Solution of Sheet 1

Ql:- (1)We have
M) d(x,y) =0 x=y
M2)d(x,y) =d(y,x) Vx,y€X
(M3)5=d(1,3) <d(1,2)+d(23)=2+4=6

2=d(1,2) <d(1,3)+d(32)=5+4=9

4=d(23)<d21)+d(13)=2+5=7

Thus d is metric on X.
(i) We have

Ml d(x,y) =0 x=y
M2)d(x,y) =d(y,x) Vx,yeX
However, 7= d(1,3) > d(1,2) +d(2,3)=2+4=6

Thus d is not a metric on X.

Q2:- (@) dy(x,y) =¥ I —yil = 11-3|+|5-8]+|-3+9| =11

(b) dy(x,y) = \/Z?zllxi —y12= {1 -312+|5-8]2+|-3+9]2=vV4+9+ 36 =

(¢) do(x,y) = {nag{lxi —y;1} = max{2,3,6} = 6.
<I<

Q3:- (A) f(x) = x*and g(x) = x°, (i) d(f, g) in C([0,1].
deo(f,9) = max {|x? — x®} = max {(x* — x°)}

x€[0,1] x€[0,1]

Note that, |x% — x3| = (x? — x3) because x? > x3 for all x € [0,1]. To find the
3

maximum value we find the critical points of the function x? — x3.
(x2—x3)=2x-3x2=0 =x(2-3x)=0 =>sz0rx=§.

. ) 2
It’s clear that the maximum attained at x = o
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{(x? - 3}_(5) _(E> _f_£_12_8_i
xré}gfi](x =13 3) ~ - -

(i) do (f, g) in C([-1,1]).

If we sketch the graph of the functions [x? — x3| on the interval [—1,1] we will see
that the maximum is attained at the left end point of the interval and

doo(f,9) = max {|x* —x°|} = |(-1)* - (-1 = 2.

XE[—1,4]

B. f(x) = x?and g(x) = x*. Find (i) do (f, g) in C([0,1]).
deo(f,9) = max {|x* — x*[} = max {(x* — x°)}

x€[0,1] x€[0,1]

(x2—xY)' =2x—4x3=0 =x(2-4x*>)=0 =>x=00rx=\/%.

1 %2 154 2 1 1
doo(f,9) = max, {lx* — 2"} = ‘(ﬁ) = =5-7=%
(i) do (f, g) in C([0,2]).
de(f,9) = xrg[gg]{lxz —x*} = [22-2% = 12.
Q4:

(ND) [lxll2 = / N Ix;|? = 0ifand only ifx; = 0 Vi =1,--,N.
(N2) [12xll; = [, 1412 = 141 [T, 1x1> = 1Allixll, ¥A€R and x € R".

(N3) [lx + ¥lI5 = Xyl + y:l? = TiLa 12 + 2 X5 iy + Zilalyil?

N N
= il + 20yl + ) Inl?
i=1 i=1

= |lxlIZ + 2lIxI2llyll2 + llylI3 by Cauchy inequality

= (llxllz + llyll2)?
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Q5: (1)

MD dy(x,y) =X lx; —y| =0 & x;=y; Vx,y € RV
(M2) dy(x,¥) = Bitqlx; — yil = Tilal—10 — x| = il — %)
=d,(y,x)Vx,y €RV.

(M3)
di(x,y) = ZiLlx — il = Bilqlx; — 2 + 2, =y
N N
= ZIXL' —z;| + 2|Zi — il
i=1 i=1
=d,(x,z) +d.(z,y)Vx,y,z € RV,
(2)

3
M1) dy(x,y) = (B4l —vi?)? =0 & x;=y; Vx,y €RV

1 il
(M2) dy(x,y) = (Zil4lx — v:1%)* = Baly: — x:1%)? = d,(y,x) VX, y €RV
(M3) We want to show that

N 1 N 1 N 1
d,(x,y) = (lei —Yi|2> 2 < <Z|xi - Zi|2> 2+ (lei — }’i|2> 2
i=1 =1 i=1

=d,(x,z) + d,(z,y)
We have

N N
2
(dy(x, )" = <z|xi - }’i|2> = lei —z;+z; — y;|?
i=1 i=1

N N N

= lei —z;|* + Zz(xi — 22 —yi) + lei — yil?
i=1 i=1 i=1

1

N N 4 N g
< ;lxi —z|*+2 (;(xi = Zi)2> X (;(zi = yi)2>
N

+ lei — y;|? by Cauchy Schwarz

=1
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N| =

N % N
= (2(xi—zi)2) +(Z(zi_yi)2>
=1 i=1

(3)
M1) do(x,y) = 1m.61>§l{|xi -yl}=0 e x;=y; Vx,y € R
<I<
M2) do(x,¥) = max{|x; — y;1} = max{|ly; — x|} = de(y,x) Vx,y € R".

1<i<N 1<isN
M3) du(x,y) = 1r2ii)1(\l{|xi —yil} = f?f?fv{lxi — g+ 2 — wl}
< maxi|x; — z; Zi— W
< max {lx; — z,| + 1z — ¥}

< . — 7. < . — A
< ggﬁ{lxl zi|}+ < lrgglg{lzl yil}

=de(x,y) +do(x,y) Vx,y,z€ RV,

Q6:- (1)

(M1)Kd(x,y) =0 ©ox=y,VK €R.

(M2) Kd(x,y) = Kd(y,x) Vx,y € Xand VK € R.

(M3) Kd(x,y) < Kd(x,z) + Kd(z,y)Vx,y,z€ Xand VK € R.
But from (M1") we have Kd(x,y) = 0. So K > 0.

(2)
M) d(x,y) +K=0 ©@x=yand K =0.
M2)d(x,y) +K =d(y,x) +KVx,y € Xand VK € R.
M3)d(x,y) +K <d(x,z) +K+d(z,y)+KVx,y,zeXand K =0.
SoK = 0.
Q7:-
Ixll = I =) +yll < llx =yl + Iyl = lixll = llyll < llx = yll
Iyl =1y —x) + x|l < lly = x|l + [Ix]| = [yl = llx|l < [lx = ylI
Hence

Hlxll =Nyl < llx = yll.
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