
2: Integrals of Vector Functions 

 Definition (6): 

 The indefinite integral of 𝒓 with respect to 𝒕 is the set of all antiderivatives of 

𝒓, denoted by ∫ 𝒓(𝒕)𝒅𝒕 . 𝑰𝒇 𝑹 𝒊𝒔 𝒂𝒏𝒚 𝒂𝒏𝒕𝒊𝒅𝒆𝒓𝒊𝒗𝒂𝒕𝒊𝒗𝒆 𝒐𝒇  𝒓, then 

 ∫ 𝒓(𝒕)𝒅𝒕 = 𝑹(𝒕) + 𝑪 . 

 

Definition (7): 

If the components of 𝒓(𝒕) = 𝒇(𝒕)𝒊 + 𝒈(𝒕)𝒋)𝒉(𝒕)𝒌 are 𝒊𝒏𝒕𝒆𝒈𝒓𝒂𝒃𝒍𝒆 𝒐𝒗𝒆𝒓 [𝒂, 𝒃], 

then 𝒔𝒐 𝒊𝒔 𝒓, and the definite integral of 𝒓 from 𝒂 𝒕𝒐 𝒃 is: 

 ∫ 𝒓(𝒕)𝒅𝒕 = (∫ 𝒇(𝒕)𝒅𝒕
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Example (4): 

 Integrate vector function 𝒓(𝒕) = (𝐜𝐨𝐬 𝒕)𝒊 + 𝒋 − 𝟐𝒕𝒌 . 

Solution: 

∫ 𝒓(𝒕)𝒅𝒕 = (∫ 𝐜𝐨𝐬 𝒕 𝒅𝒕)𝒊) + (∫ 𝒅𝒕)𝒋 + (∫ −𝟐𝒕𝒅𝒕)𝒌 

                 = (𝐬𝐢𝐧 𝒕)𝒊 + 𝒕𝒋 − 𝒕𝟐 𝒌 + 𝑪 , 𝒘𝒉𝒆𝒓𝒆 𝑪 = 𝒄𝟏𝒊 + 𝒄𝟐𝒋 + 𝒄𝟑 𝒌 . 
 Example (5): 

 Calculate ∫ [(𝐜𝐨𝐬 𝒕)𝒊 + 𝒋 − 𝟐𝒕𝒌]𝒅𝒕 .
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Solution: 

∫ [(𝐜𝐨𝐬 𝒕)𝒊 + 𝒋 − 𝟐𝒕𝒌]𝒅𝒕 = [𝐬𝐢𝐧 𝒕]𝟎
𝝅 𝒊 + [𝒕]𝟎

𝝅
𝝅

𝟎

𝒋 − [𝒕𝟐]𝟎
𝝅 = 𝝅𝒋 − 𝝅𝟐𝒌. 

 

Note: 

 The Fundamental Theorem of Calculus for Continuous Vector Functions 

Says that: 

 ∫ 𝒓(𝒕)𝒅𝒕 = [ 𝑹(𝒕)]𝒂
𝒃𝒃

𝒂
= 𝑹(𝒃) − 𝑹(𝒂), 𝒘𝒉𝒆𝒓𝒆 𝑹 𝒊𝒔 any antiderivative of 𝒓, so 

that 𝑹´(𝒕) = 𝒓(𝒕). 

 

Notes: 

1: An antiderivative of a vector function is also a vector function. 

2: A definite integral of a vector function is a single constant vector. 

 

Example (6): 



 Given acceleration vector 𝒂(𝒕) = (−𝟑 𝐜𝐨𝐬 𝒕)𝒊 − (𝟑 𝐬𝐢𝐧 𝒕)𝒋 + 𝟐𝒌. Find the 

position vector 𝒓(𝒕) such that 𝒗(𝟎) = 𝟑𝒋 𝒂𝒏𝒅 𝒓(𝟎) = 𝟒𝒊. 

Solution: 

 𝒂(𝒕) =
𝒅𝒗

𝒅𝒕
= (−𝟑 𝐜𝐨𝐬 𝒕)𝒊 − (𝟑 𝐬𝐢𝐧 𝒕)𝒋 + 𝟐𝒌 →  

𝒗(𝒕) = ∫[(−𝟑 𝐜𝐨𝐬 𝒕)𝒊 − (𝟑 𝐬𝐢𝐧 𝒕)𝒋 + 𝟐𝒌 ]𝒅𝒕  

         = −𝟑(𝐬𝐢𝐧 𝒕)𝒊 + 𝟑(𝐜𝐨𝐬 𝒕)𝒋 + 𝟐𝒕𝒌 + 𝑪𝟏 

Since 𝒗(𝟎) = 𝟑𝒋 → 𝟑𝒋 = 𝟑𝒋 + 𝑪𝟏  →  𝑪𝟏 = 𝟎. 

⸫𝒗(𝒕) == −𝟑(𝐬𝐢𝐧 𝒕)𝒊 + 𝟑(𝐜𝐨𝐬 𝒕)𝒋 + 𝟐𝒕𝒌 

⸫
𝒅𝒓

𝒅𝒕
= −𝟑(𝐬𝐢𝐧 𝒕)𝒊 + 𝟑(𝐜𝐨𝐬 𝒕)𝒋 + 𝟐𝒕𝒌 

⸫𝒓(𝒕) = ∫[−𝟑(𝐬𝐢𝐧 𝒕)𝒊 + 𝟑(𝐜𝐨𝐬 𝒕)𝒋 + 𝟐𝒕𝒌]𝒅𝒕  →  

   𝒓(𝒕) = 𝟑(𝐜𝐨𝐬 𝒕)𝒊 + 𝟑(𝐬𝐢𝐧 𝒕)𝒋 + 𝒕𝟐𝒌 + 𝑪𝟐 

Since 𝒓(𝟎) = 𝟒𝒊 → 𝟒𝒊 = 𝟑𝒊 + 𝑪𝟐  →  𝑪𝟐 = 𝒊 . 

⸫The position vector is: 

   𝒓(𝒕) = (𝟏 + 𝟑 𝐜𝐨𝐬 𝒕)𝒊 + (𝟑 𝐬𝐢𝐧 𝒕)𝒋 + 𝒕𝟐𝒌 . 

 

 

 


