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ON THE PSEUDO - PROJECTIVE TENSOR OF NEARLY

COSYMPLECTIC MANIFOLD

N. J. MOHAMMED (1) AND H. M. ABOOD (2)

Abstract. The authors focused on the geometry of the pseudo projectively tensor

of nearly cosymplectic manifold. In particular, it has established that the scalar

curvature tensor of the aforementioned manifold is constant. Moreover, under the

flatness property, the necessary condition for the nearly cosymplectic manifold to

be an Einstein space, has been determined.

1. Introduction

One of the significant curvature tensors is a pseudo - projective tensor. Prasad [18],

studied the aforementioned tensor on a Riemannian manifold of dimension n greater

than 2. On the other hand, Bagewadi et al. [3], [4], obtained certain condition of

vanishing pseudo - projective on LP - Sasakian manifolds. Moreover, Venkatosha

and Bagewadi [21], studied the recurrent property of pseudo - projective tensor on

Kenmotsu manifold. Nagaraja and Somashekhara [16], showed that every pseudo -

projectively vanishing and pseudo - projective semi symmetric Sasakian manifolds

are locally isomorphic to the unit sphere. Abood and Nawaf [1], [2], [15] , estab-

lished some results on a projective curvature tensor in nearly cosymplectic manifold.

Furthermore, Maralabhavi and Shivaprasanna [14], proved that R(X, Y )ξ = 0 if the

LP-Sasakian manifold is ξ-pseudo projectively flat. Guler and Demirbag [7], consid-

ered the pseudo - projective flatness on generalized quasi - Einstein manifold. Finally,

Shivamurthy et al. [20], established some results on pseudo - projective tensor in a
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Kenmotsu manifold.

2. Preliminaries

Suppose that M is a smooth manifold of odd dimension greater than 3, η is a

differential one form, ξ is a smooth vector field, Φ is an endomorphism of X(M) and

g = 〈., .〉 is the Riemannian metric on M.

The set (M, η, ξ, Φ, g) is called an almost contact manifold (AC-manifold), if the

following conditions hold:

η(ξ) = 1, Φ(ξ) = 0, η ◦ Φ = 0, Φ2 = −id + η ⊗ ξ,

and 〈ΦX,ΦY 〉 = 〈X, Y 〉 − η(X)η(Y ); X, Y ∈ X(M)[5]. Further, AC -manifold is

said to be a nearly cosymplectic manifold (NC-manifold) if the equality

∇X(Φ)Y +∇Y (Φ)X = 0,

supports for some X, Y ∈ X(M) [6].

The frame (p, ε0, ε1, ..., εn, ε1̂, ..., εn̂) is called an A-frame, where p ∈ M, εa =
√
2σp(ep), εâ =

√
2σ̄(ep), ε0 = ξp and 2n+ 1 is the dimension of manifold [12].

The matrices of the endomorphism Φp and the Riemannian metric gp in A-frame

of a tangent space of M at a point p are given by the following forms respectively:

(Φi
j) =











0 0 0

0
√
−1In o

0 0 −
√
−1In











, (gij) =











1 0 0

0 0 In

0 In 0











(2.1)

where In is the identity matrix of order n, and i, j = 0, 1, ..., 2n+ 1 [9].

A tensor of type (4, 0) which is defined by ℜ(X, Y, Z,W ) = g(ℜ(Z,W )Y,X), where

ℜ(X, Y )Z = ([∇X ,∇Y ]−∇[X,Y ])Z, and has the following properties:

(1) ℜ(X, Y, Z,W ) = −ℜ(Y,X, Z,W );

(2) ℜ(X, Y, Z,W ) = −ℜ(X, Y,W,Z);

(3) ℜ(X, Y, Z,W ) = ℜ(Z,W,X, Y );

(4) ℜ(X, Y, Z,W ) + ℜ(X,Z,W, Y ) + ℜ(X,W, Y, Z) = 0,
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is called a Riemann-Christoffel tensor of a smooth manifold M [13].

A tensor of type (2,0) which is defined by rij = ℜk
ijk = gklℜkijl, is called a Ricci

tensor of a smooth manifold M , where i, j, k, l = 0, 1, ..., 2n + 1 if M has dimension

2n+ 1, while gkl is the dual tensor of Riemannian metric g on M [19].

In [10], Kirichenko and Kusova established the structure equations of NC -manifold.

Moreover, the components of Riemann-Christoffel and Ricci tensors of NC-manifold

are calculated and listed in the next lemmas.

Lemma 2.1. [10] In the G-adjoined space, the structure equations of NC-manifold

are given as the following forms:

(1) dωa = ωa
b ∧ ωb +Babcωb ∧ ωc +

3
2
Cabωb ∧ ω;

(2) dωa = −ωb
a ∧ ωb +Babcω

b ∧ ωc + 3
2
Cabω

b ∧ ω;

(3) dω = Cbcωb ∧ ωc + Cbcω
b ∧ ωc;

(4) dωa
b = ωa

c ∧ ωc
b + [Aad

bc − 2BadhBhbc +
3
2
CadCbc]ω

c ∧ ωd,

where Babc =

√
−1

2
Φa

b̂,ĉ
, Cab =

√
−1Φa

0,b̂
, Cab = −

√
−1Φâ

b,0 and Babc = −
√
−1

2
Φâ

b,c.

The tensors B, C and A are called the first, second and third structure tensors re-

spectively. Whereas, a, b, c, d, h = 1, 2, ..., n and â = a+ n.

Lemma 2.2. [10] In the G-adjoined space, the components of Riemann-Christoffel

tensor of NC-manifold have the following forms:

(1) ℜâbcd = 0;

(2) ℜabcd = −2Bab[cd];

(3) ℜâb̂cd = −2BabhBhcd;

(4) ℜâ0b0 = CacCbc;

(5) ℜâbcd̂ = Aad
bc −BadhBhbc − 5

3
CadCbc.

The remaining components of the Riemann-Christoffel tensor ℜ can be obtain by

the classical symmetrical properties for ℜ or identical equal to zero. In addition,

a, b, c, d, h = 1, 2, ..., n and â = a+ n.

Lemma 2.3. [10] In the G-adjoined space, the components of the Ricci tensor of

NC-manifold are given by the following forms:
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(1) rab = 0;

(2) rab̂ = −Acb
ac + 3BcbhBhac +

2
3
CbcCac;

(3) ra0 = 0;

(4) roo = −2CcdCcd.

The remaining components of the Ricci tensor can be calculated by taking the conju-

gate operation to the previous components and those identical equal to zero. Moreover,

a, b, c, d, h = 1, 2, ..., n and b̂ = b+ n.

Definition 2.1. [8] A tensor of type (4, 0) which is defined by

Pijkl = ℜijkl −
1

2n
[rikgjl − rjkgil],

is called a projective tensor, where i, j, k, l have range as previous.

Definition 2.2. [17] A Riemannian manifold is called an Einstein space, if the Ricci

tensor satisfies the Einstein field equation rij = egij, where e is an cosmological

Einstein constant and i, j have range as previous.

Definition 2.3. [1] An NC-manifold has Φ-invariant Ricci tensor, if

Φ ◦ r = r ◦ Φ.

Lemma 2.4. [1] An NC-manifold has Φ-invariant Ricci tensor if and only if, in the

G-adjoined space the following condition

râb = rab = 0

holds, where a, b and â have range as previous.

Definition 2.4. [10] Suppose that M is NC-manifold, then M is called a closed

cosymplectic structure if dη = 0.

The following lemma establishes the relation between a significant class of almost

Hermitian manifold with the cosymplectic manifold.

Lemma 2.5. [11] Suppose that M is closed cosymplectic manifold, then M is Locally

equivalent to the direct product of a nearly Kähler manifold by a real line.
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Definition 2.5. [18] A pseudo - projective tensor Pp in a Riemannian manifold is

defined as follows:

Pp(X, Y, Z,W ) = αℜ(X, Y, Z,W ) + β[S(X,Z)g(Y,W )− S(Y, Z)g(X,W )]−
K

n
(

α

n− 1
+ β)[g(X,Z)g(Y,W )− g(Y, Z)g(X,W )],

where α, β are constants such that α, β 6= 0 , ℜ is a Riemann-Christoffel tensor, S is

a Ricci tensor and K is a scalar curvature tensor.

Remark 1. [18] The pseudo-projective tensor satisfies the following properties:

(1) Pp(X, Y, Z,W ) = −Pp(Y,X, Z,W );

(2) Pp(X, Y, Z,W ) 6= ∓Pp(X, Y, Z,W ), where X, Y, Z,W ∈ Tp(M)

Now, redefine the pseudo - projective tensor on AC−manifold as the following

components formula:

Ppijkl = αℜijkl + β[rikgjl − rjkgil]−
K

(2n+ 1)
(
α

2n
+ β)[gikgjl − gjkgil].(2.2)

Remark 2. If α = 1 and β = −1
2n
, then the equation (3.1) becomes

Ppijkl = Pijkl = ℜijkl −
1

2n
[rikgjl − rjkgil].

Which gives the classical projective tensor as a special case of the pseudo - projective

tensor. Also, take into account all indices in this section and next section have the

same range mentioned previously.

3. The Pseudo-projective Curvature Tensor

In order to study the geometric properties of the pseudo - projective tensor, we

start by calculation the components of the mentioned tensor which are embodied in

the following theorem.

Theorem 3.1. In the G-adjoined space, the components of the pseudo - projective

tensor of NC-manifold are given by the following forms:

(1) Ppabcd = −2αBab[cd];

(2) Ppâb̂cd = −2αBabhBhcd + β[rac δ
b
d − rbcδ

a
d ]− K

(2n+1)
[ α
2n

+ β][δac δ
b
d − δbcδ

a
d ];

(3) Ppâbcd̂ = α[Aad
bc − BadhBhbc − 5

3
CadCbc] + βrac δ

d
b − K

(2n+1)
[ α
2n

+ β]δac δ
b
d;
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(4) Ppâ0b0 = αCacCbc + βrab − K
(2n+1)

[ α
2n

+ β]δab .

The remaining are conjugate to those given above or identical equal to zero.

Proof. By using the Lemma 2.2 and Definition 2.1, we compute the components of

pseudo - projective tensor as follows:

1) Put i = a, j = b, k = c and l = d, we have

Ppabcd = αℜabcd + β[racgbd − rbcgad]−
K

(2n+ 1)
(
α

2n
+ β)[gacgbd − gbcgad]

Taking into account the matrices (2.1), Lemmas (2.2) and (2.3) , then we have

Ppabcd = −2αBab[cd]

By the same manner, we can get the other components. �

Theorem 3.2. Let M be NC-manifold. If M is an Einstein space with vanishing

pseudo - projective tensor, then the scalar curvature tensor is constant.

Proof. Suppose that M is Einstein space with vanishing pseudo - projective tensor.

According to the Theorem 3.1, we have

−2αBabhBhcd + β[rac δ
b
d − rbcδ

a
d ]−

K

(2n+ 1)
[
α

2n
+ β][δac δ

b
d − δbcδ

a
d ] = 0(3.1)

Since M is Einstein manifold, then the equation (3.1), becomes

−2αBabhBhcd − (βe− K

(2n + 1)
[
α

2n
+ β])[δac δ

b
d − δbcδ

a
d ] = 0(3.2)

Contracting the equation (3.2) by the indices (b, c) and then by (a, d), we obtain

−2αBabhBhba − (βe− K

(2n + 1)
[
α

2n
+ β])n(1− n) = 0(3.3)

By symmetrizating and then antisymmetrizing the equation (3.3) by the indices (b,h),

we get

K =
βe(2n+ 1)

[ α
2n

+ β]
.

�

Theorem 3.3. Suppose that M is NC-manifold with vanishing pseudo - projective

tensor and Φ-invariant Ricci tensor, then M is an Einstein space.
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Proof. Let M be NC -manifold with vanishing pseudo - projective tensor. According

to the Theorem 3.1, we have

−2αBabhBhcd + β[rac δ
b
d − rbcδ

a
d ]−

K

(2n+ 1)
[
α

2n
+ β][δac δ

b
d − δbcδ

a
d ] = 0(3.4)

Taking the symmetrization and antisymmetrization operations of the equation (3.4)

by the indices (b, h), we get

β[rac δ
b
d − rbcδ

a
d ]−

K

(2n+ 1)
[
α

2n
+ β][δac δ

b
d − δbcδ

a
d ] = 0(3.5)

Contracting the equation (3.5) by the indices (a, d), we get

rbc = eδbc,

where

e =
K[ α

2n
+ β]

β(2n+ 1)
.

Since M has Φ-invariant Ricci tensor. Consequently, by taking into account the

Definition 2.2, we get that M is an Einstein space. �

Finally, we have found a theoretical application for vanishing NC - manifold. In

particular, we have determined the necessary and sufficient condition for the men-

tioned manifold to be locally equivalent to the direct product of a nearly Kähler

manifold by a real line as shown in the theorem below.

Theorem 3.4. Suppose that M is NC-manifold with vanishing pseudo-projective ten-

sor and Φ-invariant Ricci tensor, then M is an Einstein manifold if and only if, M

is locally equivalent to the direct product of a nearly Kähler manifold by a real line.

Proof. Let M be NC -manifold with vanishing pseudo - projective tensor. According

to the Theorem 3.1, we have

αCacCbc + βrab −
K

(2n+ 1)
[
α

2n
+ β]δab = 0(3.6)

Suppose thatM is locally equivalent to the direct product of a nearly Kähler manifold

by a real line, then the equation (3.6), becomes

rab = eδab ,
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where e = K
(2n+1)β

[ α
2n

+ β].

According to the Φ-invariant Ricci tensor and the Definition 2.2, we deduce that M

is Einstein space.

Conversely,

Suppose that M is an Einstein space, then the equation (3.6), becomes

αCacCbc = 0(3.7)

in view of α 6= 0, we have

CacCbc = 0(3.8)

contracting the equation (3.8) by the indices (a, b), we obtain

CacCac = 0(3.9)

since Cac and Cac are antisymmetric tensors, then we get

∑

a,c

|Cac|2 = 0

consequently, we deduce

Cac = 0.

Suppose that π is a natural projection of a principle fiber bundle space, then

dw0 = dw = π∗dη = 0

thus we get dη = 0.

From the Definition 2.4, M is closed cosymplectic.

According to the Lemma 2.5, we get thatM is locally equivalent to the direct product

of a nearly Kähler manifold by a real line. �
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