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Abstract

Image reconstruction aims to restore missing parts of the image while keeping geometry
and quality intact. The traditional second-order partial differential equation (PDE) and
Total Variation (TV) methods can be used to perform such an action; nonetheless, their
disadvantages, such as over-smoothing, staircase effect, and loss of cornerstones in image
details, have been noted. The major disadvantages of those approaches led to the idea of
developing a second-order Total Variation-biharmonic (TV2-BH) model in which the TV
method is used in combination with a fourth-order Laplacian diffusion term. The Euler—
Lagrange equation is derived as a nonlinear fourth-order PDE and solved using appropriate
numerical methods. The experience gained from using the TV2-BH method shows that the
proposed approach yields much better results in comparison with the standard inpainting
methods due to the preservation of texture patterns and edge information, as well as
homogeneous areas and staircase effect minimization. The soundness of the proposed
model is duly proved through quantitative assessments based on Peak Signal-to-Noise
Ratio (PSNR), Structural Similarity Index Measure (55IM), and Mean Squared Error (MSE).
The obtained results confirm that improved reconstruction performance can be achieved by
the proposed model compared with classical TV, biharmonic, and TV? inpainting methods.

Keywords: image inpainting; laplacian operator; total variation; variational methods;
fourth-order PDEs; biharmonic equation; anisotropic diffusion model; edge preservation;
isophote lines

1. Introduction

In simple terms, image inpainting is a method of recovering missing, corrupted, or un-
wanted parts of an image by effectively using information from adjacent regions. Originally
stemming from the restoration of damaged works of art or photographs, image inpaint-
ing has developed into a crucial research field in computer vision and image processing,
serving various purposes such as removing objects, restoring images, and supporting
applications in medicine, remote sensing, cinema post-production, and digital heritage
conservation. Among the various methods developed for image inpainting, partial dif-
ferential equation (PDE)-based methods are among the earliest and most mathematically
rigorous frameworks.

In the year 2000, the first image inpainting technique was developed by Marcelo
Bertalmio and Guillermo Sapiro. Their theory involved transferring image data from the
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edges to the damaged areas, similar to what professional painters do [1]. The technique
could fill in small sections of the image while preserving the geometric principles and
continuous edges. Recently, researchers have enhanced the restoration process using
PDE concepts.

Linear diffusion methods allow the information to be distributed through minor absent
sections without much creation of artifacts at the edges (i.e., textures). In addition, nonlinear
anisotropic diffusion models were developed thanks to the efforts of Pietro Perona and
Jitendra Malik to restore images through a controlled diffusion process [2]. The above-
mentioned methods create a diffusion process based on the local image structure from
the boundary to the absent regions, while preserving edge information. Later, variational
methods emerged in the field of PDE-based image inpainting. The Total Variation (TV)
model was introduced by Leonid Rudin and colleagues through the development of image
inpainting techniques [3]. The application of these methods is much broader than that of
linear diffusion methods, as they preserve sharp edges and have been widely applied to
image inpainting and other tasks. To control gradient artifacts commonly associated with
second-order PDEs, researchers have either combined multiple second-order models [4] or
introduced higher-order PDE models [5].

Curvature-driven diffusion (CDD) [6] and Euler-Elastica-based methods [7] use geo-
metric information, such as curvature, to spread structures through missing regions. These
models produce smoother transitions and improved edge continuation, particularly in
images containing elongated structures and contours. Their ability to reconstruct geometric
features made them particularly suitable for scratch removal and object deletion tasks. An-
other influential direction involved fluid dynamics-inspired models [8]. The Navier-Stokes
inpainting generally treated image intensity as a fluid quantity and applied transport equa-
tions to spread isophotes through damaged areas in the image. These methods achieved
perfect edge spread and structural protection but often collapsed due to high computational
complexity. As a result, numerical efficiency for these methods will improve in subsequent
studies while preserving restoration quality [9].

Over the last 10 years, various researchers have studied hybrid PDE models that
incorporate diffusion, variational regularization, and shock-filtering techniques [10]. For ex-
ample, in regularized diffusion-shock (RDS) models, the process of homogeneous diffusion
is implemented via coherence-enhancing shock filters, which ultimately leads to successful
completion of smoothing and enhancement of the borderline. The results showed an in-
crease in restoration quality for images that contain significant directional characteristics
and textures. Recent developments have focused on fractional-order PDEs, which are
considered more flexible than traditional integer-order operators [11]. The application of
fractional Laplacian regularization produces various non-local connections that help to
create long-distance dependencies in the picture. Recently, a model of image inpainting has
been proposed that is based on the combination of fractional Laplacian regularization and
optimization based on the (L?)-norm, thus showing better rates of preservation of pictures’
structures and textures than other traditional methods based on PDEs.

A 2024 study introduced a mechanism-based inpainting method that learns differ-
ential equation representations from known image regions and uses them to reconstruct
missing areas [12]. This framework demonstrated robustness and flexibility, particularly
for scientific and structured image data. Recent research has further explored phase-field
PDEs and Allen-Cahn-type equations for image inpainting. In 2025, an unconditionally
stable numerical algorithm based on a penalized Allen-Cahn equation was proposed for
binary image restoration, providing theoretical stability guarantees and an efficient numeri-
cal implementation [13,14]. Although deep learning approaches currently dominate the
image inpainting literature, PDE-based methods remain highly relevant due to their strong
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mathematical foundations, interpretability, and ability to preserve geometric structures.
Modern research increasingly combines PDE models with machine learning techniques,
creating hybrid frameworks that exploit both physical priors and data-driven representa-
tions. Recent reviews indicate that classical PDE methods remain important components
of advanced image restoration systems and provide valuable theoretical guidance for the
development of next-generation inpainting algorithms [15]. In summary, PDE-based image
inpainting has evolved from classical diffusion equations to sophisticated models involv-
ing variational principles, curvature-driven flows, fractional operators, shock filters, and
phase-field formulations [16]. Despite the remarkable success of deep neural networks,
PDE approaches continue to offer robust, interpretable, and mathematically grounded
solutions, particularly in applications where geometric fidelity and theoretical guarantees
are essential [17].

The current paper addresses the question of image inpainting and proposes a TV2-BH
model that combines the TVZ model [18] and the biharmonic regularization [19] to improve
structural preservation and reduce artifacts in reconstructed image regions. The rest of the
paper is given as follows: Section 2 presents the research methodology for image inpainting.
Section 3 introduces the TV2-BH method for reconstructing missing regions in color images.
Section 4 displays the numerical results for the suggested technique and other methods.
Section 5 discusses the results of applying the suggested method and its performance.
Finally, Section 6 presents the outcomes and upcoming work.

2. Research Methodology

This section presents the components used in the proposed TV?-BH technique. This
work introduces the problem statement, the mathematical formulation of the TV2-BH
model, and the Euler-Lagrange equation and gradient flow equation.

2.1. Problem Statement

Let O C R? denote the image domain and let D C () represent the damaged or
missing region to be reconstructed. The known image information is available on (3 — D.
Given a degraded image f: () — R, the objective of image inpainting is to recover
an image u : ) — R that preserves geometric structures, edge continuity, and visual
coherence within the missing region.

The objective is

U= argrr}lin E(u), (1)

where E(u) is an energy functional that combines fidelity, fourth-order regularization, and
biharmonic propagation.

Image inpainting aims to reconstruct missing or damaged regions while preserving
the geometric structures and visual continuity of the original image. Classical first-order
Total Variation models efficiently preserve sharp edges but often exhibit a gradient effect in
smoothed areas. In contrast, biharmonic models produce smooth interpolations but tend to
over-smooth edges and fine image texture.

To overcome these limitations, we propose the TV2-BH model, which combines
the edge-preserving capabilities of a TV? regularizer with the smoothing properties of
biharmonic regularization. The proposed model aims to balance edge preservation, smooth
surface reconstruction, and numerical stability.

2.2. Mathematical Formulation of the TV>~BH Model

The proposed energy functional (1) is introduced as follows:

E(u): Ef+ETV2+EBH- (2)
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Ef represents the fidelity term, which is given as follows:
A 2
=3 Q\D(u — f)*dx. )

Outside the missing region D, the reconstructed image f should remain close to the
observed image u.
Ery2 is the functional of the TVZ, which is given as follows:

Erys = o | [|H(w)]|gdx. )

To know what H(u) means and how it is found, see Appendix A.1.

Unlike classical TV regularization, the TV? functional penalizes second-order deriva-
tives rather than first-order derivatives, thereby significantly reducing staircase artifacts
while preserving curved structures.

Epp is the biharmonic energy, which is defined as follows:

EBH = g/Q(AM)de, (5)

where
Au = tyy + uyy,

is the Laplacian operator. This regularization promotes the following:

Smooth surface interpolation;
Higher-order continuity;
Stable reconstruction in large missing regions;

Oscillation suppression.

Combining the three terms yields the following:

A

= 2 o — £+ o [ [[H() | px + 2/0 (du)ld, ©

E(u)

where A > 0 is the fidelity parameter, « > 0 controls the TV?, and g > 0 controls the
biharmonic regularization.

2.3. Euler-Lagrange Equation and Gradient Flow Equation [20])

Taking the first variation of the energy functional (6) gives

/\XQ\D(u—f)—i—ocVZ-(HHH((;))lh> + BA*u = 0. (7)
Here,
A’u = A(Au),

is the biharmonic operator.

Note: To explain how we are applying the Euler-Lagrange equation to Ey2, see
Appendix A.2.

For the proposed energy functional (2), the gradient flow is defined according to the

steepest-descent convention

ou OE

ET— ®
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To solve the minimization problem of (7) numerically, the steepest-descent convention
for Equation (7) is applied according to Equation (8), as follows:

%Ltl = —Axa\p(u—f) —aV> ( ”HH(”n)

2
) TP ¥

This is a nonlinear fourth-order PDE. The steady-state solution of this evolution
process is the minimizer of the proposed energy functional. The initial condition is

u(x,y,0) = f(x,y).

Natural Neumann boundary conditions are imposed on the image boundary:

=~
{a(Anu) ~0 X,y € aD.
on

This can be explained by the fact that the known values of the image are kept unchanged,
while Neumann normal conditions are imposed on the outer limits to ensure the stability of
the reconstruction and compatibility with the fourth-order nature of the biharmonic effect.

3. Semi-Implicit Numerical Scheme

For numerical implementation of Equation (8), the linear biharmonic term is treated
implicitly, while the nonlinear TV? term is handled explicitly [21]. The time derivative is
approximated using the backward difference, as seen below:

ou u'tl—yn

ot At
Substituting into Equation (9) gives
un+1 —
— =M= f) - aTV?(u") + pA%u" 1, (10)

where

20" = V2. H(u")
V) =9 (o)

where the Hessian matrix is divided component-wise by its Frobenius norm (plus a small
regularization parameter (¢)). This is the form that is consistent with the Euler-Lagrange
derivation and is the one you should use in both the mathematical formulation and the
MATLAB implementation [22].

Notice that

e TV?Zisevaluated at time (1) (explicit);
e  The biharmonic operator is evaluated at time (1 + 1) (implicit).

This is why the method is called semi-implicit.
Multiplying by (At),

w1l BAEAZY =y — At [A(u" —f)+ aTVZ(u”)]
The semi-implicit discretization of Equation (10) is as follows:

(I — BALAY) U™ 1=y — At [A(u" — )+ aTVZ(u“)}. (11)
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Factorizing,
(I - BAtA? )" =",

where
b'=u" — At [/\(u” -+ szVz(u")]

At each iteration, the output of Equation (10) computes 1" *1. Suppose the image has N x M
pixels. Flatten it into a vector u € RNM.

The discrete biharmonic operator becomes a sparse matrix L. € RNM*NM

. Then, using
the implicit treatment,

(I — BAtL)u" ! = p", (12)

allows much larger time steps because the dominant fourth-order diffusion is handled implicitly.
This is simply a linear system:

1
Aun+ — bi’l’

where
A=1—pBAtL.

Thus, the output of the semi-implicit step is not a scalar; it is the entire reconstructed image
at the next time level. A completely explicit formulation of the fourth-order diffusion
operator leads to a rather severe time-step restriction according to which

At = O(h4),

which becomes increasingly restrictive when the spatial grid is refined. In order to remove
this constraint, we conceived a semi-implicit scheme that treats the stiff fourth-order term
implicitly. This way, the strict condition associated with the explicit CFL approaches
becomes less stringent and allows using larger time steps but still keeps numerical stability.
The value used At = 0.1, in practice, was selected through numerical stability testing.

3.1. Iterative Algorithm
For each iteration:

Start with the current estimate (™).
Compute image gradients.
Compute the Hessian matrix H(u").

Compute the Frobenius norm of the Hessian ||H (u)||p = \/ U, +2u%, +uf, +e.

Evaluate the nonlinear TV? operator TV?(u") = V2. (%) .

Assemble the right-hand side: b" = u" — At[A(u" — f) + aTV?(u™)].
Solve (I — BAtA?)u"+t = p".

® NS g ok W=

| un+1 —yt

||z —6 : i
max([i7 ) < 107°, where ¢ is a small posi

tive number used to avoid division by zero.

Iterations continue until convergence:

If not converged, set (u" = u"*!) and repeat, as seen in Figure 1.
Figure 1 displays the flowchart of the semi-implicit algorithm for solving the proposed
(TV?-BH) model.
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Determining the missing

Input color image Compute image gradients Compute Hessian Matrix

regions in the image u"

Evaluate the nonlinear TV?
operator

Compute the Frobenius norm
of the Hessian matrix

Solve linear system Build right-hand side

Repeat Iterations continue
until convergence

Displaying Restored

Obtain new image
Image

Update Missing Region

Figure 1. Flowchart of the semi-implicit algorithm.

3.2. Physical Interpretation
The update equation can be interpreted as the interaction of three competing effects:
Data fidelity term:

—A(u—f).
Keeps the known pixels close to the original image.

2nd-order TV term:

(et )

Preserves edges while reducing staircase artifacts.

Biharmonic diffusion term:

+BAu.

Produces smooth interpolation inside missing regions and suppresses oscillations.

4. Experimental Results

To assess the effectiveness of the proposed TV?-BH technique, several numerical
experiments were conducted on 100 natural-color images from the Berkeley database [23],
including low- and high-texture images, as illustrated in Figure 2. These images were
chosen at different levels of texture and structure to evaluate the effectiveness of the
TV2-BH technique in restoring missing areas.

Figure 2. Example of 8 out of 100 color images.

https:/ /doi.org/10.3390/mca31050187
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The proposed TV?-BH method is applied to restore lost areas of different sizes in color
image data. Figure 3 displays six inpainting masks that illustrate six damaged regions
in images.

Mask 4 Mask 5

Figure 3. The same color image with six different inpainting domains.

Figure 3 shows six different inpainting domains (or masks). The sizes of the missing
areas for these masks are shown in Table 3. The aim of the inpainting Mask1, Mask2, Mask3,
Mask4, Mask5, and Mask6 domains is to evaluate the proposed method’s ability to restore
missing regions of different sizes using textures from neighboring areas. To evaluate the
effectiveness of the proposed method, the TV2-BH method was applied to these masks on
over 100 images in the Berkeley database.

4.1. Performance Evaluation

To demonstrate the method’s effectiveness, standard image quality criteria were
used. To derive numerical results, image quality standards (SQMs) were compared with
the outcomes achieved by the proposed TV2-BH model and the other techniques: TV,
biharmonic, and TV2. Mean square error (MSE), peak signal-to-noise ratio (PSNR) [24],
structural similarity index (SSIM) [25,26], and entropy [27] of original and inpainted images
were among the measures, thus giving the numerical value of image distortion.

More specifically, in the context of considering u as the image being reconstructed
and f as the original image, in calculating the quality of how completely an image was
reconstructed, this process is performed using only the distance within the region of the
mask; that is, D is given by:

9 n m
MSEp = - Y ki)~ i) (13)
Dlia&E =

where g = 3 is the number of color channels in the image, while # and m are the number of
rows and columns in the channel image, thereby giving D = n X m x g. A better image
quality is one where the error is lower, as is shown by the small MSE value. Hence, once
MSE is calculated, the PSNR [24] is given as follows:

(14)

2
PSNRp = 10log;, <%>

where MAX is the maximum intensity of the image, where less error corresponds to higher
PSNR. PSNR and MSE have an inverse relationship.
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Lp(

u

'f):V}+V%+cl’

2puppy +c

SSIM [25,26] is a correlated measure of the Luminance L, Contrast C, and Structural S
values of the original f and the image u being inpainted.

SSIMp = [Lp(u, f)°Cp(u, £)Sp(u, £)'], (15)
where
20¢0u + 2 206, +c3
Co(u, f) = =222 sp(u, f) = 2472 s =y/2,and 5= =7 =1.
p(u, f) Zroite p(u, f) 70 ¥ 03 c3 = /2, an E=1

Then this is defined mathematically as follows:

(pppu +c1)(20p, + c2)

SSIM ’ — 7
= e a) i ra)

(16)

where (y,0¢) and (p,,0,) shows the mean and standard deviation of the images u and
f, respectively; oy, is the covariance of u and f images; c; = (kih)?,c; = (koh)? such
that k; = 0.01, k, = 0.03, and h = 2bits per pixel _ 1 1In this work, SSIM is computed over
windows of size 8 X 8 in the missing region D and the outputs from the R, G, and B
channels are then averaged. The SSIM value is a numeric representation that can vary
between —1 and 1. The integer 1 can be achieved when there is no difference between the
original and restored image. The maximum image quality is achieved when the error is
minimal, and the SSIM value is 1.

Entropy [27] is defined as the quantitative measure of randomness or disorder of the
image. The entropy of an inpainted image u is defined as follows:

n m
Entr(u) = —) Py, ;log, Py, (17)
i=1j=1

where Py, ; is the probability of pixel values (i.e., the distribution of element values), and log,
is the base-2 logarithm function applied. To calculate the entropy of the original image f,
the same Equation (17) is applied. Hence, in general, high entropy denotes less information
about the uncertainty of an image, while low entropy denotes more information about the
uncertainty of an image. The same measurement is applied to the inpainted regions for the
cases of different inpainting methods. The best outcome is the entropy measurement when
the entropy of the inpainted image u is equal to the entropy of the original image f. The
most efficient algorithm based on entropy values is the one with the minimum difference
between the entropy value of the restored image and the original image.

The comparison of these quantitative measures allowed for evaluating the effectiveness
and success of the model in regaining lost regions in images, along with measuring the time
needed to obtain the results. The TV2-BH technique of regaining lost regions in images
was implemented in MATLAB (version R2022a) and run on a laptop with an Intel Core
i5-10210U processor of 2.11 GHz (Huawei) and 1.60 GHz L2 memory of 1.60 GHz along
with 8 GB RAM. The time of the results was measured.

To ensure that the quantitative measures directly reflect the quality of the reconstructed
regions, all objective metrics are computed exclusively within the missing region (D). The
pixels reconstructed in area (D) are compared with the corresponding pixels in the intact
image, but known pixels outside area (D) are not included in the metric calculation. MSE,
PSNR, and SSIM can measure the reconstruction quality in the missing area. This approach
prevents potential attenuation of reconstruction errors, as would have been the case if the
whole image had been taken into account, because pixels outside of the affected area are
not modified during the inpainting process.
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4.2. Testing Parameters and Experiments

For the proposed TV2-BH model (6), there is no universally optimal choice of &, 3,
and A. The best values depend on the size of the missing region, the image texture, the
noise level, and the image resolution. In this study, the effect of the values A, «, and
on the performance of the TV2-BH model in recovering the missing regions in an image
is studied.

However, based on the behavior of 4th-order variational models and practical experi-
ence with TV? and biharmonic regularization, the following values provide an excellent
starting point for normalized images in [0, 1]. Therefore, we use two scenarios: firstly, the
values of A, B, and « are chosen differently, as shown in Table 1. Secondly, we study the
values of A, B, and a with the TV2-BH model for recovering different missing regions, as
seen in Table 3.

Table 1. Different values of parameters A, «, and B.

A Parameter « Parameter P Parameter
2 0.05 0.01
5 0.1 0.05
10 0.5 0
15 1 0.1
20 2 0.5

Scenario I: Different values of A, a, and B are used by applying the TV2-BH model
for recovering the missing region in mask 1, as shown in Table 1.

This study was conducted on 100 color images, with 300 iterations. The mean values
of MSE, SSIM, PSNR, entropy, and the time required to obtain results using the TV2-BH
model are introduced in Table 2.

Table 2. SQMs for recovering missing regions in mask 1, iteration = 300, obtained using the TV?-BH
model at different parameter values A, «, and B.

Parameters =~ MSE PSNR SSIM Entr (f) Entr (u) Time (s)

A=2
« =005 4585381 31.51705 0412134 6682838  6.080597  21.49935
B =005

A=5
=01, 5437109 4077712  0.833003  6.682838  6.478285  60.84529
B =0.02

A=10
x =05 1828849 3550903  0.664196  6.682838  5.877241  42.65167
B=0
A=15
=1, 2193972 3471849 0579689  6.682838  6.161192  58.65872
B=01
A =20
=2,  13.63483 3678431 0559309  6.682838  6.254559  74.15168
B=05

We found A = 5, & = 0.1, and 8 = 0.02. These values generally provide a good balance
between edge preservation, smooth continuation, and fidelity to the known pixels. Other

https:/ /doi.org/10.3390/mca31050187
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values of the parameters A, a, and B made the results of applying the TV2-BH model not
promising, as seen in Table 2.

In Scenario II, we focused on comparing how the selection of parameters A, «, and
B may affect the performance of this TV2-BH method in reaching optimum results for
missing regions of different sizes. Table 3 shows the sizes of the missing regions considered.

Table 3. The values of parameters A, 8, and « for different missing areas.

Masks Missing Area A Parameter « Parameter P Parameter
Mask 1 <5% 7 0.09 0.01
Mask 2 5-10% 6 0.08 0.01
Mask 3 10-20% 5 0.1 0.02
Mask 4 20-30% 4 0.13 0.03
Mask 5 30-40% 3 0.15 0.04
Mask 6 >40% 2 0.2 0.05

In this experiment, we test each missing area individually in separate tests with the
TV2-BH model under different parameter values for A, &, and . This study was conducted
on 100 color images. The mean values of MSE, SSIM, PSNR, entropy, and the time required
to obtain results using the TV?2-BH model are introduced in Table 4, which summarizes
the results of these experiments, showing the most successful values of A, «, and f for the
proposed TV2-BH method for each missing region in masks 1, 2, 3, 4, 5, and 6.

Table 4. SQMs for recovering different missing regions in images, obtained using the TV2-BH model
at the parameter values of parameters A, B, and «.

Masks Parameters MSE PSNR SSIM Entr (f) Entr (1) Time (s) Iterations
A=7
Mask 1 a = 0.09, 5.437109 40.77712 0.833003 6.682838 6.478285 60.84529 300
B =0.01
A=6
Mask 2 a = 0.08, 8.947177 38.61394 0.796154 6.682838 6.220742 73.15621 500
B =0.01
A=5
Mask 3 a =0.1, 12.18921 37.27105 0.605243 6.682838 6.290969 87.05397 700
B =0.02
A=4
Mask 4 a = 0.13, 16.18808 36.04082 0.795467 6.682838 6.182749 92.18123 800
5 =0.03
A=3
Mask 5 a = 0.15, 18.91693 35.36231 0.637561 6.682838 5.979385 112.8685 1000
B =0.04
A=2
Mask 6 a =02, 21.93972 34.71849 0.679689 6.682838 5.861192 124.1143 1200
B =0.05

The results of the TV>~-BH model were promising, as seen in Table 4. The results were
stable, and the model’s performance was good for the values of the parameters A, &, and
in recovering the missing regions (6 Masks) in the image.

The A fidelity parameter controls how strongly the reconstructed image matches the
known pixels. When the A parameter is a small value, applying the TV2-BH model to
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recover missing regions in an image produces excessive diffusion and a loss of image
contrast. When the A parameter is a large value, applying the TV2-BH model to recover
missing regions in an image produces a solution that remains too close to the damaged
image and has slower propagation into large missing regions.

The « second-order TV regularization parameter controls the strength of the Hessian-
based TV? term. When the « parameter is a small value (<0.05), applying the TV2-BH model
to recover missing regions in an image produces weak regularization, noisy reconstruction,
and discontinuous isophotes. When the a parameter is a large value (>0.20), applying the
TV2-BH model to recover missing regions in an image produces stronger edge preservation,
possible over-smoothing of textures, and slower convergence.

The B biharmonic regularization parameter governs smooth interpolation inside the
missing region. When the B parameter is a small value, applying the TV2-BH model
to recover missing regions in an image produces insufficient diffusion, and oscillations
may remain. When the B parameter is a large value, applying the TV2-BH model to
recover missing regions in an image produces excessive smoothing and blurred edges.
Finally, we recommend values for different inpainting problems, as given in Table 4. We
found that for larger damaged regions, increasing « and B while slightly decreasing A
generally improves propagation into the missing area. These values provide a good
compromise between preserving edges (TV? term), ensuring smooth continuation across
missing regions (biharmonic term), and maintaining fidelity to the known image data. They
are an appropriate baseline before optimizing parameters for a specific dataset.

4.3. Image Inpainting Experiments

The effectiveness of the TV2-BH method was evaluated both qualitatively and quan-
titatively. The qualitative evaluation measures the visual quality of the restored images,
while the quantitative evaluation relies on statistical measures, as previously mentioned.

Figures 4-9 compare the proposed TV?-BH method with three image restoration
techniques for missing area recovery: TV, biharmonic, and TV2. Figures 4 and 5 show the
results of restoring small damaged areas in several typical nature photographs. The image
quality obtained here is typical for the majority of the tested images.

(b)

(d)

Figure 4. Inpainting a Mask 1 image. (a) Reference image, (b) reference image with a mask,
(c—f) reconstructed images via TV2-BH, TV, biharmonic, and TV? techniques, respectively.
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Figure 5. Inpainting a Mask 2 image. (a) Reference image, (b) reference image with a mask,
(c—f) reconstructed images via TV2-BH, TV, biharmonic, and TV? techniques, respectively.

Figure 6. Inpainting a Mask 3 image. (a) Reference image, (b) reference image with a mask,
(c—f) reconstructed images via TV2-BH, TV, biharmonic, and TV? techniques, respectively.

F ol

Figure 7. Inpainting a Mask 4 image. (a) Reference image, (b) reference image with a mask,
(c—f) reconstructed images via TV2-BH, TV, biharmonic, and TV? techniques, respectively.

Figures 6-9 show the results of restoring different sizes of missing areas in some stan-
dard color images. The image quality shown here is typical of most of the images examined.
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(e)

Figure 8. Inpainting a Mask 5 image. (a) Reference image, (b) reference image with a mask,
(c—f) reconstructed images via TV2-BH, TV, biharmonic, and TV? techniques, respectively.

Figure 9. Inpainting a Mask 6 image. (a) Reference image, (b) reference image with a mask,
(c—f) reconstructed images via TV2-BH, TV, biharmonic, and TV? techniques, respectively.

As depicted in Figures 4-9, the proposed TV?-BH technique clearly outperforms the
established TV method, the biharmonic method, and the TVZ method. From a qualitative
point of view, the images produced using the TV>~-BH model show better visual quality,
as they maintain image structure and reconstruct missing parts of the image. The values
of the parameters A, §, and « shown in Table 4 were used, corresponding to each mask,
and were applied to all images in the experiments. Thus, the parameter values differed
across masks, as shown in Table 4. The mean values of MSE, SSIM, PSNR, entropy, and the
time required to obtain results using the TV2-BH model and other models in six inpainting
domains are introduced in Table 5.

Table 5. SQMs using TV2-BH, TV, biharmonic, and TV? techniques for masks 1-6.

Masks Techniques MSE PSNR SSIM Entr (f) Entr (u) Time (s)
TV 13.63483 36.78431 0.459309 6.682838 5.054559 35.77331

Mask 1 Biharmonic  9.964226 38.14637 0.541434 6.682838 6.877395 56.17674
TV? 7.372634 39.45458 0.621471 6.682838 6.930611 53.57771

TV2-BH 5.437109 40.77712 0.833003 6.682838 6.478285 60.84529
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Masks Techniques MSE PSNR SSIM Entr (f) Entr (v) Time (s)
TV 20.30828 35.05407 0.485659 6.682838 6.531704 42.65167

Mask 2 Biharmonic 15.65645 36.18388 0.558369 6.682838 5.587834 535.3313
TV? 10.49377 37.92149 0.639993 6.682838 5.985517 69.86852

TV?-BH 8.947177 38.61394 0.796154 6.682838 6.220742 73.15621

TV 25.66941 34.03664 0.404171 6.682838 5.146459 47.21961

Mask 3 Biharmonic 22.47783 34.61326 0.559449 6.682838 5.048408 64.61391
TV? 19.92924 35.13593 0.593346 6.682838 4.231406 53.00885

TV2-BH 12.18921 37.27105 0.605243 6.682838 6.290969 87.05397

TV 30.79894 33.24545 0.552292 6.682838 6.093909 71.52598

Mask 4 Biharmonic 26.98189 33.82008 0.644632 6.682838 6.152734 75.96307
TV? 22.94426 34.52406 0.502416 6.682838 5.288017 86.02051

TV2-BH 16.18808 36.04082 0.795467 6.682838 6.182749 92.18123

TV 32.96402 32.95044 0.486243 6.682838 5.578011 81.08677

Mask 5 Biharmonic 29.35718 33.45366 0.593554 6.682838 7.722488 92.09922
TV? 25.96471 33.98697 0.501013 6.682838 7.647125 102.4687

TV2-BH 18.91693 35.36231 0.637561 6.682838 5.979385 112.8685

TV 35.14308 32.67245 0.433063 6.682838 7.380378 93.99247

Mask 6 Biharmonic 28.77424 33.54077 0.585157 6.682838 7.982572 102.1594
TV? 23.50859 34.41854 0.628056 6.682838 5.814576 112.2158

TV2-BH 21.93972 34.71849 0.679689 6.682838 5.861192 124.1143

5. Discussion

Table 5 presents the average values for MSE, SSIM, PSNR, entropy, and computa-
tion time obtained using different methods. Based on the observations, it is clear that
the proposed scheme TV2-BH achieves better inpainting performance than those of TV,
biharmonic, and TV? methods across all types of missing areas. The above conclusions
specifically indicate that the proposed method achieves greater accuracy in the recovery of
structural and textural features of the damaged areas.

The observations made from Table 5 suggest that with respect to the use of the TV2-BH
method, higher PSNR values and lower values of MSE are achieved. This indicates that the
resulting picture has survived and is almost identical to the original. In addition, the SSIM
values provided by the method are comparatively very close to 1, which is an indication of
its capability to retain the structural similarity. The values of entropy also tend to match
those of the original pictures.

Nevertheless, the TV2-BH method requires more computational time than the TV,
biharmonic, and TV? methods when applied to color images. This time-consuming process
arises from the combination of the terms of TV? and biharmonic regularization, resulting in
a complex optimization problem that requires a larger number of iterations. However, the
better reconstruction and preservation of structures and textures in the image support the
idea of the effectiveness of the TV2~BH model.

The main advantages of the proposed model are as follows:

e Preserves sharp edges using TV2.
e  Eliminates staircase artifacts commonly produced by first-order TV models.
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The TV2-BH model produces smoother image surfaces through Biharmonic regularization.
Reconstruction quality in regions with large missing values was improved.
A semi-implicit time discretization improved numerical stability.

Edge preservation and smooth interpolation are naturally balanced.

6. Conclusions and Future Work

The novel TV2-BH model was introduced by combining nonlinear Hessian-based
regularization with linear biharmonic smoothing in a unified variational framework. Its
main contributions include a new variational energy that combines TV? and biharmonic
regularization. This model simultaneously reconstructs image structures and a smooth
surface. A semi-implicit numerical method was implemented for the TV2-BH model,
which reduced staircase artifacts compared with first-order TV methods. A mathematically
consistent framework suitable for finite-difference discretization and iterative optimiza-
tion was developed. Signal quality metrics (SQMs) were used to evaluate the results of
various numerical experiments with the proposed TV2-BH model and to demonstrate
its effectiveness: MSE, PSNR, SSIM, and entropy. These metrics show that the proposed
TV2-BH method outperforms TV, biharmonic, and TV? methods in handling different types
of missing regions without compromising efficiency.

In conclusion, both structural and textural information in the damaged areas of color
images have been effectively reconstructed by the innovative TV2-BH method. In the future,
the proposed model can be further developed by introducing adaptive or anisotropic
regularization. Various datasets will also be used to evaluate the effectiveness of the
proposed TV?-BH method through direct comparison with a wider range of contemporary
learning-based approaches. Conversely, a TV2-BH model can be applied with different
approaches to develop a new hybrid strategy for recovering missing areas in images.
Free-form and irregular masks are therefore an important direction for future work.
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Abbreviations

The following abbreviations are used in this manuscript:

PDE Partial Differential Equation
1Y% Total Variation
TV? Second Total Variation

https:/ /doi.org/10.3390/mca31050187


https://doi.org/10.3390/mca31050187

Math. Comput. Appl. 2026, 31, 187

17 of 19

BH Biharmonic Model

TV2-BH Second Total Variation- Biharmonic Model
MSE Mean Squared Error

PSNR Peak Signal-to-Noise Ratio

SSIM Structural Similarity

RDS Regularized Diffusion-Shock

CDD Curvature-Driven Diffusion

SQMs Image Quality Standards

Appendix A

Appendix A.1. Hessian Matrix of Image u

Where the gradient of image u is defined as follows:

Vu = [ux]'
Uy
The gradient of the image is defined as follows:
V(Vu) = Viu = [”” ”’“y] .

Uyx Uy

Then
V(Vu) = VZu = H(u).

where H(u) is the Hessian matrix of the image; the Frobenius norm is used for second
derivatives, as below:

[HQ)|p = /e + 28, + 163, +e,
since
Uxy = Uyx,

Because the Hessian is symmetric, (¢ > 0) is a small positive constant introduced to
avoid division by zero. The Hessian describes local curvature, edge bending, and surface
shape. For image processing: uy; measures curvature in the x-direction, uy, measures
curvature in the y-direction, and u,, measures mixed curvature.

Appendix A.2. Euler-Lagrange Equation Epyy

To explain how we are applying the Euler-Lagrange equation to E;y2, we found

as follows:
Define
2
@ =\/|[H(u)|z+e
Then

Ern— / ®dx.
TV?2 0

Differentiation gives

UxxUxx + 2Uyy Uy + Uyy©
SE :/ xxUxx xyOxy T UyyOyy
Q o

This expression contains second derivatives of v. Applying integration by parts twice
transfers derivatives from v to u. The resulting Euler-Lagrange equation is

Za() 2 () + 2 (%) =0
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In compact notation, the double-divergence operator can be expressed as

v (rtwners) =
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