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ABSTRACT

This work reports comprehensive calculations of differential, elastic, and momentum transfer cross sections, as well as spin polarization, for
elastic electron scattering from hydrogen molecules at incident energies of 10, 20, 40, 100, 400, and 700 eV. The analysis is carried out within a
relativistic Dirac equation framework using partial-wave expansion and an optical model potential derived from a single-center Hartree-Fock
method. The adopted model incorporates numerically evaluated static potentials and systematically accounts for exchange, correlation, and
polarization effects through well-established quantum mechanical approximations. The results demonstrate that exchange and polarization
interactions play a dominant role at low incident energies and small scattering angles. The calculated differential cross sections show close
agreement with a broad set of experimental data reported in the literature. Overall, the study provides reliable relativistic predictions that
enhance the understanding of electron-molecule interactions and confirm the robustness of relativistic quantum scattering models, with
implications for applications in nuclear physics, atmospheric science, and plasma research.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license

(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0284391

I. INTRODUCTION

Electron collision physics encompasses a wide range of atomic
and molecular processes that are fundamental to understanding
matter interactions at the microscopic level. Combining both experi-
mental and theoretical approaches has been essential to advance our
knowledge and refine existing models."’

Elastic scattering of electrons as they traverse matter exerts a
significant influence on electron transport phenomena, which are
fundamental to numerous scientific and technological applications.
Therefore, a comprehensive understanding of differential cross sec-
tions (DCSs) for electron scattering is essential for the accurate

modeling and prediction of these processes.’ Electron impact inter-
actions with molecular hydrogen (H>), particularly dissociative exci-
tation (DE), play a crucial role in diverse environments, including
low-temperature plasmas, nuclear fusion devices, planetary atmo-
spheres, and the interstellar medium.” These interactions strongly
influence the dynamics and chemical composition of such systems
and represent essential components in collisional-radiative mod-
els.” Numerous theoretical models have been developed to describe
electron-molecule scattering. Among them, the independent atom
model (IAM) offers a simplified framework by approximating
molecules as a collection of isolated atoms, which is particularly
applicable at higher energies.””'’ However, more advanced quantum
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mechanical methods, such as the Hartree-Fock (HF) approach,
enable detailed calculations of molecular wavefunctions and inter-
action potentials, thereby enhancing the accuracy and reliability of
scattering predictions.'* The primary objective of this study is
to compute differential, total elastic, and momentum transfer cross
sections, along with spin polarization, for elastic electron scatter-
ing from hydrogen molecules. These calculations are carried out
using a single-center molecular Hartree-Fock method embedded
within a relativistic Dirac partial-wave framework. The validity of
the theoretical model is assessed by comparing the computed differ-
ential and total cross sections (DCS and TCS) with available exper-
imental data.'”'® Although extensive research has been devoted
to electron scattering from molecular hydrogen, significant chal-
lenges remain in achieving consistent theoretical predictions that
fully incorporate relativistic effects and accurately describe exchange
and polarization interactions across a broad range of incident
energies.'” This study addresses these challenges by employing a
relativistic Dirac equation framework in combination with a single-
center molecular Hartree-Fock optical potential, thereby achieving
improved accuracy and providing comprehensive coverage from low
to intermediate electron impact energies. The proposed approach
is designed to bridge existing gaps between theory and experiment
while deepening the understanding of electron-molecule scattering
mechanisms.

Furthermore, this work contributes to advancing knowledge
of electron-molecule interactions with relevance to diverse fields,
including nuclear physics, atmospheric science, and plasma physics.
By enhancing the theoretical predictions of scattering parameters,
the study supports the development of accurate and reliable models
for electron transport in various physical environments.

In this framework, elastic scattering of electrons by molecules
is described using a potential model in which the incoming electron
(projectile) interacts with the target molecule through an effective
potential that represents the total influence of the molecule on the
incident electron.

Il. OUTLINE OF THE THEORY

The theoretical description of elastic electron scattering from
hydrogen molecules in this study is formulated within the frame-
work of the relativistic Dirac equation in combination with an
optical model potential. The total interaction potential comprises
contributions from the static electrostatic field, exchange effects aris-
ing from the indistinguishability of electrons, dynamic polarization
of the target, and many-body correlation interactions.'® This section
presents a detailed overview of the components incorporated in the
calculation of scattering cross sections.

A. Total interaction potential

The total potential V(r) experienced by the incident electron is
expressed as'®

V(I') = VSl(r) + Vex(r) + Vcor(r) + Vpol(r): (1)

where Vg(r) is the static electrostatic potential, Vex(r) is the
exchange potential, Vo (r) is the correlation potential, and Vpol(r)
is the polarization potential.
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This total potential is treated as spherically symmetric using
a single-center approximation, suitable for diatomic systems such
as Hj.

B. Dirac equation

The relativistic motion of the electron is described by the Dirac
equation, '’

[ca-p+Pmoc® + V(1) ]y(r) = Ey(r), )

where c is the speed of light in vacuum, my is the rest mass of the
electron, a and P are Dirac matrices, y(r) is the wavefunction of the
scattered electron, and E = ym0c2 = E; + moc” is the total energy, in
which y = (1 -v?/?)™2.

C. Static potential

The static potential V(r) is derived from the electron charge
distribution p(r) in the molecule,

Va(r) = - f oY 3)

!
=

This represents the Coulomb interaction between the incoming
electron and the target’s charge cloud.

D. Exchange potential

Exchange effects arise from the indistinguishability of elec-
trons. The Furness and McCarthy exchange potential is employed
here,”’

L [[E - V:t(?)]2 + 47moe4p(r)]%, (4)

Ve () = J[E-VaD] - 3

where ag is the Bohr radius and p(r) is the local electron density.

E. Polarization potential

The long-range polarization interaction is modeled by the
Buckingham potential,”’

(Xpez

_— 5
2(r2+d2)2 ®

Vpal(?) =~

where oy, is the molecular polarizability and d is the cutoff parameter
to avoid divergence at r = 0. We formulate by, adjustable energy-
dependent parameter, in terms of Z, atomic number, as follows:

E-50 eV
by = max | © 221 6
pol = MaX | =0 (6)

The cutoff parameter is defined as
o 1 7132
= E(XPOC() 'pol>

following Mittleman and Watson.
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F. Correlation potential

To account for short-range electron-electron correlations, we
adopt the local-density approximation proposed by O’Connell and
Lane,””

0.096 + 0.01875 In 75 — 0.02r
0.7 < r; < 10,

0.06221Inrs —
—0.1231 +0.037 96 In r,
3

3 _5
—0.876r, " +2.65r, 2 — 2.8r. > — 0.8, 2,

10 < rs,

2u[p] = (7)

where
= (3/4np)>.

Although Perdew-Zunger provides an alternative correlation
model, O’Connell and Lane’s form is chosen here for its balance
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between computational efficiency and accuracy in low-Z systems,
such as Hj.

G. Inelastic channels and optical potential

The imaginary part of the complex optical potential, —iWps(r),
accounts for inelastic scattering channels. ThlS part represents the
probability loss due to excitation or ionization,”’

®)

Oinel = Otot — O¢l.

The inelastic threshold is inherently modeled through W(r),
which becomes significant once the incident energy surpasses the
excitation/ionization limits of the target.

H. Partial-wave formalism and cross sections

The scattering amplitude consists of spin-conserving f(G) and
spin-flip g(9) components, derived from phase shifts 8¢,
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FIG. 1. DCS (10-16 cm?/sr) for elastic scattering of electrons of hydrogen at energies of 6, 10, 20, and 40 eV. Experimental: Furst et al.,2* Shyn and Sharp,* Srivastava
etal.,’! Linder and Schmidt, Khakoo et al.,** Nishimura et al.,** and Mittleman and Watson.?
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£(0) = Tlikgo{(z +1)[exp (2i0ero1) — 1]

+ Llexp (2i8g=¢) — 1]} Pe(cos (6)),

©)

2(6) = %Z [exp (2i6,=¢ ) — exp (2i6k——s-1) [P (cos ).  (10)
ik iz

The differential cross section (DCS) is given by

do 2 2
2q = FOF +lg@)l

The total elastic and momentum transfer cross sections are

do T (do\ .
O = Edn_znfo (@)sm(e)de,

1m

(12)
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Om = 271'[0 (1-cos 9)(%)sin (0)d6, (13)
where k is the electron wave number, d_., are phase shifts for spin-
up/spin-down channels, Py is the Legendre polynomial, and ,P is
the associated Legendre function.

l. Screening correction (si-correction)

Athigher energies, the interference between atomic centers and
multiple scattering effects becomes non-negligible. To compensate,
the si-correction factor sis_isi introduced by Blanco is applied,”**’

N-m+1

N_1 (14)

81-("1) = Z i (m=1) (m=2,...,N),

= %

where N is the number of atoms in the molecule, a;; is the effective
overlap parameter between atoms i and j, and o; is the total cross
section of atom j.
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FIG. 2. DCS (10~'6 cm?/sr) for elastic scattering of electrons of hydrogen at energies of 70, 100, 400, and 700 eV. Theoretical: Ashok et al.>> Experimental: Wingerden

et al.*5 and Haque et al.?”
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This correction improves accuracy by addressing multi-
ple scattering paths and coherent contributions in molecular
systems.

Ill. RESULTS AND DISCUSSION

Using the optical model potential, we perform relativistic cal-
culations of the total cross section (TCS), differential cross section
(DCS), and momentum transfer cross section (MTCS) for electron
collisions with H, molecules at incident energies of 10, 20, 40, 100,
400, and 700 eV. The calculations incorporate both the real and
imaginary components of the potential to consistently account for
elastic and inelastic scattering processes.

Figure 1 illustrates the differential cross section (DCS) for
electron-H, collisions at 10 eV, together with experimental data
reported in previous studies for comparison: Furst et al., Shyn and
Sharp, Srivastava et al., and Linder et al. For 20 eV, the results are
compared with data from Khakoo et al., Nishimura ef al., Furst et al.,
Shyn and Sharp, and Srivastava et al. For 40 eV, comparisons are
made with Refs. 14, 31, 33, and 34, and for 100 eV, the outcomes are
evaluated against Refs. 14, 27, 33, and 36.

Figure 2 shows the obtained DCS at 400 eV, compared with
experimental data’® and theoretical results from Ref. 35.

Figure 3 presents the results of the total cross section (TCS)
and momentum transfer cross section (MTCS). The TCS data are
compared with both experimental measurements and theoretical
predictions available in the literature from Shyn and Sharp'’ and
Srivastava et al.,’! while the MTCS values are validated against the-
oretical predictions by England et al®’ and empirical data from
Refs. 14, 36, and 37.

Figure 4 illustrates the behavior of Sherman’s function, showing
strong spin polarization effects at low energies (6, 10, 20, 40, 70, and
100 eV) due to quantum interference, with oscillations that gradually
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diminish at higher energies (400 and 700 eV), indicating a transition
toward classical behavior.

At high incident energies, the interference structures aris-
ing from quantum wave interactions gradually diminish. As illus-
trated in Fig. 4, a distinct transition is observed from pronounced
spin polarization effects—characterized by oscillatory features of
Sherman’s function at low energies (6, 10, 20, 40, 70, and 100 eV)
to a more classical scattering behavior at higher energies (400 and
700 eV), where the oscillations in Sherman’s function are signif-
icantly suppressed. This trend reflects the reduced influence of
quantum interference and spin-dependent effects with increasing
electron energy.

At higher collision energies, the electron-molecule interaction
tends to localize within the inner electronic shells (e.g., the K-shell).
In this regime, scattered waves originating from different directions
interfere incoherently, leading to the disappearance of interfer-
ence patterns. This observation is consistent with the DCS results
shown in Figs. 1-3, where the de Broglie wavelength of the incident
electron becomes much smaller than the interatomic separations
within the H, molecule. Consequently, the incoming electrons inter-
act independently with each constituent atom, thereby minimizing
geometrical overlap effects.

Although H, is one of the most fundamental molecules
in physics and chemistry, theoretical investigations of its
electron-collision dynamics remain relatively limited because
of the inherent complexity of modeling quantum interactions.
Much of the previous research has concentrated on experimental
measurements. The present study contributes by providing reliable
and up-to-date theoretical predictions that closely reproduce
available empirical data, thereby validating the effectiveness of the
applied relativistic optical model. These findings offer valuable
insights for refining collision dynamics models and support future
advances in fields such as nuclear physics, plasma research, and
molecular electronics.
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FIG. 3. TCS (left) and MTCS (right) for the elastic scattering of electrons from H,. Theoretical: Jain and Baluja,>” De-Heng et al.,*® Wingerden et al.,%¢ and England et al.>

Experimental: Nishimura et al.>* and Shyn and Sharp.'*
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The interference structures observed in the DCS are primar-
ily attributed to diffraction effects that arise at low incident energies
as a consequence of the wave-like nature of electrons. These struc-
tures are strongly dependent on scattering angle and energy, thereby
revealing detailed information about the molecular potential land-
scape. With increasing energy, such structures gradually disappear,
and incoherent scattering becomes dominant due to the diminished
significance of wave-like behavior.

Moreover, the overall decrease observed in the TCS, DCS, and
MTCS values with increasing incident energy can be attributed to
several underlying factors, which are as follows:

1. Nature of interactions: At low energies, elastic scattering
dominates, whereas at higher energies, additional inelas-
tic channels become accessible, thereby reducing the elastic
contribution and lowering the total cross section.

2. Quantum interference: At specific energies, quantum inter-
ference effects may either enhance or suppress scattering
probabilities. As the energy increases, these quantum effects
gradually diminish, leading to smoother trends and lower
cross section values.

3. Scattering angle dependence: Larger scattering angles gener-
ally correspond to lower DCS values due to the reduced proba-
bility of forward scattering. Angular variations can, therefore,
significantly influence the overall shape of the DCS curve.

4. Momentum transfer: Increasing projectile momentum short-
ens the interaction time and decreases the likelihood of effec-
tive scattering, thereby contributing to the gradual decline
in cross section values. Finally, although thermal effects can
influence cross sections in plasma environments, they are not
explicitly incorporated in the present theoretical model and
are thus not considered in this study.

IV. CONCLUSIONS

The differential and total cross sections (DCS and TCS) were
calculated using the relativistic Dirac equation with partial-wave
analysis. The results show good agreement with both theoretical pre-
dictions and available experimental measurements, particularly at
medium and high energies.

The DCS values exhibit a pronounced energy dependence,
being relatively higher at lower incident energies (6-20 eV), which
reflects an increased probability of interaction with hydrogen
molecules. With increasing energy, the DCS decreases, consis-
tent with theoretical expectations due to the shorter de Broglie
wavelength of the incident electrons.

The TCS systematically decreases over the energy range of
10-700 eV. This trend can be explained by the combined influence
of elastic and inelastic scattering channels. Similarly, the momen-
tum transfer cross section declines at higher energies, indicating the
reduced contribution of low-energy states in high-energy collisions.

The Sherman function reveals strong oscillatory behavior at
low energies, signifying that spin polarization effects appear due to
wave interference at low energies. These oscillations are markedly
suppressed at higher energies, indicating a transition from quantum
interference phenomena to more classical scattering behavior.

In conclusion, this study highlights the strong dependence of
molecular scattering characteristics, with quantum effects such as

ARTICLE pubs.aip.org/aip/adv

spin polarization dominating at low incident energies, while classical
features prevail at higher energies. These findings provide valuable
insights into electron-molecule scattering dynamics and contribute
to the development of more accurate theoretical models.
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