒄𝒍𝒆 𝒐𝒇 

𝒓𝒂𝒅𝒊𝒖𝒔 𝒂. 

⸫ 𝒗 =
𝒅𝒓

𝒅𝒕
= (−𝒂 𝐬𝐢𝐧 𝒕)𝒊 + (𝒂 𝐜𝐨𝐬 𝒕)𝒋 → |𝒗| = √𝒂𝟐𝒔𝒊𝒏𝟐𝒕 + 𝒂𝟐𝒄𝒐𝒔𝟐𝒕 = 𝒂 . 

⸫ 𝑻 =
𝒗

|𝒗|
= (− 𝐬𝐢𝐧 𝒕)𝒊 + (𝐜𝐨𝐬 𝒕)𝒋 →  

𝒅𝑻

𝒅𝒕
= (− 𝐜𝐨𝐬 𝒕)𝒊 − (𝐬𝐢𝐧 𝒕)𝒋 . 

⸫ |
𝒅𝑻

𝒅𝒕
| = √𝒄𝒐𝒔𝟐𝒕 + 𝒔𝒊𝒏𝟐𝒕 = 𝟏 . 

 ⸫ 𝞳 =
𝟏

|𝒗|
|

𝒅𝑻

𝒅𝒕
| =

𝟏

|𝒗|
=

𝟏

𝒂
=

𝟏

𝒓𝒂𝒅𝒊𝒖𝒔
 . 

 

Normal Vector of a Curve 

 Since 𝑻 has a constant length, the derivative 
𝒅𝑻

𝒅𝒔
 is orthogonal to 𝑻. Therefore, 

if we divide 
𝒅𝑻

𝒅𝒔
 by its length 𝞳 (curvature), we obtain unit vector 𝑵 orthogonal 

to 𝑻.                                                                                     𝑻                   

                                                                                  𝑷𝟐 

 

                                             𝑵 =
𝟏

𝞳

𝒅𝑻

𝒅𝒔
                       𝑻        𝑵 =

𝟏

𝞳

𝒅𝑻

𝒅𝒔
 

                                                                     𝒔 

                                                𝑷𝟎               𝑷𝟏 

                                                                                                           

 

 

 

Definition (10): 

 At a point where 𝞳 ≠ 𝟎, the priniciple unit normal vector for a smooth curve 

in the plane is  𝑵 =
𝟏

𝞳

𝒅𝑻

𝒅𝒔
 . 

 

Note: 

 The principle normal vector 𝑵 will point toward the concave side of the 

curve. 

 

Formula for Calculating Normal Unit Vector 

 If 𝒓(𝒕) is a smooth curve, then the principle unit normal vector is given by 



                       𝑵 =
𝒅𝑻

𝒅𝒕

|
𝒅𝑻

𝒅𝒕
 |
 …………………………………..      (2) 

Example (11): 

Find 𝑻 & 𝑵 for the circular motion 𝒓(𝒕) = (𝐜𝐨𝐬 𝟐𝒕)𝒊 + (𝐬𝐢𝐧 𝟐𝒕)𝒋 . 

Solution: 

 𝑻 =
𝒗

|𝒗|
 , 𝒗 = 𝒓´(𝒕) = (−𝟐 𝐬𝐢𝐧 𝟐𝒕)𝒊 + (𝟐 𝐜𝐨𝐬 𝟐𝒕)𝒋 & |𝒗| = √𝟒𝒔𝒊𝒏𝟐𝟐𝒕 + 𝟒𝒄𝒐𝒔𝟐𝟐𝒕 

  ⸫ |𝒗| = 𝟐 . 

 ⸫ 𝑻 = (− 𝐬𝐢𝐧 𝟐𝒕)𝒊 + (𝐜𝐨𝐬 𝟐𝒕)𝒋 . 

     𝑵 =
𝒅𝑻

𝒅𝒕

|
𝒅𝑻

𝒅𝒕
 |

 ,
𝒅𝑻

𝒅𝒕
= (−𝟐 𝐜𝐨𝐬 𝟐𝒕)𝒊 − (𝟐 𝐬𝐢𝐧 𝟐𝒕)𝒋, |

𝒅𝑻

𝒅𝒕
 | = 𝟐 . 

 ⸫ 𝑵 = (− 𝐜𝐨𝐬 𝟐𝒕)𝒊 − (𝐬𝐢𝐧 𝟐𝒕)𝒋 . 

Notice that  𝑻 · 𝑵 = 𝟎 (𝑵 𝒊𝒔 𝒐𝒓𝒕𝒉𝒐𝒈𝒐𝒏𝒂𝒍 𝒕𝒐 𝑻). 

 

Circle of Curvature for Plane Curves 

 The circle of the curvature or osculating circle at a point 𝑷 on a plane curve 

where 𝞳 ≠ 𝟎 is the circle in the plane of the curve that 

 1: is tangent to the curve at 𝑷 (has the same tangent line the curve has). 

 𝟐: 𝒉𝒂𝒔 𝒕𝒉𝒆 𝒔𝒂𝒎𝒆 𝒄𝒖𝒓𝒗𝒂𝒕𝒖𝒓𝒆 𝒕𝒉𝒆 𝒄𝒖𝒓𝒗𝒆 𝒉𝒂𝒔 𝒂𝒕 𝑷. 

 3: has center that lies toward the concave or inner side of the curve. 

                                                                     

  

                                                                                                                        
The radius of curvature of the curve at 𝑷 is the radius of the circle of 

curvature which 𝒊𝒔 𝝆 =
𝟏

𝞳 
 . 

 

 

 



Example (12): 

 Find the osculating circle (circle of curvature) of the parabola 𝒚 = 𝒙𝟐 at the 

origin. 

Solution: 

We parameterize the parabola using the parameter 𝒕 = 𝒙, 𝒕𝒉𝒆𝒏 𝒚 = 𝒕𝟐 . 

 ⸫ 𝒓(𝒕) = 𝒕𝒊 + 𝒕𝟐 𝒋 . 

 Since 𝞳 =
𝟏

|𝒗|
 |

𝒅𝑻

𝒅𝒕
| , 𝒘𝒉𝒆𝒓𝒆 𝑻 =

𝒗

|𝒗|
 . 

 ⸫ 𝒗 = 𝒓´(𝒕) = 𝒊 + 𝟐𝒕𝒋 → |𝒗| = √𝟏 + 𝟒𝒕𝟐 . 

 So that 

  𝑻 =
𝟏

√𝟏+𝟒𝒕𝟐
 (𝒊 + 𝟐𝒕𝒋)  →  

𝒅𝑻

𝒅𝒕
=

𝟏

√𝟏+𝟒𝒕𝟐
(𝟐𝒋) −

𝟒𝒕

√(𝟏+𝟒𝒕𝟐)𝟑
(𝒊 + 𝟐𝒕𝒋). 

So that, at the origin 𝒕 = 𝟎 → 𝒗(𝟎) = 𝒊 & 
𝒅𝑻

𝒅𝒕
(𝟎) = 𝟐𝒋.  

⸫ |𝒗(𝟎)| = 𝟏 & |
𝒅𝑻

𝒅𝒕
(𝟎)| = 𝟐 . 

⸫ 𝞳(𝟎) = 𝟐 . 

⸫𝑻𝒉𝒆 𝒓𝒂𝒅𝒊𝒖𝒔 𝒐𝒇 𝒄𝒖𝒓𝒗𝒂𝒕𝒖𝒓𝒆 𝒊𝒔  𝝆 =
𝟏

𝞳
=

𝟏

𝟐
 . 

𝑻𝒉𝒆 𝒄𝒆𝒏𝒕𝒆𝒓 𝒐𝒇 𝒕𝒉𝒆 𝒄𝒊𝒓𝒄𝒍𝒆 𝒊𝒔 (𝟎,
𝟏

𝟐
). 

⸫𝑻𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒐𝒔𝒄𝒖𝒍𝒂𝒕𝒊𝒏𝒈 𝒄𝒊𝒓𝒄𝒍𝒆 𝒊𝒔 𝒙𝟐 − (𝒚 −
𝟏

𝟐
 )

𝟐
=

𝟏

𝟒
 . 

            

 

 

 

 

                                              𝒚 

                                                                                         𝒐𝒔𝒄𝒖𝒍𝒂𝒕𝒊𝒏𝒈 𝒄𝒊𝒓𝒄𝒍𝒆 

                         𝑻𝒉𝒆 𝑪𝒖𝒓𝒗𝒆 

 

                                                                                     

 

                                                                                                        𝒙 

 

 

 

 

 



Curvature and Normal Vectors for Space Curves 

If a smooth curve in space is specified by the position vector 𝒓(𝒕) as a function 

of 𝒔𝒐𝒎𝒆 𝒑𝒂𝒓𝒂𝒎𝒆𝒕𝒆𝒓 𝒕, and if 𝒔 is the arc length of the curve, then the unit 

tangent vector  𝑻 =
𝒅𝒓

𝒅𝒔
=

𝒗

|𝒗|
 . 

The curvature in space is then defined to be  

  𝞳 = |
𝒅𝑻

𝒅𝒔
| =

𝟏

|𝒗|
|

𝒅𝑻

𝒅𝒕
| … … … … … … … … … … … … … … … … ….   (𝟑) 

The vector  
𝒅𝑻

𝒅𝒔
 𝒊𝒔 𝒐𝒓𝒕𝒉𝒐𝒈𝒐𝒏𝒂𝒍 𝒕𝒐 𝑻, and we define the principle unit normal 

to be  

  𝑵 =
𝟏

𝞳

𝒅𝑻

𝒅𝒔
=

𝒅𝑻

𝒅𝒕

|
𝒅𝑻

𝒅𝒕
|
   … … … … … … … … … … … … … … … … … ….  (𝟒) 

 

Example (13): 

 Find the curvature for the helix 𝒓(𝒕) = (𝒂 𝐜𝐨𝐬 𝒕)𝒊 + (𝒂 𝐬𝐢𝐧 𝒕)𝒋 + 𝒃𝒕𝒌 , 

 𝒂, 𝒃 ≥ 𝟎  & 𝒂𝟐 + 𝒃𝟐 ≠ 𝟎 . 

Solution: 

𝑻𝒉𝒆 𝒄𝒖𝒓𝒗𝒂𝒕𝒖𝒓𝒆 𝒊𝒔 𝒈𝒊𝒗𝒆𝒏 𝒃𝒚 𝞳 =
𝟏

|𝒗|
|

𝒅𝑻

𝒅𝒕
| , 𝑻 =

𝒗

|𝒗|
 . 

⸫ 𝒗 = 𝒓´(𝒕) = (−𝒂 𝐬𝐢𝐧 𝒕)𝒊 + (𝒂 𝐜𝐨𝐬 𝒕)𝒋 + 𝒃𝒌 → |𝒗| = √𝒂𝟐 + 𝒃𝟐. 

⸫ 𝑻 =
𝟏

√𝒂𝟐+𝒃𝟐
((−𝒂 𝐬𝐢𝐧 𝒕)𝒊 + (𝒂 𝐜𝐨𝐬 𝒕)𝒋 + 𝒃𝒌 ) . 

⸫ 
𝒅𝑻

𝒅𝒕
=

𝟏

√𝒂𝟐+𝒃𝟐
((−𝒂 𝐜𝐨𝐬 𝒕)𝒊 − (𝒂 𝐬𝐢𝐧 𝒕)𝒋)  → |

𝒅𝑻

𝒅𝒕
| =

𝒂

√𝒂𝟐+𝒃𝟐
 . 

⸫ 𝞳 =
𝒂

𝒂𝟐+𝒃𝟐
 . 

 

Example (14): 

Find 𝑵 for the helix in Example (13). 

Solution: 

 𝑵 =

𝒅𝑻
𝒅𝒕

|
𝒅𝑻
𝒅𝒕

|
= (− 𝐜𝐨𝐬 𝒕)𝒊 − (𝐬𝐢𝐧 𝒕)𝒋 . 

Note: 

 If 𝒚 = 𝒇(𝒙) is a twice differentiable 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒐𝒇 𝒙, then the curvature of the 

graph of a function in the 𝒙𝒚 − 𝒑𝒍𝒂𝒏𝒆 is given by  

           𝞳(𝒙) =
|𝒇´´(𝒙)|

[𝟏+(𝒇´(𝒙)𝟐]
𝟑
𝟐

 . 



Example (15): 

Find the curvature of the curve 𝒚 = 𝐥𝐧(𝐜𝐨𝐬 𝒙) , −
𝝅

𝟐
< 𝒙 <

𝝅

𝟐
 . 

Solution: 

 𝒚´ = − 𝐭𝐚𝐧 𝒙  → 𝒚´´ = −𝒔𝒆𝒄𝟐𝒙 . 

⸫ 𝞳(𝒙) =
|𝒇´´(𝒙)|

[𝟏+(𝒇´(𝒙)𝟐]
𝟑
𝟐

=
|−𝒔𝒆𝒄𝟐𝒙|

[𝟏+𝒕𝒂𝒏𝟐𝒙]
𝟑
𝟐

=
𝒔𝒆𝒄𝟐𝒙

[𝒔𝒆𝒄𝟐𝒙]
𝟑
𝟐

=
𝒔𝒆𝒄𝟐𝒙

𝒔𝒆𝒄𝟑𝒙
=

𝟏

𝒔𝒆𝒄𝒙
= 𝐜𝐨𝐬 𝒙 . 

 

Note: 

 If 𝒙 = 𝒈(𝒚) is a twice differentiable function of 𝒚, then the curvature is given 

by       𝞳(𝒚) =
|𝒈´´(𝒚)|

[𝟏+(𝒈´(𝒚)𝟐]
𝟑
𝟐

    . 

 

Note: 

The curvature of a smooth curve defined by twice differentiable functions  

 𝒙 = 𝒇(𝒕) &  𝒚 = 𝒈(𝒕) 𝒊𝒔 𝒈𝒊𝒗𝒆𝒏 by the formula 

           𝞳(𝒕) =
|𝒙̇𝒚̈−𝒚̇𝒙̈|

[𝒙̇𝟐+𝒚̇𝟐 ]
𝟑
𝟐

 . 

𝑻𝒉𝒆 𝒅𝒐𝒕𝒔 𝒊𝒏 𝒕𝒉𝒆 𝒇𝒐𝒓𝒎𝒖𝒍𝒂 𝒅𝒆𝒏𝒐𝒕𝒆 𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒕𝒊𝒂𝒕𝒊𝒐𝒏 𝒘𝒊𝒕𝒉 𝒓𝒆𝒔𝒑𝒆𝒄𝒕 𝒕𝒐 𝒕, 

 𝒐𝒏𝒆 𝒅𝒆𝒓𝒊𝒗𝒂𝒕𝒊𝒗𝒆 𝒇𝒐𝒓 𝒆𝒂𝒄𝒉 𝒅𝒐𝒕.  

  

Example (16): 

 Find the curvature of the curve 𝒓(𝒕) = 𝒕𝒊 + (𝐥𝐧 𝐬𝐢𝐧 𝒕)𝒋 ,   𝟎 < 𝒕 < 𝝅 . 

Solution: 

 𝑻𝒉𝒆 𝒑𝒂𝒓𝒂𝒎𝒆𝒕𝒓𝒊𝒄 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔 𝒇𝒐𝒓 𝒕𝒉𝒆 𝒄𝒖𝒓𝒗𝒆 𝒂𝒓𝒆 𝒙 = 𝒕 &  𝒚 = 𝐥𝐧 𝐬𝐢𝐧 𝒕 . 

⸫   𝒙̇ = 𝟏 , 𝒚̇ = 𝐜𝐨𝐭 𝒕 ,   𝒙̈ = 𝟎  & 𝒚̈ = −  𝒄𝒔𝒄𝟐𝒕 

⸫ 𝞳(𝒕) =  𝞳(𝒕) =
|𝒙̇𝒚̈−𝒚̇𝒙̈|

[𝒙̇𝟐+𝒚̇𝟐 ]
𝟑
𝟐

=
|−𝒄𝒔𝒄𝟐𝒕

[𝟏+𝒄𝒐𝒕𝟐𝒕]
𝟑
𝟐

=
𝒄𝒔𝒄𝟐𝒕

[𝒄𝒔𝒄𝟐𝒕]
𝟑
𝟐

=
𝒄𝒔𝒄𝟐𝒕

𝒄𝒔𝒄𝟑𝒕
=

𝟏

𝒄𝒔𝒄 𝒕
= 𝒔𝒊𝒏 𝒕 . 

 

 Definition (11): 

The bi-normal vector of a curve in space is 𝑩 = 𝑻 × 𝑵 , 𝒘𝒉𝒊𝒄𝒉 is a unit vector 

that is orthogonal to both 𝑻 & 𝑵. 

 



                            
Definition (12): 

Together 𝑻, 𝑵 & 𝑩 define a moving right handed vector frame that plays a 

significant role in calculating the paths of particle’s moving through space. It 

is called the 𝑭𝒓𝒆𝒏𝒆𝒕 𝒇𝒓𝒂𝒎𝒆 or the 𝑻𝑵𝑩 𝒇𝒓𝒂𝒎𝒆. 

 

  

 


