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In this study, a statistical estimation is done for an epidemic model of cryptosporidiosis by changing
itinto a fractional order system. The disease-free equilibrium point, and the endemic equilibrium
point are the two equilibrium points and Jacobian matrix theory is used to determine stability. The
basic reproductive number Ry is calculated and examined for its role in disease dynamics and stability
analysis. The numerical technique named Grunwald Letnikov non-standard finite difference (GL-NSFD)
scheme is designed for solving the fractional epidemic model. To investigate the characteristics and
properties of numerical design, a test problem is considered for the simulation. For the underlying
system, a non-classical numerical approach is suggested. The state variables cannot be negative
because they describe the number of people. The suggested numerical scheme must have the
properties of positivity and boundedness. The positivity and boundedness of the fractional order
cryptosporidiosis epidemic model are investigated with the help of Laplace and inverse Laplace
transformation. Finally, the conclusions of the study are elaborated.

Keywo rds Statistical estimation, Fractional epidemic model, GL non-standard finite difference schemes,
Positivity, Boundedness, Simulations

A micro parasite called cryptosporidium that can survive in the intestines of both humans and animals and passes
through the faces of an infected person or animal causes the diarrheal condition known as cryptosporidiosis.
Common names for both the illness and the parasite are “crypto”. The parasite has a strong outer skin that makes
it particularly resistant to chlorine-based chemicals and allows it to live outside the body for long periods of
time. Crypto has gained attention as one of the most common causes of waterborne illness in humans in the
United States during the past 20 years, both in recreational and drinking water. An infected person or animal’s
stool results could contain millions of crypto viruses. When the symptoms commence, crypto begins to shed in
the stool, and it can persist for weeks after the symptoms stop .

Ernest Edward Tyzzer discovered Cryptosporidium in the intestine tissue of healthy mice in 1907 2, but the
first human instances of cryptosporidiosis weren’t discovered until 1976 >4. But until 1983, only a few additional
occurrences of cryptosporidium-related severe, persistent diarrhea in humans were observed in the United
States among urban males with AIDS and immunodeficient people, particularly calf handlers >. Global medical
and scientific communities have taken notice of the link between AIDS and cryptosporidium and subsequent
outbreaks of cryptosporidiosis in immunologically healthy people °.

The study of every facet of the disease increased as knowledge of the parasite’s pollution and the development
of diagnostic screening procedures increased. By the middle of the 1980s, many people became aware of
cryptosporidium as a recently discovered and possibly dangerous human intestinal virus 7~°. This paper aims
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to propose a fractional-order age-structured model for the analysis of smoking epidemic with a focus on
the influence of the age factor on the smoking behaviour and its dynamicity '°. Therefore, the present paper
aims to develop a fractional model for co-infection of Marburg and Monkeypox virus, which gives a clearer
understanding of the possibility of the transmission of the two diseases !!. The study conducted on a fractional-
order model of Ebola and Malaria co-infection focuses on the impact of detection and treatment parameters to
the diseases 2. This research aims at discussing the mechanisms of smoking behaviour by developing Age-Scale
Models with Fractal-Fractional Derivatives, concentrated on the impact of the government interventions 3.
Zarin et al. studied haar wavelet collocation methods of the fractional-order antidotal computer virus model 4.
Jitsinchayakul et al. studied fractional modeling of the COVID-19 epidemic model with harmonic mean type
incidence rate '°. Chu et al. studied a vigorous study of fractional order mathematical model for the SARS-CoV-2
epidemic with Mittag-Leffler kernel !°. Zarin studied a numerical study of a nonlinear COVID-19 pandemic
model by finite difference and meshless methods 7. Zarin et al. studied fractional modeling of the COVID-19
pandemic model with real data from Pakistan under the ABC operator '8

Applications of fractional-order differential models in the context of infectious diseases present unique benefits
in the modeling of real-world infectious disease transmission. These models employ non-integer derivatives with
a fractional-boundary condition to model memory effects and long-range temporal dependencies that appear in
actual epidemiological data but can be described only approximately with the help of integer-order derivatives.
For example, the fractional order models can be more effective in capturing long-term dependencies of disease
epidemics in a population, which involve past infection rates in formulating the current behavior. This capability
is particularly useful where diseases and incubation periods are lengthy or where diseases are cyclic in nature.
Furthermore, fractional order models can be used at different scales of transmission rates ranging from small
outbreaks to world spreading and hence they are helpful in public health. In concrete situations, they enrich
the accuracy of predicting the development of diseases, evaluating the efficiency of measures to limit them, and
distributing significant resources during a pandemic. In this sense, the improvement in the complexity of the
model, through a fractional order approach, yields a system response that is closer to the actual behavior of the
disease, allowing for better strategy conception for its prevention and control.

Adjusting the fractional order of equations that describe the dynamics of a disease can affect the behavior and
results of the model, making it much more practical in comprehending the spread and control of various diseases.
The fractional only in these models signifies the memory and hereditary nature of the models, which shows how
past states are effective in the current behavior of the system. In summary, enhancing disease dynamic models
with fractional orders enhances realism, and gets researchers closer to capturing key aspects of infectious disease
epidemiology, thereby improving the development of public health intervention strategies.

Definitions and preliminaries
Some fundamental definitions for the fractional derivatives are given in this section.

Definition 1 The Gamma function is defined as,

r(e):/ Yyl dy.
0

Definition 2 Let y(T) satisfies some smoothness conditions in every finite interval (0, t) with ¢ < 7. Then

t

Dby (t) = 1 e e il _
ODtY(t)_F(mfd)) (t—m) dTmy(t)dT,m 1< <m.

0

Definition 3 Single parameter Mittag-Laffler (M-L) function is defined as,

9]

i +
Z ock+1 ,aeR" s € C.

Moreover, two parameter form of (M-L) function can be written as,

> k
1
Eaﬁ kz_;m,aﬂeR ,s € C. and Eag()—sanHrg()—‘rm.

Definition 4 Let Z(7) satisfy some smoothness condition in every finite interval (0, t) with t < 7. Then Caputo
fractional derivative is defined as,

t

1 e dam
cDYZ(t) = ———— t—1) T —_Z(1)dr, m— 1 <u<m.
ot () F(mfu) ( ) dtm™ () , M u m
0
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where the norm is defined as, ||Z|| , = sup{|Z (t)| : t € I}. By C(I, R) we mean the Banach space of all
continuous functions from I into R '°.

Unraveling of the model
The state variables in the model are S(t), I(t), R(t) and E(¢) which describe the susceptible, infected, recovered
individuals and microbial population respectively the parameters are enlisted below.

Parameter symbol | Parameter rates

A Recruitment

w Lose of immunity

o Recovery

I Natural

P Mortality

v Contact of microbe population

K Concentration of microbe population in the environment
T Cryptosporidiosis infected to the environment
b Mortality of microbes

P Contact with the environment

By replacing Caputo derivatives instead of ordinary derivative, the fractional delayed model will adopt the
form as explained in system.

mﬁsm:A*+mR@»ﬂﬁsw—(Kffﬁﬂ+mansax
aﬁuwz(Kﬁfﬁw+ﬁEm)sw—0ﬂ+w+oﬂ1m, W

§DIR(t) =™ (1) — (1 +w) R(1),
(DLE () =7 () — mp B ().

Model analysis
In this section, we investigate the positivity, boundedness, unique existence of solution to the model (1).

Positivity
The compartmental epidemic model have some key traits such as positivity, boundedness and convergence
toward the steady states. Here, we will establish the result with proof for the positivity of the system (1).

Theorem 1 For any initial positive values, then (1) is positive invariant in R%..

Proof Consider 1st equation system (1),

o™ (1)

6D}S () = AN +w R (t) — S (1) — (M

+pAE(t)) S(t),

mﬁww>-fsm—(KZfﬁﬂ+&Em)sm.

A
Let My = p*S (t) + (K“Aﬁt()t) +pE (t)).

So, the above expressions becomes as,
§D{ S(t) > — (M) S, this implies that $D? S(t) + M;S > 0.
By taking Laplace transformation
L{5D? S(t)} + L{M:S} >0,
SSL{S (1)} — s s (0) + My L{S (t)} >0,
s* 15 (0)

L) 2 o

Now, applying the inverse Laplace transformation
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M1+S)\
- At o, 8P —
> 1) s . 1.0 " Bl «
S(t)>s(0)L {Ml-i-s*} using L e 10 177 " Eo g (ML),
S(t) > S(0) Exy (Mith)
S(t)>0,vt>0

Similarly doing for the rest of the equations. We conclude that the model holds the positivity.[]

Boundedness
In this segment, we prove another paramount feature of the model (1) i.e. the boundedness.

Lemma 1 For positive initial conditions, the system (1) is bounded for allt€[0, t_).

Proof Consider the system (1) in the following form,

GDIN (t) = GDYS (1) + 6D () + GDR (1),

GDIN (1) = N+ R () — p*S () — (W + 9 + 0N T (1) + o T (1) — (0 +w*) R (1),
GDAN () = AN = p (S () + T (1) + R () — (1),

§DYN (1) < A _M*N() YN (t),

6DIN () < AN = (W + 9™ N (1),

GDIN (1) + (u* + ) N () <A™

By taking Laplace transformation on both sides

LiDMN (1)} + (1™ + ) L{N ()} < AML{1},

S'LAN ()} = s*'N (0) + (u* +9*) L{N ()} < %A

{*+ (W +9M) LN ()} < n + N (0),

}_ )\ 1N( ) 8 A)‘ ’
{s* + (* + 9N} s{sd + (p + M)}

LIN (@) < N (0) 7t !

LN (1)

S +/\>\ S
A9} {s* + (W + 9N}

A—1 =1+

ey YRR Py pre ey g

T

(o
LN O} SN O) 5

Now by taking inverse Laplace transformation on both sides
A—1 A—(14A)
s + /\’\L_ls—7
{* + (* + ¥} {s* + (w + 91}
N (t) < N(0)Exi {— (1" +0) '} + A Ex i {= (1 +00) 11},

N () <N() Exi {— (" +9™) '} + (u* + %) .mt*&,m {= (W +0M) .

N(@#) <N@O) L™

Let,

M = ma:r{N(O),(u/\/_\Fw)\)}a

N(t) < MExy {— (0" +9") '} + (W + ) P Bxn {= (0 +07Y) 11

By using, Ea g (2) = 2Ea,a+8 (2) + ﬁ
We can write above inequality as

N0 <3 {2+ 0) PP (- (240 )+ (2 00) B (- (240 1) .

N (t) < M, Which is required (I" (1) = 1). [
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Existence and uniqueness
In this section, we present the unique existence of the solution of system (1),

Lemma 2 For positive initial conditions, the solution of (1) will exist and unique.

Proof Consider,

A
X(S) =AM +w R (t) - p*S(t) — (#(It)(t) +pE (t)) S(t),

o™ (1)

X (S1) — X (S2)]| = KX+ 1(1)

A+ R(E) — S (t) — ( +p E (t)) S1(t) — (A +w R (2)

A
Sy (t) (K“j(f)(t) + p*E<t>) S (1)

)

A
X ($1) = X (S2)]] = H (m + s + pAEa)) (S (t) — 51 <t>>H ,

A
1 (81) = X (S2)]| < 1 + gy M @1+ 24 12 @112 () = S0,
SIS @I @B IE @ €M, where 15— <1

[ X (S1) — X (S2)|| <t + 0 M+ p M ||S2 (t) — Sy (B)]],
X (S1) = X (So)|| < + (0N + ™) M||S2 (t) = S1 ()]

Therefore, X(S) satisfies the Lipchitz condition, for contraction mapping
w4 (M) M <L
Similarly, for the rest of the equations we have,
Fi = uA + (v)‘ +p)‘) M,
Fo = 1 + 9> + 0 + 07,
F3 = ,u’\ + wk,
F4 = ,u/\.

AlSO, F = max {Fl, FQ, F37 F4}
Therefore,

[X(S1) — X(S)[| < FS1— S,
|M(Ey) — M(E2)|| < F By — B,
IN(I) = N(I2)|| £ F|l - L],
[L(R1) — L(R2)|| < F|[R1 — Rzl

For F <1, K(S), M(E), N(I) and L(R) are contraction mappings. []

Basic reproductive number (R))
In this section, next generation matrix method is used for the calculation of R, and it is formed
AN A AN AR
as,Rp = PRy praE T
In this section, the sensitivity index of the parameters involved in the reproduction number and its graphical
representation are presented. All parameters are sensitive, but most are more sensitive, showing a positive ratio

at given data, and others are less sensitive.
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ORo N ORo g
Wy = —2 x——=1>0W = x L = 0
AT GAN Ro » WA o>~ Ro N?NA“FPAW)‘ Y7e) >0,
Wox = ORy X ﬁ = P K >0,Wia = LRO K —pp <0
g ap)\ Ro /’L?/“L)\ + p>\7r/\,U/\K>\ K OKA RO :U‘b/\:u‘A 4 pATFA/.LXKA )
ORy > —* ORy o ot
Wpr = oo o= L QW= x =7 <0
P 81/1)\ RO ,u)\+wk+o.)\ ) oA aa.A RO NA+1/]>\+UA 5
W ORq X w _ [(u?“)\ N (2M)\ + (d})\ + U/\))) +pM A WAN)\M/\KA] <0
A= ——— X — = 7
M 8[1)\ Ro (ug\p)\_,_p)\ AX 7T)‘M>‘K>‘> (M)‘+’¢A+O'>‘)
A AN A oA
W/\:LROXM—b: pTI',U,K < 0.

“ T ur - Ro i + P pr KA

Steady states
In this section, two equilibrium points are of the model (1) are presented in this section.

Definition 5 A point z* is said to be an equilibrium point of the system §D{ = f (t,x (t)),z (to) > 0,

if £ (b (1) = 0.

The disease-free equilibrium point of system (1) is,
AN
E():(So,meo,Eo): F,QO,O .

To find the endemic equilibrium point first consider,

v M ()

m +pAE(t)> S(t) =0

A+ R () — S (t) — (

< <It)(r +p*E(t)> S~ (W +y*+a*) 1) =0
— (/1, wA) R(t)=0

w*[(t) —mE@®) =0

7 (t) = i E (t)

A

B =50

AI(t) = (1 +w) R(L),
oM

RO = Oy

o v Gl
i <(/M i?x)) - <”A S Eyhdd < ;?(t)» o

A (p/\ +wk) + WM (t) _ <,u*p,? (K)‘ + I(t)) + o™ () + pr M (1) (KA + I(t))) S()

(u* +w?) KX+ 1(t)

S(t) = (KX +1(1) [\ (1 + ) + w0 (1)]
O\ [ (BX T (@) + wod (8) + A () (KX + T (0)] () + ) )

( oM (1) p*w*l(t)> ( (K*+ 1) [A (0 +w?) +wo™ (1)]
[ (

FOEN IO R S (K 1(0) + oL (1) + ] () (K> + 1(0)] (0 + o)
- (B +r 40 1) =0,

[uﬁvk + prr? (KA +1I (t))] [/\A (u’\ + w’\) +wrot (t)}
[ (K + 1) + 107 (1) + pm L (0) (K> + T(0)] e+ )

>—(u*+w*+o*)=o,

[ubAﬂk+pA7rz\Kk+pAﬂAI(t)] [/\A (IL/\+M)\) F P I )}
- (;/\ + ¢t +(rA) (p/\ +w ) [;1 1 (KA +I(t)) + v () 4 p N (t) (K'\ +I(t))} =0

w)\o'/\p)\ﬂ'/\IQ )+ [[wAaA] [,uA o +p K } + A (u +w )p T — (,uA + +a*) (,uA +wA) (;L’\ué +pA7TA)] I(t)
+ [p«gvA +pA7TAKA} [/\ (u +w )] — (p, +9* +UA) (,u'\ +w*) (uAuﬁ er/\?T)\) K*
- (,uA + +JA) (,uA +wk) o =0

A’ (t)+ BI () +C =0,

where,
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A X A_A
wiotp'T

[[ ] [ A A+/)Aﬂ_AKA] AN (HA_HUA)/) _ (MA+7/}A+O_A) (u'\-i-wA) (HXIL£+/)A7TA)]
[Mbv g KA} [/\’\ (MA+WA)] _ (MA+¢>\+O_A) (MA+WA) (,uAuﬁ-l-pwa) K

= (1 + 9t o) (1 ) ppo?

since A > 0,

B>0if HW } [M v +p)\ﬂ_>\K>\} A (“)\+w)\) ot > (H,\JMZ)AJFJA) (H/\er)\) (#A#2+pxwx)]7
C>0if [uiv +p K ] [/\ (u’\ +wx)} > (uA +7,b>‘ +a)‘) (uA +w>‘) (/fuf,‘ +p’\7TA) K

A
b .

+ (;LA+1Z)A+U)‘) (uA+w)‘)u v

A=
B = A
C

Thus,
A oTH (A A A _AT*
5 = (K —I—I)[/\ (u +w)+wal]
[y (B 4+ T) + oM (8) + PN (1) (KX + 1)) (2 +w?)
A
E* — LAI*
Hp
A
o
R* — 71*
W+ )

Local stability
In this section, local stability of the epidemic model is investigated at the disease free equilibrium point. In this
connection the following result are established.

Definition 6 An equilibrium point z* of the system §D = f (¢, z (t)) ,z (to) > 0, is said to be asymptotically
stable if all the eigenvalues of the Jacobian matrix (J) evaluated at 2™ satisfies |arg(\;)| > %, where \; are
eigenvalue of J.

Theorem 2 The disease-free equilibrium Ey is locally asymptotically stable if all the eigen values of the Jacobian
matrix are negative.

Proof The Jacobian matrix of the system (1) and its elements are given below

Jir Ji2 Jiz Jua

T = Jo1 Jaz Joz Jog
D= Js1 Js2 Jsz  Jaa
Jur Ja2 Jaz Jaa

Consider Jacobian at Fy,

oA AN
_/'LA H&K{\/\ w)\ ;;L)\/\
AAA A
JEg, = 0 :A}Q’A — (W + 9+ o) 0 pu/,\\
0 o (W4 0
0 o 0 e
Since det (Jg, — AI) =0,
(=" =) =0,
root is negative and real,
>‘1 - _Mk7

where A2,A3 and A4 belongs to

AN A Y A A A A
p@) = | Zx = (1 07 +0) =] [(= (07 +0%) =) (= - )]

AAA

SO () -0 ) =0,

by using the Routh-Hurwitz criterion for 3" order polynomials we have

P(A) =X+ asX? + a1\ + ao,
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Here
a0 = 1 (u A A A A pr ATy A
o=pp (1 +¢) (1 +v +0)+7MA (1 +4%),
XA A A A A A A A XA A p AN
ar=pp (" + 9 +00) + (1 +97) (1 + 90 +07) oy (n +w)+T,

az = (1" +9" +0%) g + (1 +97%).
All the three roots are positive and must be satisfied the condition
aiaz —ao > 0.
Hence, by Routh-Hurwitz criterion Ej is stable. []
Theorem The existing equilibrium (E'E) is locally asymptotically stable, if, Ro > 1.

Proof The Jacobian matrix of the system (1) and its elements are given below.

Jll J12 J13 Jl4
T — Jor Joo Jog Joa
D= Js1 Js2 Jsg Jaa |
J41 J42 J43 J44

The Jacobian matrix at existing equilibrium (EE) is as follows,

DAt . A gr N
- (LG B w) e, ———
v A I * *
1= | (BG4t m) - (et 0 PO
0 o - +w) 0
0 ™ 0 —p

A= — (M/\ +UJA)

A4 _(IL2+(/LA+1/}>\+J>\))+ (/LA+ (#ﬁ)(t)_i_pr*(t)))} \2
r A
+ (40t %) (u* + (7](11 s (t)))

+u2(u*+w*+a*)+< S )( v +pAE*(t)>}A

(K> +I* (1))? KX+ I*(t)
[ oM A A A A A K*S* v " *
+ _(/LA + (71(* +I(*t)(t) +p E (t))) w (1 + ot + o) + ((K* +[*(2))2> <K* +I(f)(t) +pE (t))

+m S (1) (77”* ©)_ | g (t))}

KX+ 1*(t)
=0,
)\3 +a2)\2 +aiA+ap = 0,

where,

r A *
as = _(u?+ (1 + 9> + oY) + (M+ (%-i—p*E* (t))) >0

r )\I*
o= [+ 0240 +0) (104 (g + 28 ) ) 4 (2 + 4 +)

K*S* (t) v () A e
* ((KAH* (t>>2> <K*+I* DR m)
T () . , K*S* () v (1) ;
ap = _(u* + (7[@\ e +p E (t)>) s (uA + +g’\) + ((K" o (t))z) (K* T 0 +p E (t))

Ak
£ 5" (1) <#[(f)(f) + P E (t))

>0,

> 0.

All the three roots are positive and must be satisfied the condition
aiaz —ao > 0.

Hence, by Routh-Hurwitz criterion system is locally stable at EE. []

Numerical scheme and results
This section is devoted to present the numerical scheme for the solution of underlying model.
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Definition 7 Let y(7) satisfies some smoothness conditions in every finite interval (0,t) with ¢ < 7. The non-
standard Grunwald-Letnikov Approximation for y(7) is
n+1
A A A
Ynt1 — Z €y Ynti—v — Tnp1¥o = h” (Y1),

v=1

where e = (1) () ) rhes = B (7arn) = 30 a (0 + )7

and the coefficient

I(pA+1)

m,mke]\]ou{—l}.

A _
Y0,-1 =

The Grunwald-Letnikov Approximation is the extension of the Euler method, so its order of convergence
coincides with order Euler method by taking A=1. For more details, the reference 2° is helpful.
Using above approximation for system (1), we have

n+1 A
1 A A A vl (1) A
790 TR {Sn+1 - Zeisnﬂﬂ' - ”Yn+150} =N+ w Ry — " Snt1 — (K (0 +p En (t) | Sny1(t)

1=1

Afn n+1
Sni1 [1 +o(m)* {/f + <I§’+ =+ p*En> H = el Surimi +ms150 + ¢ (W) A +6 (h) R

i=1
St e iSnga—i + 7 a1 S0 + d(h) A + (h) W R,
1+ (h)* [M’\ + (1?1],1 + p*En)}

S’n+1 =

' 2)

similarly, we have the following results
n oA
Zi:ll i1+ 'VAn+1IO + ¢(h)A (ﬁlﬂ + pAE”) Snt1
L+ 6(h)* (1> + 9> + o)
22_11 e;\Rn+1—i + 72+1R0 + ¢(h)AU>‘In+1
L+ ¢(h)™ (1A + W)

S e By 701 Bo + o(W) m Laga

L+ ¢(h)*p?, ‘

[n+1 =

I

; (4)

Rn+1 =

(5)

En+1 -

Now the following results ensure the ability of proposed technique to retain the positive and bounded behavior
of solution.
Lemma 3 Assume that all of the variables and control parameters are positive i.e.,

So>0,Io>0,Ry>0,Ey>0 and A*>0, w*>0, p*>0, >0 o*>0,
pr > 0,00 > 0,6 > 0,7 > 0,5 >0,6(h)* >0, are all positive, then Sp > 0,1, >0, R, >0 and
E,, > Ois satisfied foralln = 0,1,2,3...eZ7.
Proof Since
Z::_ll €?Sn+1_i —+ ’73+1SO + ¢ (h)A /\A +¢ (h)A UJ/\Rn

A VA I,
1+ ¢ (h) |:/L)‘ + (m + p’\En>:|

Sn+1 -

Forn =0,
Z?:l 6>\¢S1_i + 'Y)\IS() —+ d)(h))\/\)‘ —+ ¢(h)AUJ}‘R0

S = ==
1+ ¢(h)> {M + (;;1’;’0 + p*E())]

I

since, Sp and all the parameters are positive.

Then S1 > 0. Similarly it can easily be proved that I1, RiandE:1 > 0. Next we suppose that the result holds
forn ={1,2,3,4,...,n — 1}i.eSyn, In, Rnand Ey > 0,Yn = {1,2,34,...,n— 1}.

Moreover for n € ZT we have
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:L;rll eiSni1i + ’YanSo + <Z>(h))‘/\>‘ + ¢(h))‘wARn
1+ ¢(h)* {u* + (—;;1’;; + pAEn)}

Sn+1

)

since, all the discretize state variables and parameters are positive. Therefore S,11 > 0. Similarly
Iny1, Rug1, Eng1 > 0. Hence the proposed numerical scheme preserved the positivity for n € Z .0

Lemma4 LetSo, lo, Ro arefiniteso, So + Io + Ro < Lo.AlltheparametersAA,w)‘, pr ot pr o kD

iy and ¢(h)> are positive.

Then  there is a  constant  Mpi1  such  that  Sni1 < Mpyi,Ins1 < Mpt1, and
Rut1 < Mpi1¥n € Z10 < Eny1 < 1 for microbe papulation.

Proof Since all the parameters and state variables are positive then there exists a constant M, 1, such that
Sn+17 In+17 Rn+1and En+1 S Mn+1-

Adding the Egs. (2) to (5).
’UA]TL
K+ I,
n+1

+ Rni1+ ¢ (W) (1 + ) Rur = Ze?srwl—i + Y180 + & (W) A +6 (h)* W Ry,

=1

Sni1+ ¢ (W) i Snia + ¢ (h)> ( - pAEn) Sni1+ Inta + ¢ (W (1 + 9™ + 07) Inja

n+1 A
v,
+ Z eilnt1—i +Ynt1lo + ¢ (h)A (K—i—] + p)‘En> Sn+1
i=1 "

n+1
+ Z € Ruti-i +vms1Ro + ¢ () 0™ L1,

i=1

(L+ &) i) Snar + {1+ (W) (1™ +9Y) } Lnga + {1+ 0 (W) (1™ +0) } Rua
n+1
= 26? (Snt1—i + Int1—i + Rnt1-3i) + Ynt+1 (So + Io + Ro) + ¢ (h)x A +¢ (h)A W Ry,
i=1

oS0+ Io+ Ro = Lo.
This result is proved by mathematical induction. Firstly, consider the case when 7 = 0 in the above expression.
(L+em*u?) Si+ {1+ (W +0*) I+ {1+ 6 (W) (1" +w*) } Ra
= €1 (So + Lo+ Ro) + 1 (So + Io + Ro) + & (W) A* +6 (h)* ™ Ro,
(T+o M) Si+ {1+ (1 +¢N) Jh+{1+6)* (1" +w')} R < el Lo
+71Lo+ ¢ (h)* A +¢ (h)* w*Ro = M,

(1o u) s < (A + M) Lo+ ¢ (W) A" +¢ (h)* w” Ry = My,

S1 < Mq,
M
(L+ ¢ (b))
(e pt) > 1
S1 < Ma,

(146 m)*
= 01

)

similarly, it is easy to check that this constant is such that I; < M3, R1 < M; and E1 < M;. We define M; as
the maximum. Now for n = 1 we can see that

(1+ oW ) Sa+ {1+ ¢ (M) (1 +9)} b+ {1+ ¢ () (1’ +w*)} Ra < et My
+ 63[10 + v2Lo + (ﬁ(h)A /\A +¢ (h)AwAR1 = Mo,

A A
(1+ () u )S2SM2$S2S—(1+¢(}1)AMA)
(o) et) =1
S2 < Mo,
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Parameter symbol | Parameter rates Parameter values

A Recruitment 0.5

w Lose of immunity 0.001

o Recovery 2

m Natural 3

P Mortality 1

v Contact of microbe population 1
Concentration of microbe population in the environment | 1

T Cryptosporidiosis infected to the environment 0.02

s Mortality of microbes 0.02

p Contact with the environment

Table 1. The values of parameters involved in the model (1).

Basic Parameters

L ! I L L L !

u ) ¢ k 2 oy P 4
Sensitivity indices of R,

Fig. 1. Sensitivity indices of parameter’s involved in reproduction number.

similarly, I < M, Ry < Ms and Ex < Mo.
Now for some positiven € Z1

(148 i) Snrr + {1+ (W (¥ +97) } Tt + {1+ 0 (W) (1 +0Y) } Rus1 < €3 (Mo + Mooy + Mp—z + ... + M)

A AA X Ap o
+()\+F(1—)\)>LU+¢<}L> A +¢ (h)" w Ry = My,

(14 ¢ (W) 1) Sni1 < Moy,

= Sny1 <

M1

(1+¢ ) )’

(Lo ) > 1

Snt1 < Muya,

similarly, In+1 S Mn+1, Rn+1 S Mn+1 and En+1 S Mn+1.

Hence, scheme preserve the boundedness. []

Numerical simulations

In this segment, graphs are plotted for different values of the parameters given in the above Table 1 to support
our claimed feature of the scheme. Figure 1 shows the sensitivity indices of parameter’s involved in reproduction

number.

All the plots in Fig. 2 show the dynamics of susceptible individuals due the cryptosporidiosis disease toward
the disease-free equilibrium point. Four different graphs are plotted against the different values of fractional
order parameter \. The values of X are described in the Fig. 2. Every graph converges towards the disease-free
equilibrium point with a different rate of convergence depending upon the value of \.It can be observed that the
graph having the higher value of A converges fastly to the fixed point as compared to the graph with a smaller
value of \. So, it can be concluded that the rate of convergence towards the disease-free equilibrium point is

directly proportional to the value of .
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Fig. 2. The graphs of susceptible population with different values of A.
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Fig. 3. The graphs of infected population with different values of A.

All the graphs in Fig. 3 show the progress of infected individuals due the cryptosporidiosis toward the disease-
free equilibrium. Four different graphs are plotted against the different values of fractional order parameter A
and these values are 0.75 0.8 0.85 0.9. The values of X are described in the Fig. 3. Every graph converges towards
the disease-free equilibrium point with a different rate of convergence depending upon the value of A\.It can be
observed that the graph against the higher value of A converges fastly to the fixed point as compared to the graph
with smaller value of A. So, it can be concluded that rate of convergence towards the disease-free equilibrium
point is directly proportional to the value of .

All the sketches in Fig. 4 reflect the progress of infected individuals due the cryptosporidiosis toward
the disease-free equilibrium point. Four different graphs are plotted against the different values of fractional
order parameter \. The values of ) are described in the Fig. 4. Every graph converges towards the disease-free
equilibrium point with a different ratio of convergence depending upon the value of A.It can be noticed that
the graph with the higher value of A converges fastly to the fixed point as compared to the graph with smaller
value of \. So, it can be concluded that rate of convergence towards the disease-free equilibrium point is directly
proportional to the value of .

All the patterns in Fig. 5 reflect the progress of infected individuals due the cryptosporidiosis toward the
disease-free equilibrium point. Four different graphs are plotted against the different values of fractional order
parameter A and these values are 0.75 0.8 0.85 0.9. The values of \ are mentioned in the Fig. 5. Every graph
converges towards the disease-free equilibrium point with a different ratio of convergence depending upon
the value of A.It can be observed that the graph with the higher value of A converges fastly to the fixed point
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Fig. 4. The graphs of recovered population with different values of A.

GL-NSFD Method

0.06
0.05
0.04

o003

0.02

0
0 100 200 300 400 500 600 700 800 900 1000
t

Fig. 5. The graphs of microbial population with different values of .

as compared to the graph with smaller value of \. So, it can be concluded that rate of convergence towards the
disease-free equilibrium point is directly proportional to the value of A.

All the sketch in Fig. 6 reflect the progress of infected individuals due the cryptosporidiosis toward the
endemic equilibrium point. Four different graphs are plotted against the different values of fractional order
parameter A. The values of ) are mentioned in the Fig. 6. Every graph converges towards the endemic equilibrium
point with a different ratio of convergence depending upon the value of . It can be noticed that the graph with
the higher value of A\ converges fastly to the fixed point as compared to the graph with smaller value of A. So, it
can be concluded that rate of convergence towards the endemic equilibrium point is directly proportional to the
value of A.

All the plots in Fig. 7 reflect the progress of infected individuals due the cryptosporidiosis toward the endemic
equilibrium point. Four different graphs are plotted against the different values of fractional order parameter A
and these values are 0.75 0.8 0.85 0.9. The values of A are mentioned in Fig. 7. Every graph converges towards
the endemic equilibrium point with a different ratio of convergence depending upon the value of A.It can be
observed that the graph with the higher value of A converges fastly to the fixed point as compared to the graph
with a smaller value of A. So, it can be concluded that the rate of convergence towards the endemic equilibrium
point is directly proportional to the value of .

All the sketches in Fig. 8 reflect the progress of recovered individuals due the cryptosporidiosis toward the
endemic equilibrium point. Four different graphs are plotted against the different values of fractional order
parameter . The values of A are mentioned in Fig. 8. Every graph converges towards the endemic equilibrium
point with a different ratio of convergence depending upon the value of A. It can be noticed that the graph with
the higher value of \ converges fastly to the fixed point as compared to the graph with a smaller value of A. So,
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Fig. 6. The graphs of susceptible population with different values of A.
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Fig. 7. The graphs of infected population with different values of A.

it can be concluded that the rate of convergence towards the endemic equilibrium point is directly proportional
to the value of \.

All the graphs in Fig. 9 reflect the progress of recovered individuals due the cryptosporidiosis toward the
endemic equilibrium point. Four different graphs are plotted against the different values of fractional order
parameter A and these values are 0.75 0.8 0.85 0.9. The values of A are mentioned in Fig. 9. Every graph converges
towards the endemic equilibrium point with a different ratio of convergence depending upon the value of A
It can be noticed that the graph with the higher value of A converges fastly to the fixed point as compared to
the graph with a smaller value of A. So, it can be concluded that the rate of convergence towards the endemic
equilibrium point is directly proportional to the value of A.

GL NSFD simulations are more flexible and render high accuracy results which makes it possible to predict
the dynamics of disease by considering the biological systems accurately. As compared to the standard finite
difference methods, GL NSFD can handle the nonlinearities and it is capable to preserve crucial properties
such as positivity as well as the boundedness which is essential in modelling the spread of diseases in the real
world. These models enable one introduce complexities such as transmission rates, recovery rates and spatial
distribution of a disease hence offering a more realistic account of how diseases originate and develop. Due to
the capabilities of GL NSFD simulations in accurately depicting the dynamics of disease transmission, its output
can be used in development of public health principles, prediction of possible scenarios of outbreaks and the
assess the likely effects of measures including vaccination, quarantine and social distancing. It also improves the
accuracy of epidemiological models, and helps implement disease control measures that are more efficient and
relevant.
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Fig. 8. The graphs of recovered population with different values of A.
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Fig. 9. The graphs of microbial population with different values of .

Covariance of cryptosporidiosis model

The correlation coefficient is a statistical value that shows how closely two sets of values are related, both
positively, negatively and the coefficient ranges from +1 and —1 respectively. Specifically, a value of +1 on the
coefficient signifies a perfect positive linear relationship and it means, that as the values of one variable go up,
the other variable also goes up in a perfectly linear fashion. On the other hand, a value of -1 signifies a negative
linear correlation which means a perfect negative correlation in which the increase of one is related to the perfect
linear decrease of the other. A positive value indicates that there is a positive linear relationship and if the value
is equal to zero then there is no linear relationship in the pair of variables. Co-efficient of correlation shows how
one variable might influence another; yet, it does not express cause and cause-and-effect relationship. We have
discussed the covariance of the model for Cryptosporidiosis transmission epidemic between compartments in
this section. In order to address these, we calculated correlation coefficients and described the results in Table
2. The susceptible class has an inverse relationship with other compartments as shown by solutions in Table 2. If
the susceptible class increases eventually, it will be possible to decrease other compartments thus resulting into
a cryptosporidiosis-free equilibrium of the model.

Conclusions

A cryptosporidiosis model is taken into consideration for the study in this article. The state variables in the
mathematical model are S, I, R, and E. For the model, two steady equilibrium states endemic and disease-free are
defined. The next-generation matrix calculates a basic reproduction number. At DFE, the model’s stability and
the numerical scheme’s stability are both examined. The part of analyzing disease stability and transmission is
also looked at. For validating the preliminary findings, a numerical example and simulations are also presented.
The technique may be used to model non-linear integer order epidemic models with delay factors in the
future. The numerical scheme illustrates the dynamics of the disease in the model’s many compartments. Every
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Sub-populations | Correlation coefficient | Relationship
(S,E) -0.9679 Inverse
(E,]) 0.4363 Direct
(I,R) 0.4916 Direct
(R,S) -0.9855 Inverse
(R,E) 0.9240 Direct

(S, 1) -0.5463 Inverse

Table 2. Correlation coefficients.

equation verifies the convergence to the real steady state and the positive, bounded solutions. So, for the solution
of non-linear epidemic models, the NSFD scheme is a trustworthy and effective numerical design. The study
findings provide a predictive tool for incident patterns of outbreaks to public health authorities and prioritize
the interventions for cryptosporidiosis control. Stressing major transmission drivers underlines the need for
improved water quality, public awareness campaigns, and better surveillance systems. These insights support
preferential strategies for mitigating disease spread and protecting vulnerable populations.

Data availability
The datasets used and analysed during the current study are available from the corresponding author on rea-
sonable request.
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