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Abstract

We show thatheuniqueness of the Gosper—Petkov3ek representation of rational functions can be
utilized to give a simpler version of Gosper’s algorithm. This approach also applies to PetkovSek’s
generalization of Gosps algorithm, and itsg-analogues by Abramov—Paule—PetkovSek and
Boing—Koepf.
© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Gosper’s algorithm has been extensiedtudied and widely used to verify
hypergeometric identities; see, for exampbmsper(1979, Graham et al(1989, Koepf
(1999, Paule (1995, Paule ad Strehl (1999, PetkovSek(1999 and Petkovsek et al.
(1996. A key idea behind Gosper's algorithm lies in the representation of a rational
function which is called the Gosper representation. As usual, we assume that subject to
normalization the gcd (greatest common divisor) of two polynomials always takes a value
as a monic polynomial, namely, a polynomial with the leading coefficient being N bet
the set ohatural numbersK be a field of characteristic zeri,(n) be the field of rational
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functions ofn over K, andK[n] be the ring of polynomials ofi over K. Recall that a
nonzero ternty is called a hypergeometric term oVErif there exists a rational function
r € K(n) suchthat

t

LL r(nj.

tn

Gosper showed that any rational functigm) can be written in the following form, called
the Gogper representation:

_amen+D
" bn) c(n)

r(n)
wherea, b andc are polynomials oveK and
gcda(n),b(n+h) =1,  forallheN.

Petkoviel1992 realized that the Gosper representation becomes a unique one, which is
called the Gosper—PetkovSek representation, or GP representation for short, if we further
require thab, ¢ are monic polynomials such that

ged@a(n), c(n)) = 1,
gcdb(n),c(n+1)) = 1.

Given a hypergeometric termy, Goger’s algorithm is a procedure for finding a
hypergeometric termy, satisfying

Znt1l — Zn =tn, (1.1)

if it exsts, or claiming the nonexistence of any solution ofl.{). In another
paper Paule ad Streh) 1995, Paule and Strehl give a derivation of Gosper’s algorithm
by using the GP representation.

The main result of this paper is the observation that if we expressthotlit, and
Zn+1/Zn in terms of their GP representations, then the solutionlof) (redwes to a
polynomial difference equation. Hence the styy of Gosper’'s algorithm disappears
from the perspective of the uniqueness of the GP representation. We also show that
this idea can be applied to PekovSek's generalization of Gosper's algorithm to find
hypergeometric solutions of linear recurces with the additional restriction that the
leading and trailing coefficients are constarRetkovsek1994), and to theg-analogues
given byAbramov et al(1999, and later byBoing and Koep{1999.

2. The GP representation

In this section, we present a simplified version of the Gosper algorithm which is similar
to the version oPaule ad Streh((1995. However, it seems to have been neglected that the
GPrepresentation of the unknown rational function in Gosper’s algorithm plays a key role
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in reducing Gosper’s equation to a polynomiafeliénce equation. Given a hypergeometric
termt,, we auppose that there exists a hypergeometric taysatisfying Eq. {.1). Let

r(n) = t”t“, R(n) = L 2.1)

n Zn

It follows thatr (n) and R(n) are rational functions af. By using (.1), we find

Zn Zn 1 1

= = = . (2.2)
tn Zn+]_ - Zn Zn+]_/2n - 1 R(n) - 1
From 2.2 it follows that
r(n) = Zn1 _ Zn/th — R(n)w. (2.3)
Zn Zny1/tnya (R(n) =1
Let us express both(n) andR(n) in terms of their GP representations:
_ame(+1) . @ Cn+1
"O=tm om0 "V Bm cm (4)

Then the following theorem can be easily verified:
Theorem 2.1. Suppose that R(n) has the above GP representation. Then the rational
function on the right hand side of (2.3) has the following GP representation:
An) An+1Cn+2)—B(n+1)Cn+1)
B(n+1) A(MC(n+1) — B(NC(n) '

By theuniqueness of the GP representation,magy compare the GP representation of
r (n) as given in 2.4) and the GP repeentation in 2.5) to obtain the following equations:
a(n) = A(n), b(n) = B(n+ 1), and

ANMCn + 1) — B(n)C(n) = c(n).

(2.5)

It follows that

ain)C(n+1) —b(n—1)C(n) = c(n). (2.6)
Therefore, hypergeometric solutions df1) are determined by polynomial solutions of
(2.6) as given bythe following relation:
_ b(n—1)C(n)
- c(n)
Let us take an example froRetkovSek et a(1996:

tn. (2.7)

n

Example2.1. Lett, = (4n+ 1) - (2nn——i‘-1)' then

thy1 14 (n+5/4)
ot (M43 (N+1/4)
Hencea(n) = 1/4,b(n) = n+ 3/2,c(n) = n+ 1/4. From Eg. 2.6) we find

1 1 1
Z-C(n+1)—(n+§)-C(n)=n+Z.
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The constant polynomial(n) = —1 is a soltion to this euation. By .7), we have
Zhn=-2 g O

3. Gosper’salgorithm for recurrencesof arbitrary order

In this section, we show that the aboveproach to Gosper’s algorithm can be
generalized to find hypergeometric solutianf the recurrence

d
Z Pk(MZnik = tn, (3.1)
k=0

wherety, isa gven hypergeometricterm amg(n), p1(n), ..., pg(n) are polynomials with

the additionaconstraints thapo(n) and pg(n) are constants. Suppose that there exists a
hypergeometric solution, of (3.1). Letr (n) andR(n) be given as inZ.1). From (3.1) we
obtain

Zn _ Zn _ 1 — 1

t, d T od , . 4 k-1 ’
kZ Pk(N) - Znyk kZO pi(n) - 5 kZ pk(n) - [T RN+ j)
=0 — = j=0

and

d
> k(n+1)- H Rin+j+1)
r(n) = Ran)*<=2

O

_ (3.2)

kZ pk(n) - H RN+ j)
=0 =0

|_\

Let us express both(n) and R(n) in terms of their GP representations as 2. Since
po(n) and pg(n) are constants, by the definition of the GP representation we have

d-1
gcd(A(n» pom) -C) - [] B + j)) =1

j=0
and

d—1
gcd<B(n +d), pagn+1)-C(n+d+1)- ]_[ An+j+ 1)) =1
j=0
Therefore, we have the following theorem.€Tioof is a straightforward verification, and
is hence omitted.

Theorem 3.1. Suppose that R(n) has a GP representation as in (2.4). Then the rational

function on the rlght hand side of (3.2) hasthe foIIOW| ng GP representation:
d—1
Z pk(n+1)-Cn+k+1)- H AN+ j+1)- H Bin+j+1)
A(n) k=0 =0 j=k

B(n+d)

. (3.3)

._\

d d-1
I(Zopk(n)-C(nJrk) HA(n+J) HB(n+J)
= = j=k



WYY.C. Chen, H.L. Saad / Journal of Symbolic Computation 40 (2005) 955-963 959

By theuniqueness of the GP representation,magy compare the GP representation of
r (n) as given in 2.4) and the GP repeentation in 8.3) to obtain the following equations:
a(n) = A(n), b(n) = B(n+d), and

d k—1 d—1
Y k) -Cin+ky - [TAO+ ) - [] B+ ) =cm).
k=0 j=0 j=k

It follows that

d k—1 d-1
Y k) -Cin+k-[Jam+j)-[[bn+j—d)=cm. (3.4)
k=0 j=0 j=k

Therefore, hypergeometric solutions & 1) are determined by polynomial solutions of
(3.4 as given bythe following relation:

d
1 b= -

o
Zn = o th. (3.5)

4. The q-GP representation

In this section, we consider tliepanalogue of Gosper's algorithm; sBéing and Koepf
(1999, Koornwinder(1993, Paule ad Riese(1997 andPaule ad Strehl(1999. Let F
denote the transcendental extensiorKaby the indeteminateq, i.e., F = K(q), and let
n = gX. A non-zero termfy is calledg-hypergeometric oveF if there exists a rational
functionp € F(n) suchthat

% = p(n).

k

If fxr1/fk = A(n)/B(n), where A, B € F[n], then he functionA/B is called the
rational representation of g-hypergeometric ternfy. If gcd(A, B) = 1, thenA/B is
called the reduced rational representatiotfiyofin Paule ad Riesg1997), Paule and Riese
presented thg-GFF (-greatest factorial factorization) gimonic polynomials for finding
g-hypergeometric solutions of the equation

Ok+1 — Ok = fk, 4.1)

where f is a giveng-hypergeometric term. Idbramov et al.(1998, Abramov, Paule,
and Petkovsek gave the algorittgiiyper for finding all g-hypergeometric solutions of
homogeneous recurrences with polynomial coefficienBgdling and Koep{1999, Bding
and Koepf obtained an algorithm for the same purpose as the algayithper.

We adopt the notation of basic hypergeometric serie§asper and Rahmai990.
Theq-shifted factorial is given by

@ qk=(1—a)(l—aq) ---(L—ag<?.
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Any g-hypergeometric term can be written in the following form:

_ L8 Qk(@2; Pk - -~ (@ Ak z qe @K,
(by; k(o2; Pk - - - (bs; Dk (A Ak
wherer,s > 0,a;,bj e F (1 <i <r, 1 <j <5s),c,ze Fwith z(0) # 0, anda, g are
integers. LetA(n)/B(n) be the rational representation &f. Thus, we have
fkrr AN 1—an@l—an)...(L—-an) wnp
= = n q
fk B(n) (1 —bin)(2 —ban)... (1 —bsn)(1 —qgn)

Recall that a polynomiap € F[n] is said to beg-monic if p(0) = 1. Any non-zero
rational functiono(n) = A(n)/B(n) with A, B € F[n] can be written in the form

= @ = Ar(n) n“qfz
B(n)  Bi(n)

p(n)

t]

where A1, B1 € F[n] areg-monic,« and8 are integers, and is a rational function in
F with z(0) # 0. For a reduced rational functia) its numerator and denominator are
denoted by nung) anddeng), respectively. Leju(n) = n* € K(n) andz(q) = g? € F.
Paule ad Strehl(1995 have shown tat any rational function ovef has the following
g-Gosper—Petkovsek representationgeGP representation fohsrt. Nae that the shift
operatok is defired byea(n) = a(gn) for a polynomial ofn.

Theorem 4.1. For any non-zero rational function p € F(n), there exist unique g-monic
polynomials &, b and € € F[n] such that

gcd@a, &) = gedb, ) = 1and gcd, €1b) = 1 for all j > 0, and
aec

sz?’

where

Given a g-hypergeometric termfy, suppose that there exists ghypergeometric
solutiong satisfying Eq. 4.1). Let

p(n) = fkp1/fk, T(N) = Gkr1/Gk- (4.2)
It follows thatp (n) andz (n) are rational functions af. From @.1) it follows that

% _ 1
fk -1
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and
_ (r@n) -1
p(n) = r(n)i(t D (4.3)
Assume thap (n) andz (n) have the éllowing q-GP representations:
_a() c(gn) _ A C@n)
F=tmem: " P=Bmecm: (4.4)

Then we have the following-GP representation.

Theorem 4.2. Suppose that 7(n) has the above q-GP representation. Then the rational
function on the right hand side of (4.3) has the following g-GP representation:

A(n) A@n)C(g®n) — B@nC(an

4.5
Ban)  AMC(gn) — B(mC(n) (#:5)

By theuniqueness of thg-GP representation, we may comparedh@P representation
of p(n) in (4.4 and theq-GP representation ird(5 to obtain the following equations:
a(n) = A(n), b(n) = B(gn), and

AMC(gn) — B(n)C(n) = c(n).
It follows that
a(mC(gn) — b(g*N)C(n) = c(n). (4.6)

Thereforeg-hypergeometric solutions of (1) are determined by polynomial solutions of
(4.6) as given bythe following relation:

b(g~tn)C(n)
k=——7— fk

) 4.7)

5. g-Gosper’salgorithm of arbitrary order

This section is concerned with tlgehypergeometric solutiogy of the recurrence

d
Yok - geri = fi, (5.1)
i=0

where fj, is a giveng-hypergeometric term, andy(n), A1(n), ..., Ag(n) € F[n] are given

polynomials, with additional restrictions tha§(n) andiq(n) are constants. Suppose that
there exists g-hypergeometric solutiogk of (5.1). Let p(n) andz (n) be as in4.2). From
(5.7 it follows that

Ok 1

f  d -1
YA - [T z(qin)
i=0 j=0
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and

Z Ai(Qn) - H T(qi*+n)

o) = r(n) =2 ~ '__ . (5.2)

> Ai(n) - H T(qin)
i=0

j=0

Let us exprese(n) and t(n) in terms of theirq-GP representations as id.4). The
following theorem can be easily checked.

Theorem 5.1. Supposethat 7(n) has a q-GPrepresentation asin (4.4). Then the rational
function on the right hand side of (5.2) has the following g-GP representation:

ZA @ - C(@"+tn)- H Aq!*tn) - H B(q!*n)
A(n) i=0 j =i
B(qdn) d . . .
'XE]M (n) - C('n) - ,1'[0 A@'n) - _H_ B(alm
|= J= J:I

(5.3)

By theuniqueness of thg-GP representation, we may comparedh@P representation
of p(n) in (4.4 and theq-GP representation irb(3) to obtain the following equations:
a(n) = A(n), b(n) = B(qn), and

Zx.m) ca'n - HA(qJn) HB(qu—c(n)

=0 j=i
It follows that

Zx.(n) c('n)- ]"[a(qln) 1"[b(qJ ~dn) =c). (5.4)

j=0 j=i

Thereforeg-hypergeometric solutions 05(1) are determined by polynomial solutions of
(5.4 as given by

d .
I1 b@™In)-Cn
Ok = ) k. (5.5)
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