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In this article, we determine the necessary and sufficient condition that
makes Cg @ C;,-manifold classified as almost C(k)-manifold. We
discover Cs @ C;,-manifold belongs to the class CR, and then to the
class CR3; because CR, c CR3, however, this manifold does not
belong to the class CR; unless its dimension is 3, or it rounds to Cy,-
manifold. We obtain the basic condition that makes Cs @ C;,-
manifold has pointwise constant ®-holomorphic sectional curvature
(pointwise constant ~ ®HS-curvature). Moreover, we get the
components of the concircular curvature tensor on the G-structure
adjoined space (GSA-space) of C5 @ C;,-manifold. Also, we conclude
that both Cs5 @ C;,-manifold of class CC; and the concircularly flat
Cs @D C;p-manifold has scalar curvature s = —2n(2n + 1)a?.
Finally, we find a specific relationship between an Einstein manifold

and a concircularly flat Cs @ C;,-manifold.
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1. Introduction

The study of the concircular curvature tensor is an intriguing area within differential
geometry, particularly in the context of almost contact metric manifolds. This tensor serves as a
measure of the deviation of a manifold from being a space of constant curvature. It plays a crucial
role in understanding the geometric properties and classifications of various types of manifolds. In
1940, Yano [1] proposed and defined the concircular curvature tensor of type (3,1) on a
Riemannian manifold of dimension n. This tensor is defined in terms of the Riemannian curvature
tensor, the scalar curvature, and the metric tensor. The concircular curvature tensor remains
invariant under concircular transformations between Riemannian manifolds, where the concircular
transformation preserves geodesic circles. Moreover, its importance lies in measuring whether the
Riemannian manifold possesses a constant curvature or not. On the other hand, the concircular
curvature tensor has physical application in gravity theories, especially in those involving perfect

fluids.

On the other hand, Janssens and Vanhecke [2] presented the concept of almost C(k)-
manifolds, where x is a real number. In 2011, Kharitonova [3] established the conditions that make
an almost contact metric manifold classified as an almost C(x)-manifold on a G-structure adjoined
space. Also, she established the validity of contact analogs of the second and third Gray’s curvature
identities on almost C(k)-manifolds. In 2013, Akbar and Sarkar [4] characterized specific
curvature conditions for conharmonic and concircular curvature tensors on an almost C(k)-

manifold. Also, they studied concircularly flat and &-concircularly flat on almost C(x)-manifolds.

An important study in the field of almost contact metric manifolds focuses on a specific
class of manifolds. This class can be considered as a direct sum of many irreducible classes, which
were first defined by Chinea and Gonzalez [5]. In 2017, de Candia and Falcitelli [6] established
general properties of the slant submanifolds of Cs €@ C;,-manifold that have special almost
Hermitian structures. In 2019, de Candia and Falcitelli [7] investigated the curvature properties of
Cs @ C;,-manifold. They also described some local classification of Cs @ C;,-manifold that
satisfied the N(k)-nullity condition in dimension 2n + 1 > 5. In 2021, de Candia and Falcitelli [§8]
derive conditions under which the codimension of a slant submanifold of an almost contact metric

manifold belonging to the class C5 @ C;, can be reduced.
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In 2024, Rustanov and Kharitonova [9] studied nearly trans-Sasakian manifolds with
constant holomorphic sectional curvature. They demonstrated that a harmonic nearly trans-
Sasakian Einstein manifold possesses non-positive scalar curvature. Furthermore, in the specific
case of zero scalar curvature, such a manifold is locally equivalent to the product of a Ricci-flat

nearly Kédhlerian manifold and the real line.

Therefore, our study mixes the results mentioned above. That is, we give the relationships
among the class Cs @ C;,, almost C(k) — class, and contact analogs of Gray's classes CR;, CR,
and CR; on GSA-space. Also, we discuss the required condition that makes the Cs @ C;,-
manifold has pointwise constant ®- holomorphic sectional curvature, where these concepts are
general formulations of constant curvature. However, we determine the components of the
concircular curvature tensor on GSA-space, and determine the conditions that make Cs @ C;,-

manifold concircularly flat.
2. Preliminaries

We use the symbols M?"*1 g and V to refer a (2n + 1)-dimensional smooth manifold M, a
Riemannian metric, and a Levi-Civita connection (Riemannian connection), respectively.
Additionally, let X(M) be the module of smooth vector fields over M?2*1 and d is the exterior
differentiation operator on M?"+1,

Definition 2.1. [10] Let (M2"*1, g) be stand for a Riemannian manifold. The triple (§ 1, ®) with
the Riemannian manifold forms an almost contact metric (AC-)manifold, if € is a characteristic

vector field, n is its dual form, and ® is an endomorphism of the module X(M), and the following

items hold:
L. @) =0,
2.1 =1,
3. n(@U) =0,
4. ©*(U) = —U +n(U)g,
5. g(®U,dV) = g(U,V) —n(U)n(V); for all U,V € X(M).

Moreover, the structure (g, &, n, @) is called an almost contact metric structure (AC-structure).

For an orthonormal basis {§, X, ..., Xp, X3, ..., X5} of X(M), we define an A-frame for m €
M, as (;E, €y, ..., €, €7, v, €5), Where €, = V2 U(X,), €5 =vV2 T(X,), (= %(id —V=19);

773



Abdulaali & Abass Bas ] Sci 43(3) (2025) 771-783

Z =%(id+v—1<b). Throughout the whole work we take 1i,j,k,1=0,1,...,2n, and take

a,b,c,dh=1,..,n Alsoset a=a+n, 0= 0, and 4 = a. The set of all such A-frames above

M2r1+1

determines an GSA-space on , whose structure group is the Lie group U(n) X {1} (see

[11]).

On the GSA-space, g and @ have the following values [12]:

1 ¢ 0 i 0 o+ 0 0
(g)=|0 ¢ 0 : Li|; (e)=[0 : v=1I, : o | M
0 : I, ¢ 0 0 0 P =11,

where [, is n X n identity matrix.
Kirichenko defined six tensors on AC-manifolds represented by the symbols B, C, D, E, F and
G as shown in [11]. In particular, G = ® o V¢(P)§. Kirichenko discovered G has non-zero
components defined by the following formulas:
C? = —V=193; C, =V-1d3,.
The characteristics identity for C5 @ C;,-manifold M2"*1, with AC-structure (g, §, 1, ®) was
defined by de Candia and Falcitelli [7], as follows:
(Vy@)V = afg(PU, V)§ — n(V)@U}
MW D(VeE) + g(Veg, @V)E}, VU,V € X(M); (2)
Where a = — i—z, 0 is the codifferential operator.
The identity in equation (2) is equivalent to a system of equations on GSA-space, which is
given by [13]:
D}y = a(gm®R8h — 1y PL) — M PIG + ;G'8Y),
where Q is a skew-symmetric tensor of type (2, 0) defined by Q(U,V) = g(U,®dV); VU, VE
¥(M), and G! is the components of the tensor G.
Theorem 2.1. [13] If M?"*1 is an AC-manifold of class Cs @ C,,, then its first group of structure
equations is formulated by:
1. dw? = 02 A P — aw? Aw ;
2. dw, = 02 A wp, — aw, Aw ;

3. dw = Cow A w° + CPw A wy,
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where 0 is the 1-form of V, and {w, w},..., ®?"} is the dual A-frame on M27+1,
Theorem 2.2. [13] If M?™*! is an AC-manifold of class Cs @ C;,, then its second group of

structure equations is formulated as follows:
1. dCy = 0! + Cppo™ + Cplop + Chow ;
2. dCP = —CPeP + CPPwy, + CPLo™ + CPOw ;
3..d62 = —03 A B! + AN WM Awg + A2 oM Aw + A0 Aw;

4. do = agw? + alwg + ayw,

where A% = AP = A% o = AP = €y = €M = 0. Also " = €, and for n > 1, we
have a9 = aC% and ag = aCy. Any index has a range from 1 to n.

Theorem 2.3. [13] On the GSA-space, the Riemannian curvature tensor has the following
components on Cg @ C;,-manifolds:
1. R3,, = C3 — C3C, — 82a, — 83a? ;
. R 5= —8%4;
. R§;o = C?¢ —CaC°®;

2

3

4. Roca = —268[c0q) ;
5. Rico = Apco — a82Cy ;
6. R%,o = A2 + a85C?
7

a _ pad 2gasd
bed — bc—a 8C8b'

— 2 b .
8. Rf.4 = —2a 6[c0q 5
— b]
9. R}, = 2aCl38. ;
the remaining components are either zero, determined by symmetry, or can be found using the
conjugates of the given components.
Definition 2.2. [3] An AC-manifold M2"*1 with AC-structure (g, &1, ®) is called an almost C(k)-

manifold, if the following relation holds:

g(RZW)V,U) = g(R(PZ W)V, U) — x{g(U,W)g(V,Z) — g(U,Z)g(V, W)
—g(U, ®W)g(V, ®Z) + g(U, ®Z)g(V, PW)},

where U,V,Z, W € X(M), and k is a real number.
Theorem 2.4. [3] An AC-manifold M?"*1 is almost C(k)-manifold if and only if the following
relations hold:

R: =83, R3,, =x8), R? jis arbitrary. Moreover, the Binachi identity given by:
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24— Rig=—xk824, where 823 = 8385 — 8360, and other Riemannian curvature tensor
components are zero.
Definition 2.3. [14] An AC-manifold M2"*? with AC-structure (g, & 1, ®) and the Riemannian
curvature tensor R is said to be
1. of class CRy if g(R(PU, DV)DW, dZ) = g(R(P2U, d2V)dW, DZ);
2. ofclass CR, if
g(R(®V, dW)PZ, dU) = g(R(P2V, D2W)DZ, ®U) + g(R(DP2V, DW)D2Z, dU)
+g(R(D2V, DW)DZ, d2U);
3. of class CR; if g(R(®U, ®V)PW,dZ) = g(R(P?U, D2V)D2W, d?7),
forevery U,V,Z, W € X(M).
Lemma 2.1. [14] The equivalent conditions of Definition 2.3 on GSA-space are formulated in the
following:
CR; < Rabed = Rabed = Rapeq = 05
CR; < Rabed = Rabea = 0;
CR; © Rjpeq = 0.

Definition 2.4. [15] Let M?"*1 be an AC-manifold with AC-structure (g &1, ®). A -
holomorphic sectional (®PHS-)curvature H of M in the direction of U (U +0; Ue ker(n)) is

defined by:

g(R(U,®U)U,®U)
g(u,u)? ’

H(U) =
where R is the Riemannian curvature tensor of M2+ Moreover, it say that M2"*? has a pointwise
constant ®HS-curvature if H(U) =y, where y is a smooth function on M and does not depend
on U.

Theorem 2.5. [15] An AC-manifold M?"*1 has a pointwise constant ®HS-curvature if and only

if, on GSA-space, the following relation holds:

(@ d) _ Y zad
Ribey = 3%

where Sﬁccl = 828¢ + 8‘388 and (..) represents the symmetric operator involving the specified
indices, that is T(p) = % {Top + Tpa }-

Definition 2.5. [16] A (4, 0)-concircular curvature tensor on an AC-manifold M2"*1 is defined

by:

S

nzni B 2)g(V, W) — g(U, W)g(V, Z)},

L(U,V,Z,W) = R(U,V,Z, W) —
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forall U,V,Z, W € X(M), where s is the scalar curvature.

The concircular tensor in Definition 2.5, has components for any AC-manifold as follows [17]:

Liji = Rijra — 2n(2n+1) TnooneT 8ik8jl ~ 8ilgjk}- 3)
Definition 2.6. [17] An AC-manifold M2"*1 is said to be concircularly flat if Lijii = 0; for all
ij,k,1=0,1,...,2n.
Theorem 2.6. [13] The components of the Ricci tensor r for the class Cs @ C;, on GSA-space
are given by:

1. roo = 2(C?, — C3C,) — 2n(ag + o?);

2. Ty = Agbo —naC, — (n — Day;

3. Tap = Cpa — CpCy;

4. rap, = C?, — C?Cp — ap 8 + A2} — 2na®8y;
the remaining components are determined by symmetry, or can be found using the conjugates of
the given components.
Definition 2.7. [18] The AC-manifold is called an Einstein manifold if

r(U,V) = Ag(U,V); v U, VeXM),

where A is a scalar function.

Remark 2.1. [19] According to Lemma 2.1, the classes CR; ,CR;, CR3 satisfy the following:
CR; € CR, c CR;.

3. The Main Results

Theorem 3.1. A Cs @D C;,-manifold M?"*1 is an almost C(x)-manifold if and only if the

following hold:
K=—0? ap=o0q=0al=0; C¥ =C2C,; C?® =C3CP; foralln
Al = aCy; A0 = —aCl; ifn=1
a0 = A0 =0, ifn>1

Proof. Suppose that M?2*1 is an almost C(x)-manifold then from Theorem 2.4 and Theorem 2.3,

we get the following: R2 . = k820 & k = —a?, so « is scalar, then da = 0, that is oy = ag =
g g Rgeq cd
4=0. Also, R}y, =8} < C?, = C*Cp. Moreover, R} 3—R% 4 =—k8 = AF,; =0,

(which we already have from Theorem 2.2). Furthermore, since all other components of
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Riemannian curvature tensor are zeros, so C2%? = C2CP, and A}, = aC, 62, so we get for n > 1,
Sco = 0,since aCy, = ay, = 0. Takes RE_/ = 0, gives the same result.

Theorem 3.2. Any Cs @ C;,-manifold belongs to the classes CR, and CR3. However, Cs @ C;,-
manifold M belongs to the class CR; if and only if either M of dimension 3, or M reduced to
C4,-manifold.

Proof. Suppose that M?%*1 s an AC-manifold of class Cs @ C;,. Since R}kl = Riji, then from

Theorem 2.3 and Lemma 2.1, we have
Rabcd = Rapca = 0 = M?"*1 € CR,,
Rﬁbcd =0= M2n+1 € CR3,

Now, suppose that M?"* of class CRy, then from Lemma 2.1, we get R;y5.4 = 0, and according

abc

to Theorem 2.3; item 8, we obtain 20(28 8b =0=a (SaSb — 8382) = 0, contracting a and

c,weget a?88(n—1)=0=n=1 or a = 0, which gives the result.

Corollary 3.1. Let M?"*1 € (G5 @ C;,) N CR; and n > 1. Then M?"*1 is almost C(0)-manifold
if and only if C?j, = C3Cy,; C3P = C3CP; A2 , = AY® =0,

Proof. Combining Theorem 3.1 and Theorem 3.2, we get the result.

Corollary 3.2. An AC-manifold M?"*1 of class Cs @ C;, has a pointwise constant ®HS-
curvature if and only if A2 = %83‘3 (a® +).
Proof. From Theorem 2.3; item 7, we obtain

(@ad) _ p(@d) (agd) <
Ribey = Aoy — 8(eBpy@* = Afg — -(esazsb + 8982 + 8264 + 6162)a? = AZY -sg‘gaz,

so, according to Theorem 2.5, we get the result.
Corollary 3.3. On GSA-space, the concircular curvature tensor has the following components on

Cs @ C;,-manifold:
S
1. Lagono = €%, — C*Cp — 8jao — 6?10(2 — & 2n(2n+1);

2. Lyop, = C?M —C3Ch;

3. Laona = —28(,0q; ;

4. Laong = —Sha

5. Labho = Afno — a8;Cp ;

6. Ly, = A + aslc?

7. Lapng = AX — a2836d — 8364 —

h™b 2n(2n+1)
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— b b S .

9. Lygne = 2aC8M ;
the remaining components are either zero, determined by symmetry, or can be found using the
conjugates of the given components.
Proof. By takingi = 3,j = 0,k = h and | = 0 in equation (3) and use the values of R}kl and gj;
that were introduced in Theorem 2.3 and equation (1), respectively, with the fact R}kl = Ryj1, we
obtain the first result, and similarly for the other results.
Definition 3.1. An AC-manifold M?"*1 is said to be
1. of class CC; if g(L(PU, dX) DY, ®Z) = g(L(P2U, ®2X) DY, dZ);
2. of class CC, if
g(L(®X, dY)DPZ, ®U) = g(L(P%X, D2Y)DPZ, ®U) + g(L(P?X, PY)DP?Z, dU)
+g(L(DP%X, DY) DZ, P2U);
3. of class CCj if g(L(®U, ®X)DY, PZ) = g(L(P?U, D2X)P2Y, P2Z);
forevery X,U,Y,Z € X(M).
So on GSA- space, we have:

CC; © Laphd = Labhd = Lapng = 0;
CC; & Lapha = Labha = 0; 4)
CC3 = Lﬁbhd = 0.

Remark 3.1. According to equation (4), the classes CC; ,CC, ,CC; satisfy the following:

CC; c CC, c CCs.
Theorem 3.3. Any Cs @ C,,-manifold belongs to the class CC,. But C5 @ C;,-manifold belongs
to the class CC; if and only if, s = —2n(2n + 1)a? < 0 (Hyperbolic).
Proof. Suppose that M?"*1 is an AC-manifold of class Cs € C;,. Then, from Corollary 3.3 and
Definition 3.1, we have

Lﬁbhd = Labhd =0= M2n+1 € CCZ
S

———— =0, then s = —2n(2n + 1)a?. so, M?°+1 € CC; if the
n(2n+1)

If Lygng = —2028%, 85, — 85,05
scalar curvature is given as previously.

Remark 3.2. According to Remark 3.1, C5 @ C;,-manifold is also belong to the class CCs.
Corollary 3.4. An AC-manifold M2"*1 of class Cs € C;, is concircularly flat if and only if the

following conditions hold:
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C¥, —C3Ch —8ay =0, CP=c3Ch, ag=a?=0, A2, ,—adiC, =0,
A 4 q8lca =0, A2l =0, s=-2n(2n+ 1)a?
Also, if n > 1, then A3, , = A2* =0
Proof. According to Corollary 3.3 and Definition 2.6, we have the following:

Laghg = 0 = —2a28} hSd] 5 =0=s=-2n(2n+ 1)a?, so Lszppo =0 and

0% m
Lipng = 0, give us C?, — CCp — 83ap = 0 and A2l =0. Also Ly,p, = 0= €2 = cach.
Furthermore, Lippg =0 =>a%=0aq =0 and Lappo = 0 = A3, , — adiCp = 0. Additionally,
Lapso = 0 = AN 4 a8fC2 = 0.

Now, if n > 1, then aC, = a;, = 0 and aC? = a? = 0, which yields the result.

Corollary 3.5. If M?"*1 € C. @ C;, and it is concircularly flat, then M?"*1 has a pointwise

constant ®HS-curvature with y = —a?.

M2n+1

Proof. Suppose that is concircularly flat of class Cs €@ C;,, then, according to Corollary

3.4, we get A2 = 0. So based on Corollary 3.2, we get%Sﬁg (P+y)=0=y=—a?

Corollary 3.6. Let M?"*1 € C. @ C;, and it is concircularly flat. Then M?"*1 is an FEinstein
manifold if and only if A = —2na?.

Proof. According to Definition 2.7, any AC-manifold is an Einstein manifold if rgg = A, 39 =
rap = 0 and ry, = A83. Suppose that M?"*! € Cc @ C;, and it is concircularly flat. hence, by
Corollary 3.4 and Theorem 2.6, we obtain ryg =Ty, =0, rgo = —2na® = A and ry, =

—2na?8) = A8y. Then the desired result is obtained.

4. Conclusions

We conclude the following:

i. The C5 @ C;, —manifold is an almost C(k)-manifold of k < 0, where the equality holds (k =
0) if C5 @ C;, — manifold belongs to the class CR; and it has a dimension greater than 3.

ii. The concircularly flat C5 €@ C;, — manifold has non—positive scalar curvature and non—positive
pointwise constant ®HS-curvature.

iii. The Cs @ C;, — manifold of non—positive scalar curvature (hyperbolic manifold) fits into the
class CC;.

iv. The concircularly flat Cs @ C;, — manifold is an Einstein manifold with a non—positive

cosmological constant.
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