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ABSTRACT
In this study, we calculated thc dipole ― dipole ― dipole dispersion

interaction cOemcicnt(the triple‐ dipolc dispersion interaction coemcient%み
`)fOrthrcc atonlic systeins Ofa single valcnce elcctron(H and alkali― metal atoms)in the

ground and flrst excitcd cnergy S‐ statcs, where this cOefncicnt enters in the
principle equation of the dispersion potential おr three atoms in hOmonuclear Or
hetronuclear systcms interactiOns.Furthcrmore,wc cOmputed the υαルr COCfRCicnt
by using thc approxiinate formula which is dcpcnds On thc static dipole

polaHzabilities α2(0)atソ =θ and thc dOminant dispersiOn forces cOcmcicnt O for

dipole一 dipolc illtcraction. Alkali atOms、verc described by using the frozen core
approximatiOn(FCA),where,we used thc dcve10pedね rmula ofthe model potcntial
、vhich is describing the motion Of thc valence clectrOn in the prcscncc Of a frOzcn

core . Our rcsults which were・ cvaluatcd by calculating thc effectivc transition

frcqucncics ω′and the effective oscillatOr strengths/,in a gOod agrcemcnt with the

imate values and comparable with the resurts of other researchers

TNTRODUCTION
The four fundamental forces known to physics strong,

electromagnetic, weak and gravitation are believed to explain utt
physical processes and structures observed in nature. In atoms and
molecules , electromagnetic force account for chemical bonds and
intermolecular interactions such as ionic and hydrogen bonds , also
these force is responsible for the long-range attractive interactions
between atoms and molecules . In the region where the retardation
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effects can be neglected,these are cOnectively known as van der Waals

forces, which are arise from inductiOn and Orientation effects. The

strength Of dispersiOn fOrces(van der waals)depends On the electHc

dipOle polarizabiliけ  Of the interacting atOms Or molecules , in Other
words,theseおrces increase with the polarizability Of interacting atOms

[].

Three different types of fOrces cOnstitute the van der Waals fOrce:

the induction

force between one permanent.and One induced dipOle, the orientatiOn

force between a pが r Of pttmanent dipoles,and the dispersbn fOrce
bet、″een a pair of instantaneous induced dipoles. Each of these fOrces

慟 暫 職 驚 鱗  ∬ 離 漱 錨
atom collisiOn prOcesses,which have applicatiOns t0 1aser c001ing and

罵 :諸 。l:智 型 靴 鮎 T『
Im.J・ ed叩∝dm pd鋼 』
power series in the inverses of the

internuclear separations R. The algebraic cOefflcient of each pOwer

combination in this series is a dispersion cOefflcient D].The dispersiOn

series  includes,  in additiOn tO the wen‐ known pair… interaction
coemcients c6, C8, and C10(whiCh resuL frOm second―

order
pe■ urba■on theoヮ ),a coemcient υtt rdated tO the electHc dipole
nlomentunl interactiOns among an three atOIlls. The υ。ゎ̀ cOefflcient
results from third¨ Order perturbation theory and describes the strength Of

the nOn additive, threc_atonl interaction, also , may be result by the

vanatiOnal method,Or by the classical Drude mOdel o,4]There is

great current interest in forming diatoFlliC mOlecules in cOld gases of

alkali llletal at0111s, by phOtOassociation spectroscOpy by magnetic

tuning through atOm― atom Feshbach resOnances and through 3-body
recombinatiOn I,5,6]The successful achievement of BOse_Einstein

condensation has triggered a large interest in interacting BOse gases

.One importance factor limiting the achievable density in BOse ―
Einstein cOndensates of trapped atoms is the loss Of atoms through 3-

body reconlbillatiOn.This prOcess provides a unique windo、 vs On three―
body dynanlic Of cOld atOrllsぅ ,711t  haS recently been showll that the
threc― bOdy recombinatiOn rate also depends not Only on the atOm―

atonl scattering length but on three― bOdy fbrces D]

The flrst investigations Of the triple― dipole interactiOn were by
Axilrod and Teller and byヽ 4uto in 1943.Axilrod and Tener give the
order Of lllagnitude of the constant υぁご and NIIuto estirllated its value
using a siinple atOrllic model.Axilrod later also employed a sirllplifled

atonlic model tO derive the constant υαみ̀,obtaining a value in agreement
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with that of Muto. Midzuno and Kihara used a variational method to
find an approximate expression for the coefficient o,u, in terms of the

reduced masses and polarizabilities of the three interacting atoms . Aub
and Zienau derived the three-bpdy interaction energy for three neutral
atoms by the methods of quantum electrodynamics. In the region in
which the distances between atoms is small compared to the
wavelengths corresponding to typical atomic excitations, their results
agree with those obtained by Axilrod (and also with those of Muto). A
compact expression for the u,r. coefficient (in terms of an integral over

tlre product of the dynarnic'atomic dipole polarizabilities of imaginary
frequencies) was established by Mclachlan The first accurate
evaluation of the u,,,,, coeffrcient was given by Chan and Dalgarno for
three hydrogen atoms in 1965 using a double integral representation for
the u,,u, coefficient p]

T H EORETICAL FORMULATIONS

In a Born-Oppenheimer picture , the electronic Hamiltonian of
the triple interacting atoms is given by Pl:

H = Hr + H, + Hr+V,, +Vr, +Vr, .(l)

where H.1 , for j+,2,3, is the Hamiltonian of the 7 
th atom and Vii for

i+,2,3 , j*,2,1 is the Coulomb interac tion between the atomic charge
distributions of the i tr' and jtl' atoms. The eigenvalue of the equation (l)
as a function of the internuclear distances which is represent the
potential energy describing the interactions among the three atoms. We
are concerned with the long-range behavior of the dispersion potential ,
for the case in which, in the dissociation limit, the atoms are in their
ground state. Thus, in this limit, the eigenvalue problem may be solved
using perturbation theory, where the unperturbed state is described by
the sum of the atomic Hamiltonians, (i.e. H1,H2,Hj), and the
perturbation by the sum of the Coulomb interactions between the atomic
charge distributions. The perturbation parameters are proportional to the
inverses of the internuclear distances.

The long-range part of the interaction between three atoms is not
exactly equal to the interaction energies taken in pairs. There is a
nonadditive term which comes from the third - order perturbation
theory . The leading term in the expression energy of the triple -atoms
system are pl:
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where cどみ,c:わ ,CI″ the diSpersiOn fOrces coefflcients fOr the interaction

[dipole -dipole),(dipole - quadrupole) and (dipole―ヽ一r― ^―    ―^r▼ ^ヤノ,ヽ ~ムrV`ν        Чい“… uyv■レノ   0■■u   、ulPU■ 5   …
octupole)“ uadrupole ― quadrupole)]respectivelyo   cOs4′ , COS θみ and
cos9, are the internal angles of the triangle formed by ,ou ,16, &fld
respectively , q,r, iS the triple-dipole dispersion coefficient defined

らた一千

B]:

9めc =夕
iα
ダ(ノ )ク)αf(九ッ)αj(′W)グレツ

千―子―十生t*夢型費 ・。)

％
ｂｙ

。
(3)

where α」(メ lッ),α」(ハイ′)αηグα」(加)are the dynamic dipole polarizabilities at
inlaginaly frequencies fOr three interacting systems α′b′  and c
respectively.

Our study includes an.alkali ― metal atoms , therefore , in
mul● electron ttomic systetts,the problem is very complex because of

the potential energy changes when we take into accOunt the effect of

other electrons in atom . ]By using the approxirnation methods in

quantum mechanic such as Frozen Core Appro対 mation(FCA),whiCh
leads to transfornling the rnultielectron system to single electron system

oWhere, 、ve ignore the effect of all orbits in atom except that which
involves the valence electron.   In Frozen Core ApproxiFllation

(FCA),the atOms are treated as a hydrogenic system and can be
described by a single valence electron,the core acts as unit monopole

.The Frozen Core Appro対 mation(FCA)is appliCable to all wave
hnc● ons calculations P]

For alkaH― metal atoms ,the approxiination can be made from
takillg explicitly into account only the valence electron contribution .

That, can be done by introduCing a mOdel potential describing the

motion ofthe valence electrbn in the presence of frozen core 10].ThiS

model potential developed by  卜項arinescu , Sadeghpour ,et. al. o]

,、vhich is depend on the orbital angular momentum ′ of the valence
electron,and given as:

40=―ザーケ[―♂‐FI …④
where α

` is the static dipole polarizability of the positive ion core,″ `,is
the cutOff radius ,  z/(r)iS the radial charge given in detail in the

reference o].

Al― Samer and Easa?]uSed the above formula ofthc potential to

describe the radial 、vave functions for single valence electron
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atoms(alkali - metal atoms), where they have been used Numerov
method to calculate these furictions numerically p]The radial wave
firnctions is useful to evaluate the dynamic dipole polarizabiLities at
irnaginary frequencies for ground and excited .n.rgy states.

In this study , we concerned to derive special expression for the
dynamic dipole polarizability a,(iw)from the generalized formula of the
dynamic multipole polarizability ar,0u) (i.e. L*),where L degree of
polarity .The value of the multipole polarizabihty ar,(w) was obtained
by analytically from a very precise variational calculation in terms of a
set of 1/ effective transition frequencies w, &nd 1/ effective oscillator
strengths/ [1]:

u,,(rv)=L,i , .(5)

where lr a.nofr' ," in. ,r,r;; of the variationar constants in rhe
variational function (in our itroy lrs ) . Equation (5) allow us to find
the effective transition frequencies ,, ,*hi.h represents the singular
points at multipole polarizability, where ,the transition process oi the
dipole polarizabiliy require to an infinity value for polariiation (i.e. the
perturbed function approach to infinity). Then ,the computer program
was designed to solve the matrix equation for the dynamic olpote
polarizability, hereby, we computed five values of the effective
transition frequencieS wi .

The final equation can be used to evaluate the corresponding
values of the effective oscillator strengths I which represents the
residuals at the singular points for the dynamic multipole poiarizabilities
, there is another program used to find these parameters ,where :

.ズん="町 0ツ;―″2)αメ6の …(6)

In this study , w€ interested to calculate the triple-dipole
dispersion coefficient ,nn" which is given in equation (3) ior single
valence electron atomic systems, by substituting equation (5) for (L+)
in equation(3) , we get :

uuh,=lZ:2f,1',yr\$LtF' ,?j o ;lw;,+@ 
(7)

But, by using the following integral representation p]:

(b+α )(C tt α)+ (α +b)(θ +b)十 (a+c)(b+c)

62

=1lIRc(,」
i万)Rc(フピ与万)Rc( ε― ′″ )あ

ツ



Triple - Dipole Dispersion Coefficient for H and Alkali Atoms in Ground and Excited S-State
Majid and Haider

. (8)
where

R"r ' ): u

\a-iw) (a2 +u,)y

Finally, from the above mathematics substitutions ,we found the
expression of the triple - dipole dispersion coefficient uoo, interm of the
calculated values of the effective transition frequencies w; and the
effective oscillator strengthsf .:

嚇=〕不平不
this expression used in our numericar computations (for ij,k, s) .

Midzuno and Kihara derived the approximate expression for the
atomic triple-dipole dispersion coefficient u,r. which d-epends directly
on the static dipole polarizabiliq, ar(O) and the dominant dispersion
coefficient (for dipole - dipole ihteraction) co .For the case of the three
similar atoms,they obtain 2}

‰̀=れOa

and,in the general case Ofthe three different atoms:

…(9)

。(10)

221220(21+ω2+2)
υ′めc=
(21+02)(22+23)(23+gl)

、vhere:

2=       Cξ

…(12)

In the abovc fOrmulas, we used the results of the previous

calclllations Of static dipolc polarizabilities α2(0)and dipole― dip01e
dispersion fOrces cOefflcient o which were presented by Al… samer and
Easa 2],and the obtained results of the υαbc cOefflcient were used fOr
comparing with the results aむ hieved numerically in our work.
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RESULTS AND DISCUSSION
In this work, we interested to calculate the triple - dipole

dispersion coefficient D,,u,. for the interaction of three atoms in single
valence electron (H and Alkali -metal atoms). The u,o,coefficient which
is given by Eq. (9) consists primarily calculation of the effective
transition frequencies w; zrrd effective oscillator strengthsl .This study
includes the ground and first excited s-state for all possible systems
combinations .

Table(1) represents the calculated values of the u,,0,. coeffrcient
for three homonuclear systems (identical atoms) in the ground and first
excited S-state .Our results were compared with others such as

Marinescu M. et. al. Pl, ilh Z.C. et. al. pland Khalaf S.K.[2]for
ground state interactions. Firstly , the calculations have been tested
numerically by comparing our results for the interaction of three H-
atoms with the results of Refs. B,l2) We found that the Dob,

coefficient was equal to 21.64253 , which is in excellent agreement
with the value 2l .64246 and 2l .64243 of Refs.p,l2lrespectively .

Table-l:The Values of D,,r, for Homonuclear Interactions-Ground & First
Excited S-State

Homonuclear - Ground State

Interactions Present Work Previous Work ApprO対轟‐atOVallesl

H― H¨II 21.64253
21.64246国

21.93416
21.6424312]

Li― Li― Li 125519.16357
1701002]

125512.16918
17059512]

Na-Na-Na 216620.21692 1758002] 16631.52920

K― K‐K 1323660.8603 8375002] 323893.8600

Rb― Rb-1ミb 2116409.5607 10600002] 116041.9452

Cs―Cs― Cs 4708879.4155 19100002] 712792.7057

flomonuclear - First S-Excited State

H―H―H l.06485E7 1.06547E7

Li― Li―Li 1.94492E9 1.92853E9

Na-Na-Na 2.83240E9 2.83346E9

K― K‐K 9.25260E9 9.25949E9

Rb―Rb―Rb l.2784E10 1.2769E10

Cs―Cs―Cs 2.1677E10 2.1737E10
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Furthermore, this table invorves our calculations of the Dob,

coefficient (Approximate values) which were evaluated by using
approximate formulas giving by Midzuno and Kihara ,as mentioned in
detail by Ref. p]. These formulas de pend upon the values of the static
dipole polarizabilities a.(0) and the dominant dispersion forces
coefficient C6 fot atom-atom interaction ,we used the results obtained
previously by Al-Samer and Easal2)as an input data.

Table (l) , shows that our results for alkali - metal atoms were
comparable with those results of Refs.p, l2)but its far from the results
of these references in the case of increasing the atomic number Z , this
appears especially in high alkali metal - atoms (K,Rb and cs). The
contpatibility between our numerical results and the approximate values
(accurate values) denotes to the accuracy in our numerical calculations
of the effective transition frequencieS ld; &rd the effective oscillator
strengths/, consequently ,that , gives an accurate values of the dynamic
dipole polarizabilities a,1u,,;. Also, this refers to that the model potential
which was developed by Marbnicu M. et.al. p]was very suitable to
describe the behavior of the single valence .l.rt.o., in alkali - metal
atoms, and ,this insures to give high accuracy in the evaluation of the
wave functions .

Table (2) includes the values of the Dob" coefficient for
hetronuclear systems interactions in ground state ,and we took into
account all possible combinations .These results are compared with
others, such as Refs.p,8,l2] were it appear in a very good agreement
for (H - H - Li), (H - Li - Li), (Li - Li - all other alkali atoms) and
(Na - Na - Li) combinations . The contrast increased for K,Rb and cs
combinations gradually. This difference in our results with respect to
the results of Ref. p] due to th e difference in the approximation
methods which were used to describe the alkali - metal uio*r, where
,we used frozen core approximation (FCA) in this study.

our results in table (3) were compared with the approximate
values for hetronuclear systems interactions , and give, a good
agreement for all possible combinations we note that there ir un
excess in the values of the o,,u,. coeffrcient comparing with the ground
state interactions. This appears expricitly in (H - H - Li) ,(Li - Li -
other atoms) , (Na - Na - other alkali atoms except cs) , (Li - Na - K)
and (Li - Na - Rb) combinations , whereas , all other combinations
have a numerical values less than the corresponding ground state
interactions as given in table (2). This is unlike the general behavior for
the long - range dispersion coefficients for two - atoms interaction C6,
Cs and c16 ,as mentioned in previous studies presented by Al-samer
et.al. and Marenscu et.al.in Ref. p ,10]respectively, where ,they proved
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that the values of ground state interactions were less than the excited
state values in all cases .

we conclude that the numericar values of the triple - dipole
dispersion coefficient uoo, depend strongly on the accuracy in the
calculations of the dynamic dipole polarizabilities ar(iwl. Also the triple
- dipole dispersion coefficient uno, measures the strength of the non -
additive part of the long - range three atoms interaction . In all cases,
we have compared our present results for the Dob, coefficient with
results which were computed from the approximate formulas .There is
excellent agreement for all combinations of atoms . we conclude that
the approximate formulas give reliable results when we use an accurate
input data. The values in table (l), (2) and (3) indicates that such three
atoms non-additive dipole interaction effects are comparable in
magnitude to those of the twb atoms interaction effects.
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Table-2:The values of D,o, for Hetronucrear Interactions-Ground state

-1.‐
r― C‐‐Oundlstatt

Interactions IPrllentl、″ork Pre,,ols‐‐WO'k AIoprl=1●at●lv,1111

H― H―Li 269.22889 275.9798]
269.50630

263.29912]

Li― Li¨H 5277.5005 6133.5008]
5277.48019

4586.32012]
Li― Li¨Na |.50319E9 1.716E921 1.50251E9
Li― Li―K 2.66570E9 2.884E921 2.66459E9
Li― Li―Rb 3.07330E9 3.H6E92] 3.07167E9
Li… Li―Cs 3.88978E9 3.768E92] 3.88863E9
Na― Na―Li 1.80311E9 l.735E92] 1.80270E9
Na― Na― k 3.88508 E9 2.928E92] 3.88487E9
Na― Na―Rb 4.49226E9 3.161E921 4.49165E9
Na― Na―Cs 5.71456E9 3.808E92] 5.71516E9
K‐ K―Li 5.86070E9 4.908E92] .85961E9
K‐ K―Na 7.11129E9 4.929E92] 11126E9
K‐ K―Rb 15.4588E9 9.057E921 15.4575E9
K― K…Cs 20,0147E9 ll.00E92] 19.5653E9
Itb‐ Rb― Li 7.91545E9 5.735E921 7.91242E9
Rb―Rb―Na 9.62636E9 5.756E92] 9.62441 E9
Itb―Rb―K 18.0770E9 9.796E921 18.0739E9
Rb―Rb―Cs 27.5235E9 12.88E921 27.5249E9
Cs―Cs― Li 13.1427E9 8.442E92] 12.7064E9
Cs‐Cs―Na 16.0421 E9 8.447E92] 15.4463E9
Cs‐ Cs―K 30.5667E9 14.48E921 28.93901E9
Cs― Cs…Rb 35。9355E9 15.67E921 33.8557E9

|¨ Ⅲ ‐‐iC―
・
undlStatl

Li― Na―K 3.21616E9 2.904E92] .21548E9
Li― Na―Rb 3.71365E9 3.136E92] .71228E9
Li― Na… Cs 4.71227E9 3.785E92] .71334E9
Li― K―Rb 6.80570E9 5,305E921 .80374E9
Li― K―Cs 8.72315E9 6.429E92] .52510E9
Li― Rb‐Cs 10.1739E9 6.925E92] 0.0262E9
Na― K…Rb 8.26761E9 5.327E921 .26672E9
Na―K―Cs 10.6185E9 6.444E92] 0.4764E9
Na―Rb―Cs 12.3968E9 6。 967E22] 2.1920E9
K―Rb―Cs 23.4578E9 11.90E92] 2.8690E9

Triplc― Dipole DispersiOn COefncicntfbr H and AlkaH Atoms in Ground and Excited s‐
state

Mttid and Haider

Thus, in other words , tfue contribution of the o,u" coefficient may
be comparable to the contribution of the pair - interaction dispersion
coefficients c6,osand c16, so , our resurts shows that three - body
effects may not be neglected in the description of the long - range
potential interaction among three alkali - metal atoms.
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と,がで for HじtrOnuclear lnteractiOns ― First]Excited S_

Hetronuclear - First Excited S-State

-'.1

Inte'ractions Present Work Previous Work Approiinlatこ |ヤalueζ
H― H¨ Li 5.12928E7 5.12105E7
Li― Li― H 2.99076 E8 2.97708E8
Li― Li―Na 2.20268E9 2.19028E9
Li¨ Li―K 3.22568E9 3.20659E9
Li― Li‐Rb 3.57020E9 3.54650E9
Li‐ Li―Cs 4.20168E9 4.17788E9
Na―Na―Li 2.49674E9 2.49002E9
Na― Na―k 4.16976E9 4.17164E9
Na― Na‐Rb 4.62177E9 4.62094E9
Na― Na―Cs 5.45242E9 5.45782E9
K― K―Li 5.42917E9 5.41391E9
K‐ K―Na 6.18899E9 6.19259E9
K‐ K―Rb 10.2996E9 10.3007E9
K¨ K‐Cs 12.2391E9 12.2559E9
Rb¨Rb― Li 6.69645E9 6.66867E9
Rb―Rb― Na 7.64298E9 7.63774E9
Rb―Rb…K ll.4716E9 11.4655E9
Rb― Rb…Cs 15.2204E9 15.2219E9
Cs― Cs― Li 9.41095E9 9.39401E9
Cs-Cs-Na 10.7622E9 10.7818E9
Cs― Cs―K 16.2572E9 16.2905E9
Cs¨ Cs―Rb 18.1502E9 18.1759E9
HOtrontlclear… First Excited S― State

Li― Na¨ K 3.66614E9 3.65592E9
Li¨Nを l―Rb 4.06069E9 4.04664E9
Li‐ Na―Cs 4.78481 E9 4.77340E9
Li― K―Rb 6.02762E9 6.00666E9
Li― K―Cs 7.13078E9 7.1141l E9
Li― Rb―Cs 7.93091E9 7.90714E9
Na―K―Rb 6.87547E9 6.87513E9
Na―K‐Cs 8.14234E9 8.15190E9
Na―Rb―Cs 9.06109E9 9.06604E9
K¨Itb―Cs 13.6450E9 13.6551E9
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