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Abstract
We study thermal convection in a porous layer governed by the Darcy-Brinkman
model, incorporating internal heating and a higher-order thermal diffusion (bi-
Laplacian) term that models hyper-diffusive heat transport. Linear normal-mode
analysis and an energy method are used to determine, respectively, the instabil-
ity threshold and a nonlinear stability bound across Brinkman coefficient, internal
heating, and boundary-type parameters. For stability analysis, we employ comple-
mentary solvers for linear-onset convection and nonlinear energy stability, integrating
the Moore-Penrose pseudoinverse with golden section search and eigenvalue track-
ing to determine critical Rayleigh numbers. To solve the eigenvalue systems resulting
from stability analyses, two numerical methods are formulated:Method I uses conven-
tional shifted Chebyshev polynomials, whereas the new method, Method II, employs
boundary-satisfying trial functions that remove boundary rows and columns, reduce
algebraic dimension, and improve conditioning. A residual-based audit measures the
residuals of the equations and the boundary conditions across systematic variations in
the number of trial functions, yielding a reliable accuracy-cost metric. The two numer-
ical methods produce nearly identical eigenvalues and eigenfunctions and agreewithin
numerical tolerance across all evaluations. The new method attains the required accu-
racy with fewer polynomials, typically about half as many as in Method I, thereby
offering a clear advantage over the traditional approach. We expect that the suggested
numerical methodwill have a big impact on future studies. Under stress-free and rigid-
rigid velocity boundaries, increases in the Brinkman coefficient and the presence of
rigid walls raise both stability margins, whereas stronger internal heating lowers the
linear-onset and energy-stability thresholds.
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1 Introduction

Thermal convection in porous media underpins many natural and engineered pro-
cesses, including geothermal energy extraction [19], subsurface contaminant transport
[47], chemical reactor design [35], and thermal insulation [27]. Temperature gradi-
ents generate buoyancy forces that drive flow through the interconnected pore space,
thereby governing heat and mass transfer [37]. Foundational studies by Horton and
Rogers [26] and by Lapwood [34] established the canonical Horton-Rogers-Lapwood
(Darcy-Bénard) problem for a fluid-saturated, rigid, isotropic porous layer heated from
below.

Within the standardmathematical framework, namelyDarcy’s law coupled with the
energy equation under the Boussinesq approximation [43], a linear stability analysis
leads to an eigenvalue problem that delineates stability boundaries in terms of key
non-dimensional parameters, notably the Darcy-Rayleigh number, boundary condi-
tions, and porosity. For impermeable, isothermal plates, the classical result is a critical
Darcy-Rayleigh number RaL = 4π2, reflecting the stabilising influence of matrix
(Darcy) resistance [26, 34]. Because RaL is defined differently from the clear-fluid
Rayleigh number, this threshold is not directly comparablewith the classical Rayleigh-
Bénard value for a pure fluid [12]. The threshold depends on the relative magnitudes
of permeability and thermal diffusivity [37] and is further modified by pore-scale dis-
persion and effective thermal conductivity, which can enhance heat-transfer efficiency
[28].

The Darcy model captures the main features of slow, viscosity-dominated flow, but
it omits non-Darcy drag and viscous-shear effects that become important at higher
permeabilities and near solid-fluid interfaces [6, 13, 16, 37]. The Brinkman exten-
sion adds a Laplacian term to the momentum balance, providing a continuous bridge
between the Darcy and Stokes regimes and addressing these omissions [37, 43]. Rees
showed that the Darcy-Brinkman formulation gives more accurate predictions of con-
vective patterns in heterogeneous or composite porous media, especially when inertial
effects are moderate [39].

Darcy’s law is widely used for flow in porous media, but its validity is largely
confined to low Reynolds numbers; accuracy degrades at higher velocities [6]. The
Brinkman extension augments Darcy’s momentum balance with a viscous-diffusion
(Laplacian) term, bringing it closer to the Navier-Stokes description [7]. Analyses of
Darcy-Brinkman convection in inclined layers show that finite Darcy numbers and
shear layers modify the critical conditions for instability [40]. These developments
are unified in the monograph of Nield and Bejan, which systematically compares the
Darcy, Darcy-Forchheimer, and Darcy-Brinkman models across a broad parameter
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range and identifies transitions between viscous, inertial, and shear dominated regimes
[37].

Stability analysis is fundamental for real-world modelling because it determines
whether small perturbations decay or grow, and thus underpins a model’s reliabil-
ity, safety, and predictive capability under realistic operating conditions [1, 15, 29].
In porous/bidisperse convection, Darcy-Forchheimer-Brinkman models can exhibit
coincidence of the energy and linear thresholds, so linear theory gives the exact onset
criterion [3, 4, 10, 22, 42].Moreover, energy analyses for Brinkman flowswith viscous
dissipation show that apparently different dissipation prescriptions are equivalent in
their implications for nonlinear stability [5, 20, 21, 23–25, 30, 44]. Building on this
foundation, recent studies map linear and nonlinear correlations under diverse drivers
[2]: rotation and anisotropy can yield either steady or overstable onset [11]; imposed
throughflow provides a tunable control that shifts both linear and energy thresholds
[9]; Korteweg-type capillarity yields complete stationary and oscillatory boundaries
with rigorous energy bounds [45]; electrohydrodynamic forcing in nanofluid satu-
rated anisotropic layers clarifies the roles of the Prandtl number, stress relaxation,
electric Rayleigh number, and Brinkman-Darcy number at onset [14]; coupling uni-
form rotation with temperature dependent viscosity can induce oscillatory convection
with closely aligned linear and nonlinear limits [10]; in nonisothermal Jeffreys fluids,
strong vertical throughflow favours overstability and admits sufficient energy stability
conditions [2]; and, with depth dependent internal heating in Brinkman bidisperse
media, numerical variational analyses report a steady exchange of stabilities with
quantitative proximity of linear and nonlinear thresholds [8].

Even though there has been a lot of research on convection in porous media, there
is still no complete stability analysis in a full higher-gradient framework that looks at
the effects of permeability, inertial (Forchheimer) drag, and viscous-shear (Brinkman)
effects at the same time when heating from above [7, 16, 37, 43, 46]. The influence of
bi-Laplacian terms on the temperature field, the onset of motion, and the subsequent
nonlinear evolution is insufficiently delineated [45]. Using the Fried-Gurtin-Musesti
theory, we create an incompressible model in which the momentum balance includes
a velocity bi-Laplacian and, in line with recent developments, the energy balance
includes a temperature bi-Laplacian. [17, 18, 36].We determine the essential Rayleigh
number and the associated wavenumber for the onset of convection resulting from
vertical heating, explicitly accounting for spatial variability in the coefficients of the
highest-order derivatives. [18, 45]. A thorough examination of linear instability and
nonlinear energy stability clarifies how enhanced gradient effects modify stability
thresholds and affect the resulting convective planform [41, 45].

The paper is organised as follows. Section 2 introduces the governing equations:
theDarcy-Brinkmanmomentum balance coupled to a reaction-diffusion equationwith
Laplacian and bi-Laplacian terms.We also non-dimensionalise the systemand state the
stress-free and no-slip boundary conditions. Section 3 formulates the linear normal-
mode instability problem and defines the eigenvalue condition for the critical thermal
Rayleigh number, RaL . Section 4 develops the nonlinear energy-method framework,
specifies the associated energy functional, and gives the threshold criterion for RaE .
Section 5 details two Chebyshev collocation schemes: (i) the instability algorithm
using the Moore-Penrose pseudoinverse, golden-section search, and eigenvalue track-
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Fig. 1 Porous layer and thermal boundary conditions with an internal heat

ing; (ii) the stability algorithm for identifying RaE ; and (iii) a residual-evaluation
procedure that verifies accuracy and convergence. Section 6 reports a systematic para-
metric study of the principal dimensionless groups (the Brinkman coefficient, the
hyper-diffusion parameter, and the internal heat-source magnitude) under both bound-
ary conditions, and presents the resulting stability maps. Section 7 summarises the
main findings, discusses their implications for engineered and natural porous systems,
and outlines directions for future work.

2 Mathematical model: governing equations

Let us inspect a porous medium situated within the horizontal layer defined by 0 <

z < d. Consequently, we delineate our issue within the domain Ψ = {(x, y, z, t) ∈
R
2 × [0, d] ×R

+}, representing all vectors in association with the standard Cartesian
basis vectors i, j,k. Let v represent the fluid velocity and T signify the temperature.
The physical configuration, gravity direction, and thermal boundary conditions are
illustrated in Fig. 1; the distributed internal heat source +Q is depicted by upward
red arrows with small circular tails. The model’s governing equations are capable of
being expressed as follows:

−μ

κ
v − ∇ p − kρ0g(1 − �T (T − T0)) + χ̃ Δv = 0,

∇ · v = 0,

1

M

∂T

∂t
+ v · ∇T = κt1ΔT − κt2Δ

2T + Q,

(2.1)

where g denotes the gravitational acceleration, ρ0 the reference density, κ the perme-
ability, �T the thermal expansion coefficient, μ the dynamic viscosity, and κt1 and
κt2 the thermal diffusivities. Moreover, p is the pressure, χ̃ the Brinkman coefficient,
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Table 1 Nomenclature

Symbol Definition Units

p Pressure Pa

T Temperature K

θ Temperature perturbation —

D Differential operator D ≡ d/dz —

a Horizontal wavenumber (non-dimensional) —

d Layer depth (length scale) m

κ Permeability of porous matrix m2

μ Dynamic viscosity Pa s

ρ0 Reference density kgm−3

�T Thermal expansion coefficient (molm−3)−1

κt1 Thermal diffusivity (Laplacian coefficient) m2/s

κt2 Hyper-diffusion (bi-Laplacian) coefficient m4/s

g Gravitational acceleration m/s2

βT Thermal expansion coefficient K−1

M Heat-capacity ratio —

Q Constant internal heat source (or sink) in the heat equation K s−1

λ Brinkman drag parameter (inverse-Darcy) —

κ̂ Non-dimensional hyper-diffusion —

q Non-dimensional internal heating —

Ra Critical Rayleigh number (thermal) —

RaL Critical Rayleigh number (linear onset) —

RaE Critical Energy-stability threshold (nonlinear bound) —

and M the ratio of the fluid’s heat capacity to that of the porous medium. Finally,
k = (0, 0, 1), Δ denotes the Laplacian operator, and Q is a constant internal heat
source (or sink), whose inclusion permits the model to describe penetrative convec-
tion within the porous layer. To close the mathematical formulation of considered
mathematical model, we prescribe on the following boundary conditions:

vi = 0, at z = 0 and z = d,

T = TL , at z = 0,

T = TU , at z = d,

∂T

∂z
= 0, at z = 0 and z = d,

(2.2)

where TL and TU are the prescribed temperatures at the lower and upper boundaries,
respectively, and βt = TL−TU

d is the constant temperature gradient imposed across the
layer (See Table 1).

The stability of systems governed by partial differential equations arising in dynam-
ical systems, fluid mechanics, and reaction-diffusion modelling rests on the behaviour
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of a steady (equilibrium) state. To assess this, we linearise the nonlinear governing
equations about the steady state and examine the evolution of small perturbations. If
all perturbations decay, the equilibrium is stable; if any grow, it is unstable. Accord-
ingly, we first determine the steady state (u, T̄ , p̄) by imposing u = 0 and ∂t T̄ = 0
in (2.1)-(2.2). This approach yields the following governing relations:

T̄ (z) = βt

(
c1d

√
κ̂ cosh

(
z

d
√

κ̂

)
+ c2d

√
κ̂ sinh

(
z

d
√

κ̂

)
+ c3z + c4

)
− Qz2

2 κt1
,

(2.3)

where

c1 =
2 sinh

(
1√
κ̂

)
q
√

κ̂ − cosh
(

1√
κ̂

)
q + 2 cosh

(
1√
κ̂

)
− q − 2

4 cosh
(

1√
κ̂

) √
κ̂ − 2 sinh

(
1√
κ̂

)
− 4

√
κ̂

,

c2 = −2
(1 − q/2) sinh

(
1√
κ̂

)
+ q

√
κ̂

(
cosh

(
1√
κ̂

)
− 1

)

4 cosh
(

1√
κ̂

) √
κ̂ − 2 sinh

(
1√
κ̂

)
− 4

√
κ̂

,

c3 = 2
(1 − q/2) sinh

(
1√
κ̂

)
+ q

√
κ̂

(
cosh

(
1√
κ̂

)
− 1

)

4 cosh
(

1√
κ̂

) √
κ̂ − 2 sinh

(
1√
κ̂

)
− 4

√
κ̂

,

c4 =
(d (q + 2) βt + 4 TU ) κ̂ cosh

(
1√
κ̂

)
+

(
−2 κ̂3/2dqβt − 2

√
κ̂ (dβt + TU )

)
sinh

(
1√
κ̂

)

4
(
κ̂ cosh

(
1√
κ̂

)
− 1/2 sinh

(
1√
κ̂

) √
κ̂ − κ̂

)
βt

+ (d (q − 2) βt − 4 TU ) κ̂

4
(
κ̂ cosh

(
1√
κ̂

)
− 1/2 sinh

(
1√
κ̂

) √
κ̂ − κ̂

)
βt

,

κ̂ = κt2

d2κt1
, q = Q d

βtκt1
.

To advance the analysis,we recast the non-homogeneous equation (2.1) into a homoge-
neous form via a perturbation scheme. Accordingly, we perturb the base state (u, p̄, T̄ )

by (h, π, θ) and define the new variables as follows:

v = u + h, p = p̄ + π, T = T̄ + θ.

To make the perturbed system dimensionless and simplify the governing parameters,
we propose the following typical scales:

L = d, t̄ = d2

M κt1
, h̄ = κt1

d
, π̄ = μκt1

κ
, λ = χ̃κ

d2μ
, θ̄ =

√
μκt1βt

ρ0g�T κ
.

In this formulation, L denotes the characteristic length, t̄ the characteristic time, h̄ the
reference velocity, π̄ the reference pressure, and θ̄ the reference temperature. More-
over, λ is the Brinkman coefficient. The thermal Rayleigh number, Rt , is characterised
by
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Rt =
√

ρ0g�T κ βt d2

μκt1
.

Non-dimensionalisation is essential for assessing the onset and development of con-
vective instabilities. Using these non-dimensional scales, the linearised perturbation
equations can be stated compactly as:

− h − ∇π − kRtθ + λΔh = 0, (2.4)

∂θ

∂t
+ f (z)h3Rt + h · ∇θ = Δθ − κ̂Δ2θ,

where the function f (z) has the following formula:

f (z) = c1 sinh(
z√
κ̂

) + c2 cosh(
z√
κ̂

) + c3 − zq. (2.5)

In fact, (2.4) is defined within the space Ψ1 = {
(x, y, z, t) ∈ R

2 × (0, 1) × R+}
.

Moreover, the boundary conditions specified in equation (2.2) can be cast into the
following nondimensional form:

hi = 0, θ = 0,
∂θ

∂z
= 0, at z = 0, 1. (2.6)

3 Instability analysis

Wefirst linearise (2.4) by removing its nonlinear terms, in order to study the instability
thresholds:

− h − ∇π − kRtθ + λΔh = 0, (3.1)

∂θ

∂t
+ f (z)h3Rt = Δθ − κ̂Δ2θ.

Then, we adopt the normal–mode with exponential time dependence eσ t , so that

h(x, t) = h(x)eσ t , π(x, t) = π(x)eσ t , θ(x, t) = θ(x)eσ t ,

with σ a complex constant that denotes the growth rate. Hence, (3.1) simplifies to:

− h − ∇π − kRtθ + λΔh = 0, (3.2)

σθ + f (z)h3Rt = Δθ − κ̂Δ2θ.

Our principal aim is to analyse the system’s dependence on the parameter σ . Accord-
ingly, we apply the double-curl operator to (3.2)1 and retain its third component, which
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yields the following linear system:

Δh3 + RtΔ
∗θ − λΔ2h3 = 0, (3.3)

σθ + f (z)h3Rt = Δθ − κ̂Δ2θ,

where Δ∗ represents the horizontal Laplacian, defined as Δ∗ = ∂2

∂x2
+ ∂2

∂ y2
. We sub-

sequently express the system (3.3) in normal modes by establishing

h3 = �(x, y)H3(z), θ = �(x, y)Θ(z), (3.4)

where �(x, y) denotes a planar tiling form, defined such that

Δ∗�(x, y) = −a2 �(x, y), (3.5)

where a is a wavenumber, thus, it can be observed that

(D2 − a2)H3 − a2RtΘ − λ(D2 − a2)
2
H3 = 0,

σΘ + f (z)H3Rt = (D2 − a2)Θ − κ̂(D2 − a2)
2
Θ.

(3.6)

Where the boundary conditions for free-free surfaces become

H3 = D2H3 = 0, Θ = 0,
∂Θ

∂z
= 0, at z = 0, 1. (3.7)

while for rigid-rigid surfaces, these take the form

H3 = DH3 = 0, Θ = 0,
∂Θ

∂z
= 0, at z = 0, 1. (3.8)

If we adopt illustrative boundary conditions as in [45] then we may arrange (3.3) as

L1h3 ≡ Δh3 − λΔ2h3 = a2Rtθ,

L2θ ≡ σθ − Δθ + κ̂Δ2θ = − f (z)h3Rt .
(3.9)

Then acting with the operator L2 on the left of the first relation in (3.9) removes θ ,
giving the full equation for h3:

σh∗
3Δh3 − (σλ + 1)h∗

3Δ
2h3 + (λ + κ̂)h∗

3Δ
3h3 − κ̂λh∗

3Δ
4h3 = −a2R2

t f (z)h
∗
3h3.
(3.10)
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Now multiply this equation by h∗
3, the complex conjugate of h3, and integrate over a

period cell V .

σ

∫
V

h∗
3Δh3dV − (σλ + 1)

∫
V

h∗
3Δ

2h3dV + (λ + κ̂)

∫
V

h∗
3Δ

3h3dV

− κ̂λ

∫
V

h∗
3Δ

4h3dV = −a2R2
c

∫
V

f (z)h∗
3h3dV .

(3.11)

This leads to the equation

σ(−‖∇h3‖2 − λ‖Δh3‖2) = ‖Δh3‖2 + (λ + κ̂)‖∇Δh3‖2 + κ̂λ

∥∥∥Δ2h3
∥∥∥2

− a2R2
c

∫
V

f (z)h∗
3h3dV .

(3.12)

Typically, the integrals on the right-hand side of (3.12) is complex-valued, which in
turn forces the parameter σ to be complex.

4 Stability analysis

Anonlinear stability analysis is required to determine the exact conditions underwhich
the system remains stable. To characterise the onset of convection, we employ the full
nonlinear form of (2.4). Multiplying the first part of (2.4) by h and the second part by
θ , and integrating each over the volume V , yields the following governing relations:

− ‖h‖2 − Rt (h3, θ) − λ‖∇h‖2 = 0,

1

2

d

dt
‖θ‖2 + (θ, f (z)h3)Rt = −‖∇θ‖2 − κ̂‖Δθ‖2. (4.1)

To investigate the system’s nonlinear stability, we introduce the Lyapunov functional

E(t) = λ̄

2
‖θ‖2,

where λ̄ is a fixed constant. Multiplying (4.1)1 by unity and (4.1)2 by λ̄, and then
summing, one obtains

dE

dt
= I − D, (4.2)

where

I = −Rt (θ, (1 +λ̄ f (z))h3),

D = ‖h‖2 + λ‖∇h‖2 +λ̄‖∇θ‖2 +λ̄κ̂‖Δθ‖2. (4.3)
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Now define

1

RE
= max

H

I

D
, (4.4)

where H denotes the admissible solution set. Invoking (4.2) and (4.4), we obtain the
following inequality:

dE

dt
≤ −D(1 − 1

RE
). (4.5)

Under the assumption ς = 1 − 1
RE

(with RE > 1), Poincaré’s inequality applied to
(4.5) gives:

dE

dt
≤ −2ςbE, (4.6)

where
b = κ̂π2 + π4.

Upon time integration of the above inequality, we obtain E(t) ≤ E(0) e−2ςbt . In
particular E(t) → 0 as t → ∞; consequently ‖θ(t)‖ → 0.

To address the maximisation problem (4.4) under the constraint RE > 1, we first
consider the boundary case RE = 1 and, by applying variational maximisation prin-
ciples, deduce the following Euler-Lagrange equations:

−(1 +λ̄ f (z))ki Rtθ − 2h + 2λΔh = ϑ,i ,

−(1 +λ̄ f (z))Rth3 + 2λ̄Δθ − 2λ̄κ̂Δ2θ = 0.
(4.7)

The variable ϑ denotes the Lagrange multiplier. We will eliminate the Lagrange mul-
tipliers by choosing the third component of the double curl in (4.7)1 and executing
the normal mode

h = �(x, y) H3(z), θ = �(x, y)Θ(z),

to get

−(1 +λ̄ f (z))a2RtΘ + 2(D2 − a2)H3 − 2λ(D2 − a2)2H3 = 0,

−(1 +λ̄ f (z))Rt H3 + 2λ̄(D2 − a2)Θ − 2λ̄κ̂(D2 − a2)2Θ = 0,
(4.8)

together with the boundary conditions (3.7) and (3.8). This is an eigenvalue problem
for the critical nonlinear Rayleigh number RaE , which is given by

RaE = max
λ̄

min
a2

R2
t (a

2,λ̄). (4.9)
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This study utilises numerical optimisation to calculate the nonlinear energy-stability
threshold RaE by minimising the squared wavenumber a2 while simultaneously max-
imising the parameterλ̄.

5 Computational techniques

Numerical schemes that deliver high accuracy at modest computational cost are essen-
tial for the analysis of hydrodynamic instabilities. We adopt a Chebyshev-collocation
framework in a shifted basis, which offers spectral accuracy, excellent boundary-layer
resolution, and a compact algebraic structure. By expanding the unknown fields in
tailored Chebyshev series and enforcing the governing equations at Gauss-Lobatto
points, the method achieves high precision with comparatively few degrees of free-
dom. For background and related applications, see [30–33].

In this section we introduce and compare two Chebyshev–collocation formula-
tions. Method I discretises the coupled momentum and heat equations, together with
their boundary conditions, using the standard shifted–Chebyshev basis. Method II
constructs boundary-fitted trial functions as linear combinations of three consecutive
shifted–Chebyshev polynomials so that all boundary conditions are enforced identi-
cally. This removes the eight boundary rows and columns from the discrete system
and substantially reduces its dimension. On these two discretisations we then build
two complementary stability algorithms.

5.1 Method I: Standard shifted-Chebyshev collocation

Our starting point is to represent H3(z) andΘ(z) by truncated series in shifted Cheby-
shev bases, namely:

H3(z) =
P−1∑
m=0

cmTm(2z − 1), Θ(z) =
P−1∑
m=0

cP+m Tm(2z − 1), (5.1)

where the Chebyshev polynomials (first kind) are given by Tm(z) = cos
(
m arccos z

)
.

Substituting (5.1) into (3.6) yields:

P−1∑
m=0

(−16λT (4)
m (2z − 1) + (4 + 8λa2)T ′′

m(2z − 1) − (a2 + λa4)Tm(2z − 1)) cm

−
P−1∑
m=0

a2Rt Tm(2z − 1) cP+m = 0,

−
P−1∑
m=0

(16κ̂T (4)
m (2z − 1) − (8a2κ̂ + 4)T ′′

m(2z − 1) + (a4κ̂ + a2)Tm(2z − 1)) cP+m

−
P−1∑
m=0

f (z)RtTm(2z − 1) cm = σ
P−1∑
m=0

cP+m Tm(2z − 1). (5.2)
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We set JP = {1, 2, . . . ,P} and employ the Chebyshev–Gauss–Lobatto nodes

z j = cos

(
j − 1

P − 1
π

)
, ∀ j ∈ JP. (5.3)

To set up the spectral problem, we collocate the first component of (5.2) at z j for
j = 1, . . . ,P − 4, while the fourth residual is obtained by enforcing the boundary
conditions (3.7) (free-free) or (3.8) (rigid-rigid). Repeating the collocation for the
second component of (5.2) with the same index set, and expressing the remaining
equations via (3.7), furnishes an eigenvalue problem with spectral parameter σ and
eigenvector C = (c0, c1, . . . , c2P−1)

T.

⎛
⎜⎜⎝
M(P−4)×P X(P−4)×P

Υ4×P O4×P
U(P−4)×P Ξ(P−4)×P
O4×P G4×P

⎞
⎟⎟⎠

⎛
⎜⎜⎜⎝

c0
c1
...

c2P−1

⎞
⎟⎟⎟⎠ = σ

⎛
⎝ OP×P OP×P

O(P−4)×P V(P−4)×P
O4×P O4×P

⎞
⎠

⎛
⎜⎜⎜⎝

c0
c1
...

c2P−1

⎞
⎟⎟⎟⎠ ,

(5.4)
where O denotes the zero matrix wherever it appears in (5.4), and

Mn,m = − 16λT (4)
m−1(2zn − 1) + (4 + 8λa2)T (2)

m−1(2zn − 1)

− (a2 + λa4)Tm−1(2zn − 1), ∀m ∈ JP, n ∈ JP−4,

Xn,m = − a2Rt Tm−1(2zn − 1), ∀m ∈ JP, n ∈ JP−4,

Ξn,m = − 16κ̂T (4)
m−1(2zn − 1) + (8a2κ̂ + 4)T (2)

m−1(2zn − 1)

− (a4κ̂ + a2)Tm−1(2zn − 1), ∀m ∈ JP, n ∈ JP−4,

Un,m = − Rt f (zn)Tm−1(2zn − 1), ∀m ∈ JP, n ∈ JP−4,

Vn,m =Tm−1(2zn − 1), ∀m ∈ JP, n ∈ JP−4,

Υ1,m =1, ∀m ∈ JP,

Υ2,m =(−1)m−1, ∀m ∈ JP,

Υ3,m =
{

(m − 1)4 − (m − 1)2, free-free ,

(m − 1)2, rigid-rigid,
∀m ∈ JP,

Υ4,m =
{

(−1)m−1((m − 1)4 − (m − 1)2), free-free ,

(−1)m(m − 1)2, rigid-rigid,
∀m ∈ JP,

G1,m =1, ∀m ∈ JP,

G2,m =(−1)m−1, ∀m ∈ JP,

G3,m =(m − 1)2, ∀m ∈ JP,

G4,m =(−1)m(m − 1)2, ∀m ∈ JP.
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On the other hand, we proceed to determine the critical Rayleigh number for the
nonlinear system, RaE . Substituting (5.1) into (4.8) yields:

P−1∑
m=0

2(−16λT (4)
m (2z − 1) + (4 + 8λa2)T ′′

m(2z − 1) − (a2 + λa4)Tm(2z − 1)) cm

−
P−1∑
m=0

a2Rt (1 +λ̄ f (z))Tm(2z − 1) cP+m = 0,

−2λ̄
P−1∑
m=0

(a4κ̂ + a2)Tm(2z − 1)cP+m −
P−1∑
m=0

(1 +λ̄ f (z))RtTm(2z − 1) cm

−2λ̄
P−1∑
m=0

(16κ̂T (4)
m (2z − 1) − (8a2κ̂ + 4)T ′′

m(2z − 1)) cP+m = 0. (5.5)

To formulate the eigenvalue problem,we collocate (5.5) at theGauss–Lobatto points z j
for j = 0, . . . ,P−4; the remaining equations are supplied by the boundary conditions
(3.7) (free–free) or (3.8) (rigid–rigid). Consequently, we obtain the following gener-
alised eigenvalue problem, inwhich Rt is the eigenvalue andC = (c0, c1, . . . , c2P−1)

T

denotes the corresponding eigenvector.

⎛
⎜⎜⎝
2M(P−4)×P O(P−4)×P

Υ4×P O4×P
O(P−4)×P 2λ̄Ξ(P−4)×P
O4×P Θ4×P

⎞
⎟⎟⎠

⎛
⎜⎜⎜⎝

c0
c1
...

c2P−1

⎞
⎟⎟⎟⎠ = Rt

⎛
⎜⎜⎝

O(P−4)×P a2Q(P−4)×P
O4×P O4×P

Q(P−4)×P O(P−4)×P
O4×P O4×P

⎞
⎟⎟⎠

⎛
⎜⎜⎜⎝

c0
c1
...

c2P−1

⎞
⎟⎟⎟⎠ ,

(5.6)
where

Qn,m = (1 +λ̄ f (zn))Tm−1(2zn − 1), ∀m ∈ JP, n ∈ JP−4.

5.2 Method II: Boundary-fitted shifted-Chebyshev collocation

To reduce the matrix dimension relative to Method I, we construct trial spaces that
satisfy all boundary conditions identically, thereby removing the eight rows and eight
columns they contribute. Accordingly, we construct two Chebyshev-based families
of trial functions, one for free-free and one for rigid-rigid boundary conditions, as
follows:

ψ r
m(z) =

2∑
i=0

β2i Tm+2i (2z − 1), m = 0, 1, 2, . . . ,

ψ
f

m (z) =
2∑

i=0

β2i+1Tm+2i (2z − 1), m = 0, 1, 2, . . . ,

(5.7)

123



S. L. Khalaf, A. J. Harfash

where

β0 = 1, β2 = −2
m + 2

m + 3
, β4 = m + 1

m + 3
,

β1 = 1, β3 = −2(m + 2)(2m2 + 8m + 15)

(m + 3)(2m2 + 12m + 19)
, β5 = (m + 1)(2m2 + 4m + 3)

(m + 3)(2m2 + 12m + 19)
.

Indeed, each basis function ψ r
m(z), ψ f

m (z) is formed as a tailored linear combina-
tion of three successive shifted Chebyshev polynomials {Tm(2z − 1), Tm+2(2z −
1), Tm+4(2z−1)}. The coefficients are chosen so that the minematic (no-slip or stress-
free) and thermal boundary operators vanish exactly at z = 0, 1, i.e. the constraints are
embedded in the basis rather than enforced row-wise. So, the above basis functions
satisfy the desired homogeneous boundary conditions for all m ≥ 0:

ψ
f

m (0) = ψ
f

m (1) = 0, (D2ψ
f

m )(0) = (D2ψ
f

m )(1) = 0,

ψ r
m(0) = ψ r

m(1) = 0, (Dψ r
m)(0) = (Dψ r

m)(1) = 0.

Consequently, any finite expansion in {ψ f
m }m≥0 satisfies the free-free boundary

conditions, and any finite expansion in {ψ r
m}m≥0 satisfies the rigid-rigid boundary

conditions, thereby obviating additional boundary constraints in the algebraic system.
We then expand H3(z) and Θ(z) in the basis that matches the boundary condition

under consideration. For rigid-rigid boundary conditions,

H3(z) =
P−1∑
m=0

cm ψ r
m(z), Θ(z) =

P−1∑
m=0

cP+m ψ r
m(z). (5.8)

For free-free boundary conditions,

H3(z) =
P−1∑
m=0

cm ψ
f

m (z), Θ(z) =
P−1∑
m=0

cP+m ψ r
m(z). (5.9)

However, for the rigid–rigid case, substitute (5.8) into (3.6); for the free–free case,
substitute (5.9) into (3.6) to obtain

P−1∑
m=0

2∑
i=0

(−16λT (4)
m+2i (2z − 1) + (4 + 8λa2)T ′′

m+2i (2z − 1) − (a2 + λa4)Tm+2i (2z − 1)) β2i+j cm

−
P−1∑
m=0

2∑
i=0

a2Rt Tm+2i (2z − 1) β2i cP+m = 0,

−
P−1∑
m=0

2∑
i=0

(16κ̂T (4)
m+2i (2z − 1) − (8a2κ̂ + 4)T ′′

m+2i (2z − 1) + (a4κ̂ + a2)Tm+2i (2z − 1)) β2i cP+m

−
P−1∑
m=0

2∑
i=0

f (z)RtTm+2i (2z − 1) β2i+j cm = σ

P−1∑
m=0

2∑
i=0

β2i cP+m Tm+2i (2z − 1),

(5.10)

123



Linear instability and nonlinear stability…

where we set j = 0 for the rigid–rigid case and j = 1 for the free–free case. To
formulate the eigenvalue problem, we insert the Gauss-Lobatto points, z j , into (5.10)
for j ∈ P − 1, Consequently, we formulated the subsequent generalised eigenvalue
problem, wherein σ represents the eigenvalue and C = (c0, c1, ..., c2P−1)

T denotes
the eigenvector.

(
NP×P FP×P
LP×P SP×P

)
⎛
⎜⎜⎜⎝

c0
c1
...

c2P−1

⎞
⎟⎟⎟⎠ = σ

(
OP×P OP×P
OP×P ZP×P

)
⎛
⎜⎜⎜⎝

c0
c1
...

c2P−1

⎞
⎟⎟⎟⎠ , (5.11)

where

Nn,m =
2∑

i=0

(−16λT (4)
m−1(2zn − 1) + (4 + 8λa2)T (2)

m−1(2zn − 1)

− (a2 + λa4)Tm−1(2zn − 1)) β2i+j , ∀m, n ∈ JP,

Fn,m = −
2∑

i=0

a2RtTm−1(2zn − 1) β2i , ∀m, n ∈ JP,

Ln,m =
2∑

i=0

f (zn)RtTm+2i (2zn − 1) β2i+j , ∀m, n ∈ JP,

Sn,m =
2∑

i=0

(16κ̂T (4)
m+2i (2zn − 1) − (8a2κ̂ + 4)T ′′

m+2i (2zn − 1)

+ (a4κ̂ + a2)Tm+2i (2zn − 1)) β2i , ∀m, n ∈ JP,

Zn,m =
2∑

i=0

β2i Tm+2i (2zn − 1), ∀m, n ∈ JP.

(5.12)
We now turn to the nonlinear problem and the associated critical Rayleigh number
RaE . For the rigid–rigid case, we substitute (5.8) into (4.8); for the free–free case, we
substitute (5.9) into (4.8). These substitutions yield:

P−1∑
m=0

2∑
i=0

2(−16λT (4)
m+2i (2z − 1) + (4 + 8λa2)T ′′

m+2i (2z − 1) − (a2 + λa4)Tm+2i (2z − 1)) β2i+j cm

−
P−1∑
m=0

a2Rt (1 +λ̄ f (z))Tm+2i (2z − 1) β2i cP+m = 0,

−2λ̄
P−1∑
m=0

2∑
i=0

(a4κ̂ + a2)Tm+2i (2z − 1)β2i cP+m −
P−1∑
m=0

2∑
i=0

(1 +λ̄ f (z))RtTm+2i (2z − 1) β2i+j cm

−2λ̄
P−1∑
m=0

2∑
i=0

(16κ̂T (4)
m+2i (2z − 1) − (8a2κ̂ + 4)T ′′

m+2i (2z − 1)) β2i cP+m = 0.

(5.13)
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We set j = 0 for the rigid-rigid configuration and j = 1 for the free-free con-
figuration. Collocating (5.13) at the Gauss-Lobatto nodes z j for j = 0, . . . ,P − 1
yields the following generalised eigenvalue problem, with Rt as the eigenvalue and
C = (c0, c1, . . . , c2P−1)

T as the corresponding eigenvector.

(
2NP×P OP×P
OP×P 2λ̄SP×P

)
⎛
⎜⎜⎜⎝

c0
c1
...

c2P−1

⎞
⎟⎟⎟⎠ = Rt

(
OP×P �P×P
ΠP×P OP×P

)
⎛
⎜⎜⎜⎝

c0
c1
...

c2P−1

⎞
⎟⎟⎟⎠ , (5.14)

where

�n,m =
2∑

i=0

(1 +λ̄ f (zn−1))Tm+2i (2zn−1 − 1) β2i , ∀m ∈ JP, n ∈ JP,

ΠP×P =
2∑

i=0

(1 +λ̄ f (zn−1))Tm+2i (2zn−1 − 1) β2i+j , ∀m ∈ JP, n ∈ JP.

5.3 Two Algorithms for RaL and RaE

In light of the derived results of the two methods, and to facilitate and offer summaries
of the numerical computations, we have introduced two algorithms for computing RaL
and RaE . The computation of RaL usingMethods I and II is carried out in accordance
with Algorithm 1.

Algorithm 1 Algorithm for Linear Instability

Input: Chebyshev polynomials of order P, along with the physical parameters κ̂, a, q, and λ.
Output: Critical Rayleigh number RaL .
1: Determine the Gauss-Lobatto nodes {z j } using (5.3).
2: For a prescribed wavenumber a, construct the block matrices in Method I (5.4) or Method II (5.11), and

cast the resulting discretised system into the generalised eigenvalue form Ac = σ Bc.
3: Find the Moore-Penrose inverse A+ [38].
4: Calculate the eigenvalues of the matrix A+ B, denoted as {�κ }, and define σκ = 1/�κ for �κ �= 0.
5: Stationary branch: Select real modes S = {σκ : Im(σκ ) = 0} and define σST(Rt , a) = min

σ∈SRe(σ ).

6: For a fixed value of a, determine RST
t (a) such that σST(RST

t (a), a) = 0 using the secant method.

7: Obtain a∗ = min
a

RST
t (a) using the golden-section search method, and define RST∗

t = RST
t (a∗).

8: Oscillatory branch: Select complex modes O = {σκ : Im(σκ ) �= 0} and define σOS(Rt , a) =
min
σ∈ORe(σ ).

9: For a fixed value of a, compute ROS
t (a) such that σOS(ROS

t (a), a) = 0 using the secant method.

10: Calculate ã = min
a

ROS
t (a) using the golden-section search method, and assign ROS,∗

t = ROS
t (ã).

11: Calculate the global threshold

RaL = min{RST∗
t , ROS∗

t }.
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The computation of RaE via Methods I and II proceeds as outlined in Algorithm 2.

Algorithm 2 Stability algorithm

Input: P the truncation order of the Chebyshev expansion, physical parameters κ̂, a, q, and λ.
Output: Critical Rayleigh number RaE .
1: Determine Gauss-Lobatto nodes {z j } via (5.3).
2: Assemble the block matrices in Method I (5.6) or Method II (5.14), for a specified wavenumber a and

assume it by Ac = Rt Bc.
3: Compute the Moore-Penrose inverse A+ [38].
4: Calculate the eigenvalues of the matrix A+ B, say {�κ }.
5: Choose the minimum value of

{
Re{ 1

�κ
}
∣∣∣ Im{ 1

�κ
} = 0 & �κ �= 0

}
, denoted as R∗

t (a2,λ̄).

6: Determine RaE = max
λ̄

[
min
a2

R∗
t (a2,λ̄)

]
by nested golden-section searches over a2 (inner) andλ̄ (outer).

5.4 Residual evaluation

Because no closed-form solution is available, we assess both Chebyshev-collocation
formulations,Method I (standard basis) andMethod II (boundary-satisfying trial func-
tions), using a unified residual audit. Algorithm 3 evaluates interior and boundary
defects and reports the mean residual over [0, 1]. For each P, we assemble and solve
both discrete problems under identical settings and record the mean residual together
with the matrix size, enabling a like-for-like comparison of accuracy versus complex-
ity.

Algorithm 3 Residual-Based Evaluation of the Chebyshev Collocation Method for the Critical Rayleigh
Number

Input: P, the truncation order of the Chebyshev expansion; the physical parameters of the eigenvalue
problem; the critical Rayleigh number RaL ; and the corresponding wavenumber a.

Output: The global L2-norm of the residual, ‖Res‖2.
1: Invoke Algorithm 1 to compute the critical Rayleigh number RaL , the associated wavenumber a, and

the eigenvalue σ .
2: Assemble the Chebyshev collocation matrices A(RaL , a) and B such that

A(RaL , a)C = σ BC .

3: Impose c0 = 1, and solve the above resulting linear system for the coefficients c1, c2, . . . , c2P−1.
4: Substitute the computed expansions H3(z) and Θ(z), obtained using Method I or Method II, into (3.6),

and subsequently evaluate the residual Res(z j ) at each collocation point z j .

5: Compute the global L2-norm of the residual:

‖Res‖2 =
(∫ 1

0

∣∣Res(z)∣∣2 dz)1/2.
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Table 2 Average residual value for method I with κ̂ = 0.1 and q = 5 in case free-free

λ P = 70 P = 80 P = 90 P = 100

0.001 1.7076E-08 4.22231E-10 2.0745E-13 1.55951E-14

0.002 6.16573E-09 1.29709E-10 7.90323E-13 1.11375E-15

0.003 3.94494E-09 2.54213E-11 5.5514E-13 4.29575E-16

0.004 3.07088E-09 2.9475E-11 2.51588E-13 2.53789E-16

0.005 2.62803E-09 1.75445E-10 1.3823E-13 1.80496E-16

0.006 2.37362E-09 1.09148E-09 8.55274E-14 1.4269E-16

0.007 2.21451E-09 2.61655E-10 5.63374E-14 1.20532E-16

0.008 2.10941E-09 1.85429E-10 3.81464E-14 1.06526E-16

0.009 2.03551E-09 1.57956E-10 2.56955E-14 9.71602E-17

0.01 1.98108E-09 1.4471E-10 1.65946E-14 9.07133E-17

Table 3 Average residual value for method I with κ̂ = 0.1 and q = 5 in case rigid-rigid

λ P = 70 P = 80 P = 90 P = 100

0.001 1.98851E-08 3.29499E-10 3.57857E-13 4.94413E-15

0.002 1.02711E-08 2.33301E-09 1.21594E-13 5.80569E-15

0.003 8.06012E-09 2.52427E-10 1.67335E-13 3.31728E-15

0.004 7.21883E-09 1.22178E-10 3.5246E-13 2.53383E-15

0.005 6.86629E-09 8.48335E-11 6.15457E-13 2.22324E-15

0.006 6.73571E-09 6.78069E-11 9.0487E-13 2.10999E-15

0.007 6.72202E-09 5.83636E-11 1.20328E-12 2.10379E-15

0.008 6.77968E-09 5.24567E-11 1.51624E-12 2.16932E-15

0.009 6.88588E-09 4.85836E-11 1.85065E-12 2.293E-15

0.01 7.0238E-09 4.5933E-11 2.21867E-12 2.47166E-15

Tables 2,3,4,5 show monotone decay of the average residual with P under both
boundary types. For the same target residual, Method II typically requires about half
the P used by Method I, reducing matrix size and cost while preserving the eigenpairs
within numerical tolerance.

6 Parametric study of stability analysis

In this section we examine how the dimensionless parameters κ̂ , λ, and q shape
the stability boundaries of a horizontally extended fluid layer. The linear onset of
convection is determined by an eigenvalue (normal-mode) analysis; we will ascertain
critical thresholds Ra. Nonlinear (finite-amplitude) thresholds are established using
the energy method. We consider two velocity boundary conditions, stress-free and
no-slip, and quantify their influence on Ra, on the energy-stability limit, and on the
associated modal structure.
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Table 4 Average residual value for method II with κ̂ = 0.1 and q = 5 in case free-free

λ P = 35 P = 40 P = 45 P = 50

0.1 5.92703E-12 6.83428E-15 7.18377E-18 4.13552E-21

0.2 1.04392E-11 9.25487E-15 1.05027E-17 5.61492E-21

0.3 1.49805E-11 1.15109E-14 1.38369E-17 9.43702E-21

0.4 1.95288E-11 1.36619E-14 1.71643E-17 9.13213E-21

0.5 2.408E-11 1.57472E-14 2.04784E-17 1.12445E-20

0.6 2.86326E-11 1.77886E-14 2.37911E-17 1.55812E-20

0.7 3.3186E-11 1.97992E-14 2.70976E-17 2.13809E-20

0.8 3.77399E-11 2.17873E-14 3.04018E-17 2.55479E-20

0.9 4.22941E-11 2.37583E-14 3.3698E-17 2.40255E-20

1 4.68486E-11 2.5716E-14 3.70088E-17 3.14168E-20

Table 5 Average residual value for method II with κ̂ = 0.1 and q = 5 in case rigid-rigid

λ P = 35 P = 40 P = 45 P = 50

0.1 1.16035E-10 1.82989E-13 1.50335E-16 1.84372E-18

0.2 1.99263E-10 3.15631E-13 2.71548E-16 2.97151E-18

0.3 2.82627E-10 4.48727E-13 3.92247E-16 7.8685E-18

0.4 3.65999E-10 5.81909E-13 5.1855E-16 1.45835E-18

0.5 4.49369E-10 7.15123E-13 6.38735E-16 1.6789E-18

0.6 5.32735E-10 8.48348E-13 7.68907E-16 8.38833E-18

0.7 6.16099E-10 9.81579E-13 8.87393E-16 1.81938E-17

0.8 6.99461E-10 1.11481E-12 1.00317E-15 1.23257E-17

0.9 7.82822E-10 1.24805E-12 1.12453E-15 1.12195E-17

1 8.66182E-10 1.38129E-12 1.25482E-15 3.87874E-18
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Fig. 2 Plot of Ra against λ with q = 5 for various values of κ̂
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In Fig. 2, we examine the onset structure in terms of the Brinkman coefficient λ, the
hyper–diffusion parameter κ̂ , and the prescribed internal heat source q. Here we use
different colours to denote different hyper–diffusionlevels κ̂ , while line styles distin-
guish the two boundaries: dashed curves represent the stability boundary RaE (λ; κ̂),
and solid curves represent the instability boundary RaL(λ; κ̂). For any fixed κ̂ , the
dashed curve RaE (λ; κ̂) lies below the solid curve RaL(λ; κ̂) across the entire plot-
ted λ range, thereby partitioning the (λ, Ra) parameter plane into three dynamically
distinct regimes: stable (Ra < RaE ), critical (RaE ≤ Ra ≤ RaL ), and unstable
(Ra > RaL ). Across the ranges shown, both boundaries rise almost linearly with
λ and shift upward as κ̂ increases, demonstrating that Brinkman drag and hyper–
diffusion act cooperatively to delay the onset of convection. A slope based reading of
the curves indicates that the sensitivity with respect to λ is larger for the instability
boundary than for the stability boundary. So that the width of the critical band, the
vertical separation between the solid and dashed curves of the same colour, widens
with λ. Physically, increasing λ enhances Brinkman drag, raising both thresholds and
impeding buoyantmotion, while increasing κ̂ strengthens small scale diffusion, further
suppressing nascent convective cells and shifting both boundaries upward.

However, at fixed (λ, κ̂), every pair {RaE , RaL } shifts upward when the boundary
condition changes from free–free to rigid–rigid. Rigid walls generate additional shear
andwall friction, which increase viscous dissipation and delay the onset of convection.
As a result, the free–free panel shows lower dashed and solid levels (earlier onset),
whereas the rigid–rigid panel places both the dashed stability boundary and the solid
instability boundary at higher Ra. Taken together, Brinkman dragλ and hyperdiffusion
κ̂ raise both boundaries; the instability boundary is more responsive to λ; and rigid
walls are uniformly more stabilising than stress–free ones.

In Fig. 3, we examine the onset structure in terms of the Brinkman coefficient λ at
a fixed hyper–diffusion level κ̂ = 10−4 and several prescribed internal heat sources
q. Colours distinguish the different q values, while line styles distinguish the two
boundaries: dashed curves represent the stability boundary RaE (λ; q) and solid curves
represent the instability boundary RaL(λ; q). For any fixed q, the dashed curve
RaE (λ; q) lies below the solid curve RaL(λ; q) across the entire plotted λ range,
thereby partitioning the (λ, Ra) plane into three dynamically distinct regimes: stable
(Ra < RaE ), critical (RaE ≤ Ra ≤ RaL ), and unstable (Ra > RaL ). Across the
ranges shown, both boundaries grow almost linearly with λ. Their placement depends
monotonically on the heat source: increasing q shifts both boundaries downward,
indicating that stronger internal heating destabilises the layer and triggers convection
at lower Ra. The slope of the solid lines exceeds that of the dashed lines, indicating
that the instability threshold RaL is more λ-sensitive than the stability threshold RaE ;
consequently, the critical band, the vertical separation between same-colour solid and
dashed lines, widens as λ increases. Physically, increasing λ enhances Brinkman drag
and delays the onset by raising both thresholds, whereas increasing q augments buoy-
ancy production and lowers both thresholds.

In addition, at fixed (λ, κ̂, q), every pair {RaE , RaL } shifts upwardwhen the bound-
ary condition changes from free–free to rigid–rigid. Rigid walls generate additional
shear and wall friction, which increase viscous dissipation and delay the onset of con-
vection. Consequently, the free–free panel shows lower dashed and solid levels (earlier
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Fig. 3 Plot of Ra against λ with κ̂ = 0.0001 for various values of q

onset), whereas the rigid–rigid panel places both the dashed stability boundary and the
solid instability boundary at higher Ra. Taken together, Brinkman drag λ and internal
heating q act in opposite directions, λ stabilises while q destabilises, while rigid walls
are uniformly more stabilising than stress–free ones.

In Fig. 4we plot the onset thresholds versus the internal heat source q at fixed hyper–
diffusion κ̂ = 10−4 for several Brinkman drags λ. Colours encode λ; dashed curves
show the energy stability threshold RaE (q; λ) and solid curves the linear instability
threshold RaL(q; λ). For eachλ, RaL falls sharply as q increases. The decay is convex,
steep at moderate q and flattening at larger q, because added heating strengthens
buoyancy production until diffusion and Brinkman drag limit further gain. In contrast,
RaE depends only weakly on q and drifts slightly upward; the near-linear appearance
is a plotting artefact caused by the large vertical scale. From the energy perspective,
increasing q enhances base state gradients and the production term in the energy
inequality, so ensuring monotone decay for all admissible disturbances requires a
modest increase in RaE .

Increasing λ shifts both thresholds upward across all q, with amuch stronger impact
on RaL . Brinkman drag acts as a momentum sink: it suppresses shear and reduces
the conversion of potential to kinetic energy, delaying the most unstable eigenmode
and raising RaL ; the same mechanism lifts RaE , though by a smaller amount because
dissipation is already built into the energy method. At fixed (q, λ), the rigid-rigid
panel lies above the free-free panel for both thresholds. No-slip walls generate near-
wall shear and extra viscous dissipation, reduce wall normal slip that would feed rolls,
and therefore demand a larger Ra to initiate motion. In summary, internal heating
q destabilises, Brinkman drag λ stabilises, and rigid boundaries further stabilise the
layer; among the two thresholds, RaL is consistently more sensitive to λ.

To assess how thermal diffusion and internal heating affect the onset of convection,
Fig. 5 fixes theBrinkmanparameter atλ = 0.5 and plots the linear-instability boundary
RaL(κ̂, q) and the energy-stability boundary RaE (κ̂, q) as the scaled hyper-diffusivity
varies over κ̂ ∈ (0, 2.5 × 10−3] and the nondimensional heat-generation rate takes
values q ∈ {4, 4.5, 5}.
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q q

Fig. 4 Plot of RaL against q with κ̂ = 0.0001 for various values of λ

For every heating level q, RaL increases monotonically with κ̂ for both boundary
types. This rise reflects the increasing effectiveness of short-wavelength damping
penalised by κ̂ , so a larger thermal Rayleigh number is required to trigger instability.
The ordering with respect to heating is consistent: q = 4 yields the largest RaL ,
q = 4.5 is intermediate, and q = 5 is the smallest; hence stronger internal heating
lowers the instability threshold, ∂RaL/∂q < 0, by enhancing background buoyancy.

By contrast, RaE depends only weakly on κ̂ and shifts mildly and almost in
parallel with q; across the plotted range, RaE is one to two orders of magnitude
below RaL . Consequently, the critical band RaE ≤ Ra ≤ RaL widens with κ̂ ,
indicating greater separation between energy stability and linear instability at higher
hyper-diffusion. Boundary conditions have a clear effect: rigid-rigid walls place both
thresholds substantially higher than free-free walls, with about a twofold increase in
RaL at representative κ̂ , because added wall friction and shear production delay both
the initial (energy) and long-wave (linear) loss of stability.

In summary, increasing κ̂ strongly stabilises the system through a convex increase
of RaL (and only weakly of RaE ); increasing q mainly destabilises by lowering RaL ;
and rigid-rigid boundaries are uniformly more stabilising than free-free boundaries
for all (κ̂, q).

In Fig. 6 we examine the linear instability and energy stability thresholds under
rigid-rigid and free-free velocity boundaries by plotting Ra against the internal heat-
ing rate q at fixed Brinkman drag λ = 0.5 for κ̂ ∈ {10−4, 5×10−4, 10−3}. Increasing
q lowers the critical thermal forcing: the buoyancy source in the heat equation scales
with q, so perturbations extract energymore readily and RaL decreasesmonotonically,
whereas the energy bound RaE ismuch less responsive because it derives from a global
dissipation-production inequality rather than the first unstable eigenmode. By contrast,
enlarging the hyper-diffusion κ̂ raises both RaL and RaE ; the bi-Laplacian strength-
ens short-wavelength damping in the temperature field, suppressingmodal growth and
tightening the nonlinear stability estimate. Rigid walls are more stabilising than stress-
free boundaries, since the Darcy-Brinkman momentum balance incurs greater viscous
dissipation at no-slip interfaces; hence all thresholds rise when moving from free-free
to rigid-rigid conditions. Throughout the parameter range RaE < RaL , as expected

123



Linear instability and nonlinear stability…

Fig. 5 Plot of Ra against κ̂ with λ = 0.5 for various values of q

Fig. 6 Plot of Ra against q with λ = 0.5 for various values of κ̂

for a sufficient stability criterion. The critical region between these thresholds widens
with κ̂-eigenmodes are penalised more strongly than the global energy inequality-and
narrows as q increases, because internal heating preferentially promotes modal ampli-
fication relative to the conservative energy bound. Overall, q promotes convection by
boosting buoyancy production, whereas κ̂ and wall friction (via Brinkman parameter)
inhibit it by increasing dissipation.

7 Conclusions

Thermal convection in a horizontal porous layer governed by the Darcy-Brinkman
equations with internal volumetric heating and higher-order temperature gradients
presents a challenging stability problem with direct relevance to geothermal reser-
voirs, catalytic reactors and subsurface transport. Accurately predicting the onset of
convection under such complex constitutive effects is crucial for designing efficient
thermal management strategies and understanding natural convective phenomena.
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To this end, we have developed and compared two Chebyshev-collocation formu-
lations. The first employs shifted Chebyshev polynomials to discretise the coupled
momentum and heat equations, while the second constructs trial functions from a
linear combination of three different orders of shifted Chebyshev polynomials that
identically satisfy all boundary conditions, thereby removing eight boundary rows
and columns and substantially reducing the discrete problem dimension. Based on
these two methods, we have implemented two complementary stability algorithms.
The linear instability solver uses a spectral eigenvalue formulation to locate the crit-
ical Rayleigh number RaL , whereas the nonlinear energy-stability solver applies the
Moore-Penrose pseudoinverse together with a golden-section search and eigenvalue-
tracking procedure to determine the energy threshold RaE . A residual method is used
to determinewhichmethod ismore effective. In fact, it depends on computing the aver-
age spectral residual over both interior and boundary conditions as the number of trial
functions varies, providing a systematic measure of accuracy versus computational
cost for each formulation.

The parametric trends observed in Section 6 can be understood by examining
how each non-dimensional parameter modifies the balance between buoyant driv-
ing and dissipative losses in the porous layer. The Brinkman coefficient λ represents
the strength of viscous resistance imposed by the porous structure on fluid motion. As
λ increases, the Darcy-Brinkman momentum equation acquires a larger momentum-
sink term, so that any incipient convective roll must overcome greater frictional losses.
Consequently, both the linear threshold RaL and the energy-stability threshold RaE
increase almost linearly with λ, and the slope of RaL(λ) exceeds that of RaE (λ)

because the eigenvalue calculation isolates themost unstable perturbationmode,which
is especially sensitive to additional drag.

The hyper-diffusion parameter κ̂ enters the heat equation via fourth-order deriva-
tives, and physically it acts to smooth out small-scale temperature variations more
strongly than the standard Laplacian term. When κ̂ is larger, any fine-scale thermal
perturbation is rapidly attenuated before it can organise into a buoyant plume. This
increased thermal smoothing raises both RaE and RaL by suppressing the growth of
high-wavenumber modes, and it shifts the entire stability envelope upward without
altering its linear dependence on λ.

In contrast, the internal heat-source parameter q quantifies the volumetric genera-
tion of thermal energy within the layer. A larger q injects buoyancy directly into the
base state, reducing the amount of externally imposed temperature difference required
to trigger convection. As a result, increasing q causes both thresholds to decrease, with
the linear threshold RaL exhibiting a steeper drop than RaE for moderate q; this is
because the energy criterion averages perturbation fields globally, making it less sen-
sitive to localised heating than the eigenvalue formulation.

The study consists of two scenarios of velocity boundary conditions that further
modulate these effects by altering near-wall shear and thermal boundary-layer struc-
ture. Stress-free walls allow slip and minimise viscous dissipation at the boundaries,
so the thresholds under free–free conditions lie below those for no–slip (rigid–rigid)
walls. In the rigid–rigid case, the no–slip constraint enforces zero velocity at both
boundaries, generating strong shear layers that dissipate perturbation energy and delay
the onset of both linear and nonlinear instabilities. Together, these physical mecha-
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nisms explain the widening of the critical band (RaE ≤ Ra ≤ RaL ) at high λ, the
downward shift of both thresholds with increasing q, and the uniformly stabilising role
of κ̂ and rigid boundaries. This insight underscores the interplay between momentum
dissipation, thermal diffusion and buoyancy generation in controlling the complex
onset of convection in porous media with internal heating and higher–order gradients.
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