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1: Curves in Space and Their Tangents: 

 When a particle moves through space during a time interval 𝑰 the particle’s 

coordinates as functions defined on 𝑰. 

⸫ 𝒙 = 𝒇(𝒕), 𝒚 = 𝒈(𝒕), 𝒛 = 𝒉(𝒕), 𝒕 ∈ 𝑰.  ……………………… . (𝟏) 

⸫The points (𝒙, 𝒚, 𝒛) = (𝒇(𝒕), 𝒈(𝒕), 𝒉(𝒕)), 𝒕 ∈ 𝑰 make up the curve in space 

that we call the particle’s path. 

 A curve in space can also be represented in vector form. The vector 

 𝒓(𝒕) = 𝑶𝑷⃗⃗⃗⃗⃗⃗ = 𝒇(𝒕)𝒊 + 𝒈(𝒕)𝒋 + 𝒉(𝒕)𝒌……………………….  (𝟐) 

From the origin to the particle’s position 𝑷(𝒇(𝒕), 𝒈(𝒕), 𝒉(𝒕)) at time 𝒕 is the 

particle’s position vector. The functions 𝒇(𝒕), 𝒈(𝒕) & 𝒉(𝒕) are the component 

functions of the position vector. Equation (2) defines 𝒓 as a vector function of 

real variable 𝒕 on the interval 𝑰. 

 

                               
 Definition (1): 

A vector-valued function of vector function on a domain 𝑫 is a rule that 

assigns a vector in space to each element in 𝑫. 𝑻𝒉𝒆 domains will be intervals 

of real numbers, and the graph of the function represents a curve in space. 

 

Note: 

 1: The components of 𝒓 in Equation (2) are scalar functions of 𝒕. 

 2: The domain of a vector-valued function is the common domain of its 

components. 

 

Limits and Continuity: 

Definition (2): 

Let 𝒓(𝒕) = 𝒇(𝒕)𝒊 + 𝒈(𝒕)𝒋 + 𝒉(𝒕)𝒌 be a vector function 𝒘𝒊𝒕𝒉 𝒅𝒐𝒎𝒂𝒊𝒏 𝑫, and 

let 𝑳 be a vector. We say that 𝒓 has limit 𝑳 as 𝒕 approaches 𝒕𝟎 and write  



 𝐥𝐢𝐦
𝒕 → 𝒕𝟎

𝒓(𝒕) = 𝑳  𝒊𝒇 for every number 𝝐 > 𝟎, there exists a corresponding 

number 𝜹 > 𝟎 such that for all 𝒕 ∈ 𝑫, |𝒓(𝒕) − 𝑳| < 𝝐  whenever  

𝟎 < |𝒕 − 𝒕𝟎| < 𝜹. 

 

Notes: 

𝟏: 𝑰𝒇 𝑳 = 𝑳𝟏𝒊 + 𝑳𝟐𝒋 + 𝑳𝟑𝒌, then 𝐥𝐢𝐦
𝒕 → 𝒕𝟎

𝒓(𝒕) = 𝑳 when  

    𝐥𝐢𝐦
𝒕 → 𝒕𝟎

𝒇(𝒕) = 𝑳𝟏 , 𝐥𝐢𝐦
𝒕 → 𝒕𝟎

𝒈(𝒕) = 𝑳𝟐  & 𝐥𝐢𝐦
𝒕 → 𝒕𝟎

𝒉(𝒕) = 𝑳𝟑 .  

𝟐:  𝐥𝐢𝐦
𝒕 → 𝒕𝟎

  𝐫(𝐭) = ( 𝐥𝐢𝐦
𝒕 → 𝒕𝟎

𝒇(𝒕)) 𝒊 + ( 𝐥𝐢𝐦
𝒕 → 𝒕𝟎

𝒈(𝒕)) 𝒋 + ( 𝐥𝐢𝐦
𝒕 → 𝒕𝟎

𝒉(𝒕)) 𝒌 . ………….  (𝟑)

𝒕 → 𝒕𝟎

 

Example (1): 

If 𝒓(𝒕) = (𝐜𝐨𝐬 𝒕)𝒊 + (𝐬𝐢𝐧 𝒕)𝒋 + 𝒕𝒌. Find 𝐥𝐢𝐦
𝒕 → 

𝝅

𝟒

𝒓(𝒕). 

Solution: 

 𝐥𝐢𝐦
𝒕 → 

𝝅

𝟒

𝒓(𝒕) = 𝐥𝐢𝐦
𝒕 → 

𝝅

𝟒

(𝐜𝐨𝐬 𝒕)𝒊 + 𝐥𝐢𝐦
𝒕 → 

𝝅

𝟒

(𝐬𝐢𝐧 𝒕)𝒋 + 𝐥𝐢𝐦
𝒕 → 

𝝅

𝟒

𝒕𝒌 =
𝟏

√𝟐
 𝒊 +

𝟏

√𝟐
 𝒋 +

𝝅

𝟒
 𝒌. 

 

Definition (3): 

 A vector function 𝒓(𝒕) is continuous at a point 𝒕 = 𝒕𝟎 in its domain if  

 𝐥𝐢𝐦
𝒕 → 𝒕𝟎

𝒓(𝒕) = 𝒓(𝒕𝟎). The function is continuous if 𝒊𝒕𝒔 continuous at every point 

in its domain. 

 

Example (2): 

 The vector functions 

 𝒓(𝒕) == (𝐜𝐨𝐬 𝒕)𝒊 + (𝐬𝐢𝐧 𝒕)𝒋 + (𝐬𝐢𝐧 𝟐𝒕)𝒌  &   

 𝒓(𝒕) = (𝐬𝐢𝐧 𝟑𝒕)(𝐜𝐨𝐬 𝒕)𝒊 + (𝐬𝐢𝐧 𝟑𝒕)(𝐬𝐢𝐧 𝒕)𝒋 + 𝒕𝒌. 

𝒂𝒓𝒆 𝒄𝒐𝒏𝒕𝒊𝒏𝒖𝒐𝒖𝒔 𝒊𝒏 𝒕𝒉𝒆𝒊𝒓 𝒅𝒐𝒎𝒂𝒊𝒏𝒔. 

While the vector function  

 𝒇(𝒕) = (𝐜𝐨𝐬 𝒕)𝒊 + (𝐬𝐢𝐧 𝒕)𝒋 + [𝒕]𝒌 𝒊𝒔 𝒅𝒊𝒔𝒄𝒐𝒏𝒕𝒊𝒏𝒖𝒐𝒖𝒔 at every integer, because 

the greatest integer function [𝒕] is discontinuous at every integer. 

 

Derivative and Motion 

Definition (4): 

The vector function 𝒓(𝒕) = 𝒇(𝒕)𝒊 + 𝒈(𝒕)𝒋 + 𝒉(𝒕)𝒌 is differentiable at 𝒕 if 𝒇, 𝒈, 

& 𝒉 𝒉𝒂𝒗𝒆 derivatives at 𝒕. 

The derivative is the vector function  



 𝒓´(𝒕) =
𝒅𝒓

𝒅𝒕
= 𝐥𝐢𝐦

∆𝒕 →𝟎

𝒓(𝒕+∆𝒕)−𝒓(𝒕)

∆𝒕
=

𝒅𝒇

𝒅𝒕
𝒊 +

𝒅𝒈

𝒅𝒕
𝒋 +

𝒅𝒉

𝒅𝒕
𝒌. 

 

Notes: 

1: A vector function 𝒓 is differentiable if it is differentiable at every point of its 

domain. 

2: The curved traced by 𝒓 is smooth if  
𝒅𝒓

𝒅𝒕
  is continuous and never zero, that is  

    𝒇, 𝒈, & 𝒉 𝒉𝒂𝒗𝒆 𝒄𝒐𝒏𝒕𝒊𝒏𝒖𝒐𝒖𝒔 𝒇𝒊𝒓𝒔𝒕 derivatives that are not simultaneously 

zero. 

 

Definition (5): 

 1: Velocity Vector: 

       𝒗(𝒕) =
𝒅𝒓

𝒅𝒕
   

 2: 𝑺𝒑𝒆𝒆𝒅 = |𝒗(𝒕)| 

 3: Acceleration Vector: 

      𝒂(𝒕) =
𝒅𝒗

𝒅𝒕
=

𝒅𝟐𝒓

𝒅𝒕𝟐
 

 4: The unit vector 
𝒗

|𝒗|
 is the direction of motion at time 𝒕 . 

Example (3): 

Find the velocity, speed, and acceleration of a particle whose motion in space 

is given by the position vector 𝒓(𝒕) = (𝟐 𝐜𝐨𝐬 𝒕)𝒊 + (𝟐 𝐬𝐢𝐧 𝒕)𝒋 + (𝟓𝒄𝒐𝒔𝟐(𝒕)) 𝒌. 

Solution: 

1: Velocity Vector: 

      𝒗(𝒕) =
𝒅𝒓

𝒅𝒕
= (−𝟐 𝐬𝐢𝐧 𝒕)𝒊 + (𝟐 𝐜𝐨𝐬 𝒕)𝒋 − (𝟏𝟎 𝐜𝐨𝐬 𝒕 𝐬𝐢𝐧 𝒕)𝒌 

                        = (−𝟐𝐬𝐢𝐧 𝒕)𝒊 + (𝟐 𝐜𝐨𝐬 𝒕)𝒋 − (𝟓 𝐬𝐢𝐧 𝟐𝒕)𝒌 . 

2: Speed: 

    𝑺𝒑𝒆𝒆𝒅 = |𝒗(𝒕)| = √𝟒𝒔𝒊𝒏𝟐𝒕 + 𝟒𝒄𝒐𝒔𝟐𝒕 + 𝟏𝟎𝟎𝒄𝒐𝒔𝟐𝒕 𝒔𝒊𝒏𝟐𝒕 =

                                         √𝟒 + 𝟏𝟎𝟎𝒄𝒐𝒔𝟐𝒕 𝒔𝒊𝒏𝟐𝒕 

3: Acceleration Vector: 

     𝒂(𝒕) =
𝒅𝒗

𝒅𝒕
= (−𝟐𝐜𝐨𝐬 𝒕)𝒊 − (𝟐 𝐬𝐢𝐧 𝒕)𝒋 − (𝟏𝟎 𝐜𝐨𝐬 𝟐𝒕)𝒌. 

 

 

 

Note: 



We can express the velocity of moving particle as the product of its speed and 

direction. That is 

  𝑽𝒆𝒍𝒐𝒄𝒊𝒕𝒚 = |𝒗| (
𝒗

|𝒗|
) = (𝑺𝒑𝒆𝒆𝒅)(𝑫𝒊𝒓𝒆𝒄𝒕𝒊𝒐𝒏). 

 

Differentiation Rules for Vector Functions: 

 Let 𝒖 & 𝒗 be differentiable vector 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏𝒔 𝒐𝒇 𝒕, 𝑪 is a constant vector, 𝜶 is 

any scalar, and 𝒇 is any differentiable scalar function. Then 

 𝟏) 
𝒅

𝒅𝒕
(𝑪) = 𝑶 . 

 𝟐) 
𝒅

𝒅𝒕
[𝜶𝒖(𝒕)] = 𝜶𝒖´(𝒕) . 

 𝟑) 
𝒅

𝒅𝒕
[𝒇(𝒕)𝒖(𝒕)] = 𝒇´(𝒕)𝒖(𝒕) + 𝒇(𝒕)𝒖´(𝒕). 

 𝟒) 
𝒅

𝒅𝒕
[𝒖(𝒕) ∓ 𝒗(𝒕)] = 𝒖´(𝒕) ∓ 𝒗´(𝒕) . 

 𝟓) 
𝒅

𝒅𝒕
[𝒖(𝒕) · 𝒗(𝒕)] = 𝒖(𝒕) · 𝒗´(𝒕) + 𝒗(𝒕)𝒖´(𝒕) . 

 𝟔) 
𝒅

𝒅𝒕
[𝒖(𝒕) × 𝒗(𝒕)] = 𝒖(𝒕) × 𝒗´(𝒕) + 𝒗(𝒕) × 𝒖´(𝒕) . 

 𝟕)) 
𝒅

𝒅𝒕
[𝒖(𝒇(𝒕))] = 𝒖´(𝒇(𝒕))𝒇´(𝒕) . 

 

Vector Functions of Constant Length 

 

                                                     

                                                     𝒛 

                                      

                                                  𝒓´(𝒕)                                                                          

                                                                                              

                                      𝑷                                                                   

                                              𝒓(𝒕) 

 

                                                        𝑶                     

 

    

          𝒙 

                                                                                                     𝒚                                                                                                    

 

                                                                            

                                                                           



When we track a particle moving on a sphere centered at the origin, the 

position vector has a constant length equal to the radius of the sphere. The 

velocity vector 𝒓´(𝒕) tangent to the path of motion is tangent to the sphere and 

hence perpendicular to 𝒓. 𝑻𝒉𝒊𝒔 is always the case for a differentiable vector 

function of constant length. The vector and its first derivative are orthogonal. 

We can prove this as follows: 

𝒓(𝒕) · 𝒓(𝒕) = | 𝒓(𝒕)|𝟐  →
𝒅

𝒅𝒕
 [ 𝒓(𝒕) · 𝒓(𝒕)] = 𝟐𝒓(𝒕) · 𝒓´(𝒕) = 𝟎 → 𝒓(𝒕) · 𝒓´(𝒕) = 𝟎. 

Thus 

If 𝒓(𝒕) is a differentiable vector function of t and the length of 𝒓(𝒕) is constant, 

then: 

         𝒓(𝒕) · 𝒓´(𝒕) = 𝟎   ……………………………………….  (𝟒) 

Note: 

 The converse of Equation (4) is also true. 

 

  


