Solution of Sheet 2
Q-
M) di(f,9) = [J1f () — g()ldx =0 & f(x) — g(x) = 0,V f,g € C([a,b]).
M2) di(f,9) = [L1f () — g()ldx = [7](-1)(g(x) — f(x))|dx
= [19(0) — f(0)ldx=d, (g, ).V f.g € C([a,b]).
(M3) dy(f,9) = [} 1f (x) — g(0)ldx = [ If(x) — h(x) + h(x) — g(x)]dx

< j G0 — AGoldx + j 1hGO) — gCOldx = dy(F, 1) + dy(h, g,V f.g € C(la, bI).
We are going to show that |[|-||; define a norm on C([a, b]).

ND Ifll = [21f()ldx =0 & f(x) = 0,V f € C([a,b]).

N2) [I2f 1l = [, 1Af ()ldx = [4] [, If ()ldx = |21lIfll;, V1€ Rand f € C([a,b]).

N3) IIf + gl = L1F G + g@ldx < [J1f0ldx + [71g(x)ldx
=lIflly +llgll, ¥ f.g € C([a,b]).
Q2:-(a) We need to verify axioms (N1)-(N3) of the norm. Let f, g € C1([a, b])and 1 € R.
(ND Iflleoz = max If ()] + xgl[gfg]|f(x)| =0 o f(x) =0,V f € C'([a,b].
(N2) l12flleos = max IAf ()] + max [2f ()] = 1] max If (o)l + 141 max |2f ()]
= Afllw1, YA€ Rand f € C'([a,b]).
N3 If + glleos = max [fC) + g0l + max |f() +g'(x)|

< max (|[f(x)| + lg(x)]) + rer%a)é](|f(x)| + |g'(x)]) properties of absolute value
x€la,

x€[a,b]

< ! l . 5
< xren[%]l fx)| + xrer%%]l gx)| + xrer%%]l )]+ xrer%g’)lg]l g' (x)| properties of maximum

(or trigonometric inequality on real numbers).

= Ifllco + lgllop, ¥ .9 € C*([a, BD.

(b) |Isin(mx)||e1 = xrg[gﬁ]lsm(nx)l + xrél[g‘)i]ln cos(ntx)| =1+ m.
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Q3:- (a) A = {x € R?|d, (x,X9) < 2}, wherex, € R?.
0A = {x € R?|d, (x,X9) = 2}, Disk circumference.
int(A) = {x € R?|d, (x,%0) < 2} = B,(x,), Ball
ext(A) = {x € R?|d, (x,Xg) > 2}, Ball exterior. A is closed set
(b) B=RX [a,b),wherea,b €R, a <b.
0B = R X {a, b}, int(B) =R X (a,b), ext(B) =R X (—o0,a) U (b, ).
B is nether open nor closed.
(c) € = (a,b)> = (a,b) x (a,b),wherea,b € R,a < b.
= ({a,b} x [a,b]) U ([a,b] X {a,b}), int (C) =C = (a,b) x (a,b),
ext (C) = R?\([a,b] x [a,b]). C is open.
(d) D = {a} x [b,c),wherea,b,c € R,b < c.
= {a} X [b,c], int(D) = @, ext (D) = R?\({a} X [b,c]).
D is nether open nor closed.
(e) E = {a} x {b,c},wherea,b,c € R,b #c.
Note that E = {(a,b), (a, c)}
0E = E ={(a,b),(a, 0)}, int(E) = 0, ext (E) = R?\{(a,b), (a, c)}.

E 1s closed.
Q- A= Ny |-1-3,2+| x[-=, 5] x [0,e7].

Note that A; D A, D A3 D -+, we have

tm (1) =1 i (2+3) =2 im (+2) =0, Jim () =0, JmCem =

:ﬁA ﬂ —1,2] x {0} x {0},

The set A is closed, since [—1, 2] X {0} X {0} = A. To prove rigorously that 4 is closed
we can observe that each set an A4,, is closed as a product of closed intervals. Hence A is
closed as intersection of closed intervals.
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Q5:-
(a) Br(xo) = {x € X |d(x,x0) <7} = {Xo}
(b) B, (xp) ={xeX|d(x,xp) <r}=X
(¢) Br(xo) = {x € X |d(x,x0) <71} = X\{xo}

Qo6:-
1. B, = E, 1-— %] closed for each n = 1,2, - . However, U,-; B, = (0,1) is open.

2. C, = E, 1] closed for eachn = 1,2,--- . However, Uy-;C, = (0,1] nether

open nor closed.
3. D, =[-n,n] closed foreachn = 1,2,-:- . However, Uy, D,, = (—0,0) open
and closed

Which is mean you can say nothing about the union of infinite family of closed sets.
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