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1 Introduction

In 1990, Chinea and Gonzalez [1] classified the almost contact metric manifolds into many classes. One of these classes
is Co—class whose geometry was studied by Rustanov et al. [2]. There is another important classes, for instance,
manifold of Kenmotsu type that satisfying the identity Vx (@)Y — Vgx(®@)®Y = —n(Y)PX, for any vector fields X,Y
and Cj;—manifold that were introduced and examined by Abass, Abood [3], [4], [S] and Abass, Al-Zamil [6]
respectively.

On the other hand, Abood and Mohammed focused on studying the geometric identities for projective curvature tensor
of nearly cosymplectic manifold [7] and they discussed the geometry of the pseudo projective tensor on the same manifold
that belongs to a class differ from the above mentioned classes [8].

Whereas, K. De and U. C. De [9] studied the ¢ —projectively flat and £ — projectively flat for connected 3—dimensional
trans-Sasakian manifolds. They also studied the semi-symmetric projective property of aforementioned manifolds. While,
Rustanov et al. [10] investigated the projective tensor and its invariants on almost C(A )—manifolds.

Raghuwanshi et al. [11] generalized the projective curvature tensor and discussed it on the manifold of para-Kenmotsu
structure. On the other side, there are many researches which are related to this article, such as [12], [13], [14].

Since the class of manifolds considered in this article is one of the most difficult to study and there few authors
studying it and according to the fact that the projective curvature tensor plays a very significant role in studying different
properties of Riemannian manifolds, then we shall discuss the projective curvature tensor on Co— manifolds. So, this
article is organized in four sections. After the introduction, section 2 is devoted to review the basic related definitions
and facts. In section 3, the components of projective tensor are determined in Cy—manifolds and according to those
components, the relationships among Einstein manifold, Co—manifold and flat projective tensor are investigated. The last
section is involved a new classification based on projective tensor.

2 Preliminaries

Let M be (2n+ 1)—dimensional manifold with n € Z*, V is Levi-Civita connection on M, and .Z" (M) is C=(M)—module
of smooth vector fields on M.

* Corresponding author e-mail: mohammed.abass @uobasrah.edu.iq
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Definition 1.[1] A quadruple (n,&,®,g) of tensor fields on M is called an almost contact metric (AC—) structure on
M, if i is a differential 1—form, & is a vector field named a characteristic vector field, ® is (1,1)—tensor field named a
structure endomorphism of the module X (M), and g = (-,-) is a Riemannian metric, such that the following satisfied:

DnE)=1; i)nod=0; iii)PE)=0; iv) P> =—id+n@E;

Additionally, a manifold M equipped with an AC—structure (1,&,®,g) is called an almost contact metric (AC—)
manifold.

Definition 2.[2] An AC—manifold M is called a Co—manifold if its AC—structure (1,&,®,g) satisfies the following
identity:

VX((p)Y = U(Y)V@(é - (d)X:VYg)g: for all X:Y € ‘Q’/(M)?
where V is Levi-Civita connection on M that defined by V(Y,X) = VyX.

Definition 3.[15] A Riemannian curvature (3,1)—tensor R on AC—manifold M is known as:
R(X,Y)Z=([Vx,Vy] - Vixy)Z,
forall XY, Z € & (M), where [A,B] =AoB— BoA.

The researchers can learn about the space of associated G—structure (AG—structure for short) from the references [10]
and [16], where in this space, the tensors @ and g of any AC—manifold are formulated by:

0 o0 0
(@)=(0v=1I, 0 (1
0 0 —/-11I,
1 ;o ifi=j=0
&ij=1 6 : ifi=band j=a,ori=dand j=b )
0 ; otherwise,

where I, is the identity matrix of rank n, i, j = 0,1,2,---,2n,a,b=1,2,--- ,n,d=a+n, and §; is Kronecker delta.

Proposition 1.[2] Let S = (1, &, P, g) be an AC—structure on a manifold M. Hence the next terms are equivalent:

1) M is an AC—manifold of class Cy; 2)B=C=E=G=0;

3) Fap = —Bap = —/—1@) ,; F* = —B® = /=190 . ; F* =F,p; Fop = Fyai F** = F", where B,C,D,E,F and G are
structure tensors defined as follow [5], [17], [18]:

BV, %)= —é{mv@@(@)(@?m + @0 Vgy (@) (DY) + D20 Vay (P) (DY) — D20V 4y (P)(@¥)};
C(V, %)= —é{—@ovq,z/z/ (®)(D*Y)+ PoVey (D) PV )+ P* 0 Vay (P)(P*F) + D0V gy (D) (D¥)}:
D(¥)= j—t{movmg,,(qs)g — 20?0 Vay (P)E — P o Ve (D) (DY) + D> o Ve (P)(D¥)}:
E(¥) = —3{®0 Vg, () + B0 Vay (®)5);

F() = 3 {0V g2, (@) — B0 Vary (®)5);
G=®oVe (D),

forall ¥V , % € 2 (M). Moreover, F® and F,;, are the components of tensor F, B®® and B, are the components of tensor
D, and dfif ; are components of V@ on AG-structure space.

Proposition 2.[2] Co—manifold coincide with the cosymplectic manifold if and only if F®* = F,, = 0 on the space of
associated G—structure.

©2026 YU
Deanship of Research and Graduate Studies, Yarmouk University, Irbid, Jordan.



JIMS 19, No. 2, 263-276 (2026) / 265

Theorem 1.[2] On Cy—manifold M, the components of Riemannian curvature (3,1)— tensor R are given in the following
formulas:

I.RY = FMF“” ; 2.RY, = —Fao: 3. R, .=—F, ¢
4R = A A FFpe ;S REy = 2Fyc Fpja,

and the other components are matching to zero, where [a|b|c] = 1 {abc — cba}.

Remark.[2] Note that:
a)R has the following properties:
L. Riju = Rys 2. —Rijic = Riju = —Rjirss 3. Rijir = Ryij;
4. Riju = Riz55 5. Riju + Rikij + Ritjk = 0 = Riji + Riiji + R jiit -
lad] _ rad
b = A =0.

The above indexes have the ranges i,j,k,l =0,1,2,....2n, and a,b,c,d =1,2,...,n. Moreover, 0 =0; d=a+n,
4= a, and F, F,;, ¢,A% are suitable smooth functions.

Remark.[2] The Ricci tensor r of an AC—manifold satisfies the relation r;; = —Rf-‘jk = rji- So, the components of Ricci
tensor on the space of AG—structure for Co—manifold are matching the following:

roo = —ZFGbea; ra0 = —F, b; Tab = Fapo; Ty :Agg- (&)

Definition 4.[10] The projective curvature (3,1)—tensor P on AC—manifold M is defined as follows:
1
PX,Y)Z=R(X,Y)Z—- %{r(Y,Z)X— r(X,Z)Y}, VXY, Ze X (M),

where r is the Ricci tensor of type (2, 0).

Proposition 3.[10] On AC—manifold M, the projective curvature (4,0)—tensor supported the following properties:
1) Pju=—Pjui 2) Pju+Puj+Pujp=0; 3)Pju=Py;

Definition 5.[2] An AC—manifold is said to be Einstein manifold if it satisfies the identity r;; = A g;j, where A is a constant.

3 Geometry of Projective Curvature Tensor

In this section, since the projective tensor P measures the deviation of Riemannian manifolds from being projectively flat
(P =0), then we shall determine the components of P and the conditions that make P = 0. Furthermore, since Einstein
manifolds have significant in Riemannian geometry, then we obtaining them from the discussion of P on Cy—manifolds
because P shows how the geometry of manifolds differ from spaces whose geodesics are straight lines.

Theorem 2.The components of projective curvature tensor on the space of AG—structure for Co—manifold M are given
by:
1.Poood = —ﬁ ods
2.Popod = 25 rpas
3Py = —Foc F4— 21,5
d.
4-Poped = —Fp
3.Pao0d = rad:'
6.P.o0i = FMFC + -84 roo;
7PGM FA+ ZHS“ roci
8-Fopeq = 2;1{6C rod — 84 roc}i
9p ) b0d = 7 3 ru0;
10.Papea = 2F[ Fipja):
11. Pbczf ZHSg Thes

1 1-
12.Pypeq = =285 1pq— 8 o}
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1 .
13.P 5 =Fb + 3-89 1y,

2n"a
14.P; ;= _(11435 + FYFoe) + 584 13,5
I5.Pjeg = —2:10 rpq— 8 rieh.

and the remaining components are zero or can be determined by Proposition 3.

Proof. The components of projective curvature (4,0)—tensor P on AC—manifold are provided in the following formula:

1
Pijii = Rijrt — =—{8&ik Tjt — it Tjk }- “
2n

This formula yields 81 components of P which are separated into the following collections on Cy—manifold:
(i) There are 15 main non-zero components of P that are taken indexes as follow:

{Poood> Povod s Fopods Fovcd: Faod> Paoods Paoed> Paoed> Pabods Pabeds Papeds Papéd> Pabods Pabeds Pabed }-

(ii) There are also 15 non-zero components of P which are the conjugates of components in item (i) above and they written
as:

{Pooosi> Poiod> Poioa: Poica» Paoods Paood Paoed Paocd s Pajogs Pabad> Paiea> Pabed» Pab0d » Pabéd , Pabed } -
(iii) There are 13 zero components of P that are indicated by the following:
{Poocd Pooeg» Pov0os Pobed s Popzgg> Pa0005 Pated s Pab00s Pabods Pabcos Pjons Papea } Y 1F0000} -

(iv) There are also 12 zero components of P which are the conjugates of first group collection in item (iii) above and they
described by:

{Poocd> Poocd> Posoos Pobed> Fobea> Pa000s Paoed» Paboos Pabod> Pabeos Pib00s Paped } -

(v) There is a collection that contains the component P, ;,,, and its conjugate P, ;. The elements of this collection can be
determined by using Proposition 3; items 2 and 3, respectively.

(vi) The following 12 components are determined by Proposition 3; item 1:

{Po0c0, Pobcos Powéos Pobéd s Pa0c0s Pa00s Paoéd s Pabio Pabéd s Pjyoys Paio> Paiea }-
(vii) The following 12 components are the conjugates of components in item (vi) above:

{Pooc0, Pobeo Pobco Fobeds Fa0e0 Faoct, Paocd Papeos Paped> Fabeo Pabcd, Pped }-

Hence the above collections of components for P on Cog—manifold can determined by substituted the values of R;j; and g;;
from Theorem 1 and equation (2) respectively in equation (4). So, the desired results of the present theorem are obtained
in the same way of the following chosen components:

1
Posod :R(}b()d—% {200 Tba — 80d Th0 },

1
= —Ropd0 — == Tbd»

2n
1
= Rpgo — %?’bd:
1 2n—1
= Fpa0 — 2 Tbd = nzn Tpd- from equation (3).
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1 .
PaOOa::Ra(}O&‘_ E {gaﬂ r(},f_ga&rﬂﬂ}:
1
= R{)mf(} + Eﬁg 00,
1
= RE&O + E S‘f oo,
1
= FocF™ + %5;3 T00-
1
Poped = Rajed = 5, 18ac Thi = 8ad The s
I ca
= Riucit 5% Ther
1
b d
= —Racd‘.—f— %5‘1 TE’C,
1
= —(Ab + FPFp)+ —80 ;.
2n
1
Poooo = Roooo — 5 {800 700 — 800 oo},
1
= —%{r‘m —rm} =0.
The component P, ;, , will be proved by using Proposition 3; item (2) as follows:
Pabod + Faoab + Fadbo = 0- S0, Fupog = —Fapab — Fadbo-
Since P,,,; belongs to the collection of non-zero components for P and it has quantity P, ; = F, db + 2'363 roq then from

Proposition 3; item (]1) v&;e get:
P o= —Puoi = —Hﬁa rqo0. Then

a

1 1
b b b
Pioa=—(Fpy +%6a fod)+§5a T40

b __ b
— Yad __Fda'

At the end, we shall calculate the component Py by using Proposition 3; item (1) as follow:
Pooco = —Poooc = —(Roooc — 3 {800 Toc — goc T00}) = 35 Toc-

Corollary 1.If M in Theorem 2 is of dimension 3, then the non-zero components of P will be appeared in the following
formulae:

1Po112 = —2Pyoo1 = —2Py012 = 2Py102 = rots
2)Pioo1 = —2P1112 = —2Py101 = — 1115
3)Po102 = Pi212 = 5(roo — ri2);

4)Piyn = —%rzo-

Proof.Since M is a Co—manifold of dimension3=2n+1,thenn=1.Hencea=b=c=d =1 (becausea,b,c,d=1,...,n)

and @=b = ¢ =d =2 (because @ = a+n= 1+ 1 = 2). Then the results of the present corollary are attained from Theorem
2 and equation (3) by changing the indexes into 1 and 2 according to the previous. So, equation (3) becomes:

1 Ll AT . 1 1
Fiy =-rn; F y=-rop: Ay=ri; nF =570

Then for example, item 14 in Theorem 2 becomes:

1 1 1 1
Pon=—AN+F i F+ 55111”21 =—(ri2— 5?‘00) tom= —5(?‘12 —r00)-

Theorem 3.If a Co—manifold M of dimension greater than 3 has flat projective curvature tensor, then M has flat Ricci
tensor (r = 0. That is, r;; = 0).

©2026 YU
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Proof.From Theorem 2, we have the following components:
1

Poooa = =5, Tod- (5)
Posod = —Fie F — 21,3}, ©)
Pa0d = —Tad- )
Poooi = FacF + % {87 roo}. ®)
sz—%{ag Toi— 08 The}. ©)

Since P is flat (P = 0), then P;jy = 0 for all i, j,k,I. So, from equations (5) and (7), we get rog = 0 and ryqg = 0,
respectively. Now, from equation (9), we obtain:
8 Fpdi— 6: ree = 0.
So, by contracting (a, c) in the above equation, we have:
O Tyi— 8 ra =0, thenwe get :
(n—1)r,;=0, and thisimplies that :
n=1orr,;=0.

If n =1, then 2n+ 1 = 3. This contradicts the hypothesis dim(M) = 2n+ 1 > 3. Then r,; = 0. Hence equation (6) gives:

Fpe F¥4=0. (10)
Thus equations (8) and (10) imply that ryop = 0. Then r;; =0 on M for all i, j and hence M has flat Ricci tensor.

Theorem 4.If Co—manifold M of dimension greater than 3 has flat projective curvature tensor, then M is cosymplectic
manifold.

Proof.Let P;ji; = 0 on M. According to the proof of Theorem 3 and exactly equation (10), we get:

FpoF =0,

FpF? =0, by contracting (b,d)
Y IF?=o0.
c.b

So, F¢* = 0 and F,. = 0. Then the result is valid from Proposition 2.
Corollary 2.If Co—manifold M of dimension greater than or equal to 5 has flat projective curvature tensor, then Agﬁ =0.

Proof.Let P;j; = 0 on M of dimension greater than or equal to 5. According to Theorem 3, M has flat Ricci tensor. Then
rij = 0 and so r; = 0. Thus, from equation (3), we have Aba — pba —
Theorem 5.Let M be a Cy—manifold of dimension 3. M has flat projective curvature tensor if and only if M is Einstein
manifold with A = —2|Fy;|> = All.
Proof.Assume M has flat tensor P, then P;j; = O for all i, j,k,I = 0,1,2. Then from Corollary 1, we obtain roo = ri2 and
rio = r11 = 0. According to the equation (3), we get:

—2|F]1|2 =-2Fn F =rop ="r12 ZAH.

So, Definition 5 and equation (2) imply that M is Einstein manifold with 2 = —2|F};|?> = A}}, because r;; = A g;; and if
we put i = j = 0 in the previous identity, then we have rgp = Agpo = A. Since M is 3-dimensional Cy—manifold, then
according to the proof of Corollary 1, we obtain the following:

;n. =Ty = —2F1|F” = —2F||m: |F|]|2.

Also, if weputi=1and j=1=2,thenr;y =Ag, =48] = 4. So, A =r;p =A}}]. Hence, A = —2|F|> = A}].
Conversely, let M be Einstein manifold with A = —2|Fj; |2 = AH Then we deduce from equation (3) that rop = 2
and ro1 = r11 = 0. So, ry0 = ro2 = For = 0. Then Corollary 1 gives P;ji; =0, for all i, j,k,I =0,1,2. Hence P is flat.

©2026 YU
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Theorem 6.If a Riemannian manifold M of dimension 2n + 1 satisfies the following property:
Pjrg + Priji+ Pikit =0,
then M is an Einstein manifold.

ProofLet Piji + Pyiji + Pjit = 0. Then from the fact R;jx + Riiji + R jxir = 0 and equation (4), we obtain:

1
—E{gm Tii— 8t Tik+ 8kj Tit — 8kt Tij + &ji Tt — 8 j1 T} = 0.

Thus, .
{gik rj1 — it Tjk + 8kj it — 8w Tij + &ji T — &t Twi } 8" = 0.

According to the following identities [19]:

gk 8 rj=(2n+1)rj; 8 &% ry =8 ry; 2ji 8% ry =85 ry
8it gik fjk=3}t s 8kl 2”‘ Fijzﬁf Tijs &1 3& i =Y&ji
where ¥ is a scalar curvature of the Riemannian manifold M, the above identity turns into the following:
2n+1)ry—y8u=0=ry= 21?1—?—;—1 8ji-
Hence M is Einstein manifold with A = 21?1—?—;—1'

Theorem 7.If M is Co—manifold with the property above in Theorem 6, then AS. = —2nF, . F.

Proof-From Theorem 6, M is an Einstein manifold with A = v

2n+1°
Then y gij = (2n+1) r;j forall i, j,k,l =0,1,...,2n.
If we make i = j = 0 once and i = a & j = b again in the last equation, then equation (3) implies that:
y=—2(2n+1)F,F"™, (11)
¥82 = (2n+1)Ak. (12)

Thus, the contracting of (a,b) in equation (12) gives the following:

_2n—|—1
=

A%, (13)

Making use of the equations (11) and (13) produced A% = —2nF,.F.

4 Projective Invariant Classes

Consider the following collections of functions:

P = {Poood, Pooo g }3 P2 = { Povod; Pojoi }s P3 = { Popods Posoa 3 P4 = { Popeds Pobea ts
Ps = {Py00d: Proo,i }: Ps = {Pgogs Pavod 3 P1 = { Py Paoea }: P8 = {Pgags Paved }
Py ={P 0+ Piioa } P10 = {Pabcds Pajeg s P11 = P> Pabea Vo P12 = {Popids Pabed 15
Pi3 = {Pj5-Pavoa }: P1a = { P4 Paved i P1s = {Pjzj> Pabed }»

which are defined tensors on the AC—manifold M. Such tensors are called the basic projective invariants of M, where
Py,Ps5,Ps are of type (1,1) and P>, P5, P;, P, Py, P13 are of type (2,1). Whereas, Py, Pig, P11, P12, P14, Py5 are of type (3,1).

Definition 6.An AC—manifold is named a manifold of class Py, if P = 0, where ® = 1,2,...,15.

Lemma LIf @ is the (1,1)—tensor of an AC—manifold M, IT = —}(®? + /—1®) and TI = 5(—®* + \/—1®), then
{(II(X)}Y =X%and {TI(X)} =X% Y X € 2 (M) and i = 0,a,a.

©2026 YU
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Proof.From equation (1), we have:

(II(X)} = —%{(@2 +V/—1d)X} = —% {@id] +V=T®}}X*; k=0,a,4,

:0—%{(\/—_1)2+(\/—_1)2}X“— %{(—\/—_1)2 — (V=1)*}x¢
=X“.

In the same way, we can prove that {I1(X)}’ = X

Theorem 8.The basic invariant tensors Py on AC—manifold M with AC—structure (1,&, ®@,g) are determined for o0 =
1,2,..., 15 by the following formulas:

Py(X) =P(§,X)§ + ®*o P(§,X)E;
Py(X,Y) = P(§,TT(X))TI(Y)+ %o P(§, IT(X))TI(Y) + P(&, TI(X))TI(Y) + & o P(§, TI(X))TI(Y);
Py(X,Y) = P(E,TI(X))IT(Y)+ @ o P(&,TI(X))II(Y) + P(&, TT(X))TI(Y) + & o P(E, IT(X))TI(Y);
Py(X,Y)Z = P(IT(X),TI(Y))[1(Z) + @ o P(IT(X ), TI(Y))II(Z) + P(TI(X), (Y ))TI(Z) + @ o P(TI(X ), I1(Y ) )TI(Z);

PS(X) = 3 {0 P(, ®X)E — 0 P(E, X)EN:

Py(X) = 3 {90 P(X,E) + Bo P(BX.E)E;

Py(X,Y) =TI oP(II(X),I1(Y))§ +ITo P(II(X),I1(Y))&;

B(X,Y)=TToP(II(X),II(Y))§ + Mo P(II(X),I1(Y))&:

Py(X,Y)=TToP(§,II(Y))II(X) +ToP(E,I1(Y))II(X);
Pyo(X,Y)Z =TT o P(IT(X),I1(Y))II(Z) + ITo P(TI(X ), T1(Y))II(Z);
Py (X,Y)Z=ToP(I1(X),TI(Y))I1(Z)+ Mo P(TI(X),I1(Y))II(Z);
Pa(X,Y)Z =T o P(TI(X),TI(Y))I1(Z) + ITo P(II(X ), I1(Y))II(Z);

Pi3(X,Y) =M oP(E,TI(X))I(Y)+ Mo P(E, IT(X))II(Y);
Pua(X,Y)Z=T o P(II(X),TI(Y))II(Z) + Mo P(TI(X),I1(Y))I1(Z);
Pis(X,Y)Z =T o P(TI(X),TI(Y))TI(Z) + [To P(IT(X), I1(Y))I1(Z),

forallX,Y,Z € & (M).

Proof:By using the facts £ = 0 = &% £° = 1 and equation (1), we obtain the following:

{P('J;:X)g}i :Pjﬂé‘iékﬂ = Pfjkigjgkxfz
— Poo0aX? + Py X% + PagoaX? + Py X% + P oo X+ PaooaX?.
{@?oP(EX)EY = D] DLPEE X" = BBl Poo X', 5,6=0,1,2,....2n
= —{Pa00aX? + Py X4 + P oo X + PaooaX“}.

Then {P(&,X)E 4+ ®? o P(E,X)E} = PyooaX? +POOOJXJ' Hence, the functions { Poood, Py} are components of the tensor
{P(E,X)E + ®* o P(E,X)E}, and therefore this tensor coincides with the tensor P;(X). So, the first equality is satisfied.

©2026 YU
Deanship of Research and Graduate Studies, Yarmouk University, Irbid, Jordan.



JIMS 19, No. 2, 263-276 (2026) / 271

Now, by using Lemma 1 and equation (1), we have the following:
{P(&,TI(X))T(Y)} = Pl {TI(Y) Y EH{TT(X)Y',
= PyodV P X+ PV P X9+ P Y PXA.
{@?oP(&, TIX)I(Y)} = /&Py {T1(Y) E{TT(X)Y,
— (P 0V X+ P,y VXY
{P(&,TI(X))I(Y)} = Pl {TI(V)EX{I(X)Y’,
— Py YPX9+ Py YEX4 4 Py VX
{@?oP(&, I(X))T(Y)} = &/ &Py {TI(Y)EH{TT(X)},
— (P VPX4+ Py YOX).
Then
Posod? " X% + Pyjo Y2 X9 = (P(E,TI(X))II(Y) + @ o P(E, TI(X))IT(Y)
+P(&,II(X))II(Y) + & o P(§, IT(X))TI(Y)}'.
Hence, the functions {F,,,;, Fyjo,)} are the components of the following tensor:
P&, TI(X)II(Y) +@? o P&, TI(X))IT(Y) + P(§, I1(X))TI(Y) + ®* o P(§, IT(X))TI(Y).
Therefore, this tensor coincides with the tensor P3(X,Y). Thus, the third equality is satisfied.
At this moment, when we prove the fifth equality for P5, we need to do the following:
{®oP(E,PX)EY = ‘I’fipjkigjgk‘f’:xsa
— PaooaX? + Py X4 — P X9 — PagoaX?.
{D*oP(E,X)E} = ‘I’;i‘f’;ﬁfkféjék)(‘!,

— —Pug0aX? — Py X9 — Py X4 — PigaX“.

Then §{®@ o P(E, PX)E — D20 P(E,X)EY = PipaX? +PMX‘5. Hence, the functions {P,004, P;g,} are the components
of the tensor §{® o P(&,PX)E — ®? o P(,X)E}, and this tensor coincides with the tensor Ps(X). Therefore, the fifth
equality is satisfied.

The proof of Py, based on the following:

{TTo P(IT(X), TI(Y))I1(Z)} = {TI(P(I1(X), [1(Y))I1(Z))}',
= {P(II(X),I1(Y))I1(2)}",
= j:u{ﬂ(x)}k{ﬂ(y)}I{H(Z)}j;
= PopeaXYZP.

{Io P(TI(X),TI(Y))TI(2)} = {I(P(TT(X),TI(Y))TI(2))},
= {P(II(X),I1(Y))I1(Z)}*,
= pj?“{ﬁ(x)}k{ﬁ(y)}f{ﬁ(z)}j?
— P Xy,

Th -
- {TTo P(I1(X),I1(Y))I1(Z) + T o P(TI(X ), TI(Y))TI(Z) }' = PapcaX Y Z" + Py ;XY Z".
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Hence, the functions { Pabed Pyj d’} are the components of the following tensor:
Mo P(II(X),I(Y))II(Z)+ I o P(II(X),II(Y))1(Z),
and this coincides with the tensor Pjo(X,Y)Z. To prove P14, we do the following:
{TTo P(TI(X),TI(Y))TI(Z)} = P,; ;X°Y9Z", and {ITo P(TI(X), [1(Y))IT(Z)} = PipcaX°Y¢Z?. Then
{(TTo P(IT(X), TI(Y))TI(Z) + IT o P(TI(X), II(Y )I1(Z) }} = P,5 jXY9Z> + PupcaX°¥42Z".
Hence, the functions {P; e d,Pabcd} are the components of the following tensor:
HoP(II(X),I(Y))I(Z)+ o P(II(X),II(Y))1(Z),

and this coincides with the tensor Pi4(X,Y)Z. The rest equalities in the present theorem can prove in the same manner
that presented above.

Corollary 3.Some of the basic invariant tensors in Theorem 8 can be written as follow:

—

P(#,%) =580 {P(é,tb?mdb%—P(&MJM}+%{P(é,dﬁm@%—P(é,m)m‘};

Ll o

Ps(%,%)=5*1’20{P(§,¢2%J¢2%+P(§?¢%J¢%}+1{P(€,¢2%)¢2%+P(§,¢%)¢%}:
Py, )5 = T'«p%{P(«pZ D2V D2V + P(D> W, V) DVs — P(PH, D43 D5+ P(DV, V) D> ¥4}
——{P(d’)z% D>V D5+ P(D> W, DY) DV — P(DV], D> ¥5)DY5 + P(DV], V5 D> V3 )
Pi(%, %) = —'@20{P(¢2V SH)E + DBV, DH)E} + 1 Do (PO, B)E — P(9H, $H)E):
R, %5) = -0 0 (P04, 7 5)E — P04, DH)E} + 3 Do (PO, DH)E + P(@F1, D H)E):
Py(%,7%3) = —‘1’2 {P(§, D)@ Vi + P(§, @5) D1} + 1‘I’O{P(é O5) DV — P(E, D°45) DN };
Pio(%1,%3) %5 = étb o {P(D* 11, D> 95)@* 3 — P(D° N, D%5) D3 — P(PV, D> 93) D3 — PPV, B¥5)D°¥3}
+é¢o{P(¢2%,¢)27{§)¢7{§ + P(D*H, @) D>V + P(D Y, D> 95) D> V5 — P(DV,, DV DY}
1

Pu(%4,5) Y3 = g @2 o {P(P* N, D2H5) D2 V5 + P(PPH, @3) BY5 — PPN, D2 45) DY5 + P(DV], §3) P ¥4}

+ éq:: o {P(D* 1, D> 95)DV5 — P(D> W, DY) P> V3 + P(DV, B> 45) D> ¥+ P(PV, @) D3}

Pio(%1,%5) %5 = éqﬂ o {P(P*H, D 95) D* V5 + P(D* 1, 95) D5+ P(DH, > 15) D5 — P(DV, DV5) D> ¥4}
+é¢o {P(D*N, D*H3)DYV; — P(D° V1, D95) D5 — P(DH, D 93) B> V5 — POV, D45 D3}
P41, %) = - 7o {P(E, 9 H) % — PE, @H) @} +,Bo (PE, OH) @5+ P(E, 492
Pia(%1,%3) %5 = éqﬂ o {P(D* K, D 95)D* V5 — P(D* ¥, D95) D5+ P(DH, O 15) D5 + P(D V], DV5) D> ¥4}
+ éq:: o {—P(P*H, D*95) DV — P(P*H1, DY) D5+ P(DH, D*95) D> #5 — P(DV;, DY) D3}
Pis(%, %)% = éd’z o {P(D91, 02 %3) @43 — P(D* 9, @93) DV3 — P(PV1, D93) D5 — P(PH1, D43) 943}
+ éq:: o {—P(P’W, D> 45DV — P(D* W, D) D> V5 — P(DV], B>H) D> V5 + P(DV, &) D5},

where 1, %, % € 2 (M).
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Proof:-We shall prove only P, and Pys, while the others can be proven in the same way. So, according to the definitions of
IT and IT in Lemma 1, P, appears as:

V=T V=1
2 2

= %{P(é, D) D15 +/—1P(E, D21 ) DV + —1P(E, DV ) D2V — P(E, DN D5 ).

P(ETIOANIN) = PE, S 0%+ L 0i) (5 2%+~ ah)

0 P(E, TI(H))T(%5) = 397 o [P(E, D)8 45+ v/ TP(E, 7 )05 + v TP(E, 21) 47 %
— P&, 9%)@%s}.
V-1 V-1

PETIONTI() = P&, 5 i+ YL aom) (e + Y Lam)

= %{P(ﬁ,tpz%)db%—\/Tlp(g,rpz'ﬁ)rwg—\/Tlp(g,cp'ﬁ)«p%—p(g,@mwa}_
20 P(E TIOH)TT() = &7 0 P(E, L6214 3 01)( S 7%+ S b%5),

= %dﬁzo{P(é,dﬁm@%— V=IP(E, @2 9)@ ¥ — V—1P(E,D%) D> ¥
—P(§,0%) D5}

Then

Py(%1,%3) = P(&,I1(M))I1(#3) + @ 0 P(§, T1(%)) I1(%) + P&, TI(%))IT(#) + % o P(§, TI(%))II(#2),

= %dﬁzo{P(é,dﬁm«b%—P(é,«p%)m} +%{P(é,fi’z'ﬁ)@%—P(§,¢'ﬁ)¢’¢’z}-

Now, Pjs appears as:

N — —1 V-1 —1 V-1 —1
Mo P(I(#), I(#))I(%) = {— @+~ — @} o P( *¥i + ~— @i, — %5
V=1 -1 V=1
+ @) (5 Pt

2 ®%3),

LGRS AL SR e RS AL

B %dﬁ (@R, BH)PY5 — Lo P(BH, 505) 5

V=1 1
- Tqﬁ o P(D*H, D5 D> Y3 — E%P(@%,M@)@%

- ]'—6¢2 o P(D*H, D5 DY5 + —"];'@op(tp?% D) D4
- —"1_61¢:2 o P(DY;, D> 95) D> 93 — %%P(@%,@%)@%

LS o P(DV], D*¥3)DY; + —v];]@oP(@'f/i , DY) DY

16
- %q&ﬂ o P(DV], DV5) D> 45 + —"];'@op(cp';'/, D) DY

V-1

+1—_6¢20P(¢%,¢1@)w§+1'—6¢:op(wfl,wfg)w§.
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-1 /=1, -~ —/=1 -1
ITo P(ITI(), I (%) )I1(¥3) = {7¢2+ 5P} OP(7¢2% +— ¢%,7¢2V2
—V—1 ~1 —/—1
+—5— ) (5 PN+ —— DY),
= %qﬁ o P(D*H, D*95) D> #5 + —"1_61¢ o P(D* 91, DX 5) D> #45
+ —”1_61:1::2 o P(P*H1, D> 45 DY — ]]_ﬁq_’; o P(D*¥, D> 95) D3
+ —”1_61:1::2 o P(PXV], DY) D Y5 — ]]_ﬁq_’; o P(DXH], D¥5) D>
Do P(@, 05) 0% — VLo P2, 05 0%
+ Y020 (@7, 915) 8% — o D8N, 679) 7%
1 2 - 2. - _\/T - 2 -
~ 1 O P(®H, B2 @F; — — Do P(DN], 97 43) Y5
— %@%P(ﬁf/,ﬂ@)«p?% — —"1_61¢op(¢‘1/,¢1/2)¢2¢g
V=1

— Tdﬂ oP(®H, D) DV + %Q‘JOP(@V DY) D4
So,
Pis(%, %)% = o P(II(#), II(#2))I1(¥3) + I o P(I1( %), I1(#2)) I1( %3),
= S B0 (DA, 95) 02 Fs — (D7, 0%5) 05
— P(DH, D> 95)DV; — P(DV;, DY) D> 45}
—|—é¢'o{—P(¢2'f’i,¢'27/2)¢'7/3 — P(D*H, @)D
— P(®W, D> H)D* V5 + P(DV1, DV5) D4}

Corollary 4.The identity Po(X,Y)Z = —Py(Y,X)Z satisfies for a =4,10,11, 12,14, 15. Moreover, the identity Po(X,Y) =
—Py(Y,X) satisfies for « =7,8, where XY, Z € 2 (M).

Proof.
Py(X,Y) =TToP(II(X),II(Y))& + ITo P(IT(X),II(Y))E,
= —TTo P(TI(Y),TI(X))& — ITo P(I1(Y), II(X))E,

=—{IToP(II(Y),II(X))& + o P(IT(Y),[1(X))E },
= —Py(Y,X).

In the same way, we can prove the rest identities of the invariant tensors Py and ot =4,7,10,11,12,14,15.

Theorem 9.Let M be a Co—manifold. If M is a manifold of classes Py and Py, then M is an Einstein manifold with
A =n"'A% = 2F, F.

Proof.Suppose that M is fall in both classes P; and Pj;. Then Definition 6 and Theorem 2 imply that ro, =0 & 1y, =0.
Moreover, Definition 5 and equation (3) produced A =n— ]Agg = —2F,.F?. Then the result attains.

Theorem 10.The Co—manifold belongs to class P iff it belongs to class Py.

Proof.Suppose that M is a Co—manifold. If M of class Py, then Theorem 2 gives —ﬁr.;)a- = 0. Hence rgq = 0. Now, since

roa =rq0 and b,d € {1,2,...,n} then rpo = 0. But Theorem 2 also shown that P,,; = »-{8%rs0 }. Hence P, =0 = P;,-
So, Py =0, and this means that M is a Cy—manifold of class Py.

Conversely, we can show that if M is a Co—manifold of class Py, then M of class P; by the same way that follower
above.
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Theorem 11.Let M be a Co—manifold of dimension equal or greater than 5. Then

1.the following statements are equivalent:
(a) M of class Py;
(b) M of class Py;
(c) M of class Py.
2.the following statements are equivalent:
(a) M of class Py;
(b) M of class Ps;
(c) M of class Py;
(d) M of class Ps.

ProofLet M be a Co—manifold of dimension 2n+ 1 with n > 2. We shall prove 1.(b) = (c) and 2.(a) = (d). The rest
cases can be proved in similar way.

For 1.(b) = (c), assume M of class P, then from Definition 6 and Theorem 2, we get §;r,; — 8%ros = 0. So, by contracting
(a, ), we obtain either n = 1, or ry; = 0. The case n = 1 contradicts our assumption n > 2. Then ros = 0 and this gives
ryo = 0. Thus, P, ; = 0, and according to Definition 6, we have M of class Py.

Now, for 2.(a) = (d), suppose M of class P». Then Definition 6 and Theorem 2 imply that rpg = 0. So, from Theorem 2,
we get P ;.- = 0. Hence, Definition 6 gives M of class Pjs.
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