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ABSTRACT

The purpose of this work is to study the geometric properties of projective tensor of Viasman-Gray
manifold. The necessary condition that the Viasman-Gray manifold is projective para-kahler manifold has
been found. The projective-recurrent Viasman-Gray manifold has been studied, in particular, it has been
proved the projective-recurrent Viasman-Gray manifold is either projective symmetrical manifold or it is a
locally conformal Kéhler manifold. Finally, an application about the projective-recurrent of Viasman-Gray
manifold has been given.
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1 Introduction

Almost Hermitian manifold is regarded as one of the most important subjects of differen-tial geometry. This
subject classified into different components in an attempt to determine its specifications and features
accurately. Then appeared important matter is the classification of the different classes of almost Hermitian
manifold according to specific features. Many researchers studied the almost Hermitian manifold and they
found that it had important geometrical properties. One of them is Russian researcher Kirichenko, when he
studied the almost Hermitian manifold by using G-structure space that does not depend on a manifold itself
but on a principle subfiber bundle of all complex frames which is called the adjoined G-structure space [1].
We used this method to study the projective tensor of the class Viasman-Gray manifold (VG — manifold).
This class denoted by W, @W,, where W, is the nearly Kidhler manifold (NK — manifold) and W, is the
locally conformal Kéhler manifold (LCK — manifold) [2].

There are many researchers studied the geometrical properties of some kind of the curvature tensors on
almost Hermitian manifold. Kirichnko, Rustanov and Shikhab [3] studied the geometry of conhormanic
curvature tensor of almost Hermitian manifold. One of these curvature tensor is projective tensor.
Kirichenko [4] proved that non-trivial projective-recurrent K-space of maximal rank is 6-dimensional
manifold of constant curvature tensor, also he proved that projective-recurrent K-space of dimension n > 2
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is local symmetric or local equivalent to the product of Euclidean space and 2-dimensional Kéhler manifold.
Abood [5], studied the projective tensor of NK —manifold, and he proved that NK —manifold is a projective
— parakahler manifold if and only if, either M is a Ricci flat Kéhler manifold, or M is 6-dimensional proper
NK —manifold.

2 Preliminaries

Let X(M) be a module of smooth vector fields on M. C*(M) be a set of smooth functions on M . An almost
Hermitian manifold (AH-manifold) is a set {M,/,g = (-,7)}, where M is 2n-dimensional (n > 1) smooth

manifold; J is an endomorphism of tangent space T, (M) with (]p)2 = —id, and g =<.,.> is a Riemannian
metric on M such that (JX,JY) =(X,Y); X,Y € X(M) [6].

Suppose that {ey, ..., ey, /ey, ..., Je,} is a basis of the tangent space T,,(M) at the point p € M. By using this
basis we can construct a new basis {&;,..,&2,&;, ...,&}of T5(M) which is called adapted basis. Its
corresponding complex frame is {p, &, ..., €3, &, ..., &, }. The G-structure space is the principle fiber bundle
of all complex frames of manifold M with structure group U(n) which is called an adjoined G-structure
space. Suppose that the indices i,j,k,l in the range 1,2,...,2n and the indices a, b, c,d, e, f in the range
1,2,..,mand d = a + n.

The components matrices of complex structure / and Riemannian metric g in the adjoined G-structure space
have the following forms:

; V—1I 0 0 I
Uj) = ( " (9i) = (1 (’;) @.1)
0 —/-1I, n
Where [, is the unit matrix of order n [1].

Definition 2.1 [7]. An AH —manifold is called VG-manifold, LCK — manifold and NK — manifold, if in the
adjoined G-structure space, the following conditions are respectively hold:

- b
Babc =B bac , Babc — Cl[a6C] :
pabe — , Babc — d[a6f] :
Babc — _Bbac’ Babc =0,

where B¢ =§][‘%’é] , B, = —g]g’c and « =ﬁ6F oJ, F is a Kihler form which def-ined by

F(X,Y) =<]JX,Y >,6 is a codrivative and X,Y € X(M) and the bracket [ ] denote to the antisymmetric
operation.

Theorem 2.2 [8]. In the adjoined G-structure space, the family of the structure equations of VVG-manifold has
the following forms:

D) dw® = wfAw? + B . w°Aw, + B* w,Aw, ;
2) dw, = —w2Aw, + Byf w.Aw? + ByycwP Aw ;
3) dwj} = 0w + (2B By + Af)wAwy + (BLBajpn + Afea) 0 Aw®

+(Byh BY + AZ ) Awg

where {w'}are the components of mixture form, {w}} are the components of Riemannian conn-ecion of
metric g, {Af.q4 , A%? } are some functions on adjoined G-structure space and {A2} are system of functions
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which are symmetric by the lower and upper indices and are called the components of holomorphic sectional
curvature tensor.
Definition 2.3 [9]. A Riemannian curvature tensor R of smooth manifold M is an 4-covariant tensor
R:T,(M) X T,(M) X T,(M) X T,,(M) —» R which is defined by
R(X,Y,Z,W) = g(R(Z, W)Y, X),

where R(X,Y)Z = ([VX, 7yl — V[X_y])Z; X,Y,Z,W € T,(M) and satisfies the following pro-perties:

1) RX,Y,Z,W)=—-R(Y,X,Z,W);

2) RX,Y,Z,W)=-RX,Y,W,Z);

3) RX,Y,ZW)+RX,Z,W,Y)+RX,W,Y,Z) =0;

4) RWX,Y,Z,W)=R(ZW,X,Y).

Theorem 2.4 [8]. In the adjoined G —structure space, the components of Riemannian cur- vature tensor R
of VG —Manifold are given as follows:

D Rapea = 2(Bab[cd] + a[aBb]cd) >

2) Rapca = 2Aheq ;

3) Rapea = 2(—BP"Byeq + afe 541 :
4) Rapca = Aj¢ + BBy — BBy

where {@% ,a.’ , ag;, ,a® } are some functions on adjoined G —structure space such that

da, + a,wl = alw, + ay,0’

and

da® — a’wf = afw? + a® w),
The other components of Riemannian curvature tensor R can be obtained by the property of symmetry for R.
Definition 2.5 [9]. A tensor of type (2,0) which is defined as 7;;- R{‘jk = g"Ry; ji 1s called a Ricci tensor.

Theorem 2.6 [8]. In the adjoined G-structure space, the components of the Ricci tensor of VVG-manifold are
given as the following forms:

1-n
D 7= T(aab + ape + aqay);

2) 7Tap = 3B By, — AfS + nT_l(a“ab —alay) - %ahh&‘,‘ + (n—2)a%).
And the others are conjugate to the above components.

3 Main Results

Definition 3.1 [4]. A projective tensor of an AH-manifold is a tensor P of type (4,0)which is defined by the
form:

1
Pijiy = Rijiu + 5 — (regji — Ti9u)
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where, R;jy; . 13 and g;; are respectively the components of Riemannian curvature tensor, Ricci tensor and
Riemannian metric.

This tensor has properties similar to those of Riemannian curvature tensor, this means
Pijii = =Py = —Pijic = Prgj

Lemma 3.2. In the adjoined G- structure space, the components of the projective tensor of VG-manifold are
given as the following forms:

D Papea = 2(Bab[cd] + a[aBb]cd)-

1
2)  Papca = 2Apca — m’"bdag-
b 2 b
3)  Pasea = 2 (—BPByeq + i) + = 1/46}).

2n-1 ¢
Y Papea = A3 + B " Byye — BUBys + 1055

2n-1
Proof.

1) Fori=a, j=b, k=c,and |l =d, then

1
Papca = Rapea + m—1 (Tac9va — TvcYaa)
According to the relaions(2.1), we have

Pabca = Rabea
2) Fori=a, j=b, k=c and [ =d, weobtain

1
m—1 (Tac9pa — TvcYaa)

Papca = Rapea + o

Papca = Rabca — mrbc(?éz

3) Fori=d, j=b, k=c and [ =d, it follows that

Pabea = Rabea + 5 —7 ("acG5a — T5caa)

an
= Rgpea + m—1 (rcaag - rcb‘sg)
b
= Rdﬁcd + o — 1T6[a5d]

4) Fori=a, j=b, k=c and [ =d, wehave

1
2 =1 (Tac9va ~ Toc9aa)

1%

Definition 3.3. An AH-manifold is called a projective flat if the projective tensor is equal to zero.
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Definition 3.4 [5]. An VG-manifold is called a projective parakahler manifold if the com-ponent Pzp.4 Of
projective tensor P is equal to zero.

Definition 3.5 [10]. An AH-manifold has J-invariant Ricci tensor, if Jor =70,

Lemma 3.6 [11]. An AH-manifold has J-invariant Ricci tensor if and only if, in the adjoined G-structure
space rlf =74 = 0.

Theorem 3.7. Let M be an VG-manifold, If M is a projective parakahler manifold, then M is LCK —
manifold if and only if, M is J-invariant Ricci tensor.

Proof:

Puti=a, j= b, k=c and!l = d, it follows that

Pabea = Rapea +5—7 (Tac9ba — TbcYaa)
Suppose that M is projective parakahler manifold, so according to the definition 3.4 we have

b 1
—2B%" By + 20(7 8] + = (Facpa — T5cdaa) = 0 €R)

Since M is J- invariant Ricci tensor, consequently we deduce
—2BWMBy g + 2a(2 84 = 0
Contracting by the indices (b, d), obtained
—2B%hB, o+ 2nal =0 (3.5
Symmetrization and antisymmetrization by the indices (a, b) we get:
2nal = (3.6)
Making use of the equations (3.5) and (3.6), it follows that
—2B%hB, =0
Contracting by the indices (a, ¢) we get
—2B%hB, . =0
B"Bapp = 0 = BappBapn = 0 = Za'b’h”Babhllz =0 Bgpn =0
Therefore, according to the definition 2.1 we have M is LCK —manifold.
Conversely, by using (3.4) and since M is LCK —manifold we get
2ali6y) + —— (128 —125§) = 0

Symmetrization by the indices (c, d) , it follows that
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1
2(2n-1)

A8 + 188t —1rP6¢ -1k =0

Contracting by the indices (b, d) we get

1
2(2n-1)

A8 + 18k — 1Pt — 1P =0
rd +rf =18 —1P63H =0

g —rPsdH =0

1
2(2n-1)
1

2(2n-1)

Symmetrization and antisymmetrization by the indices (b, a) we obtain

n a
T
2(2n-1) €

Consequently, we get
r2=0

Therefore, M is J-invariant Ricci tensor.

Definition 3.8 [4]. Let M be a Riemannian manifold, t be a non-zero tensor field of the type (r, s)on M. The

tensor t is said to be a recurrent if there is 1-form p on M such that Vt = p @ t, where v is the Riemannian
connection on M. The 1-form p is called a recurrence convector, and the Riemannian manifold which allows
a field of the recurrent tensor t is called t-recurrent.

Remark 3.9 [4]. If p =0, then the manifold is called t-symmetrical, and if p # 0 then it is called
nontrivially t-recurrent.

Definition 3.10. Let M be an VVG-manifold, M is called Pr-recurrent VVG-manifold if M is P-recurrent and r-
recurrent with the same recurrence convector.

Theorem 3.11. Suppose that M is Pr-recurrent I/G-manifold then M either projective symmetrical manifold
or projective recurrent LCK —manifold.

Proof:
Suppose that M is Pr-recurrent V G-manifold.

According to the definition 3.10, we have M is P-recurrent and r-recurrent VG-manifold.
According to the definition 3.8, we have
VP=pQP
which has the following coordinate form:
Pijiun = PrPijia
Consider this equation in the adjoined G-structure space, it follows
Pabean = PrPabea

By using the Lemma 3.2. we obtained:
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—2BW Byog + 20[084] + —— (1888 = 15k88) = pu[—2B Byeq + 202 84] + —— (186} —
28]
According to the definition 3.10, we get
—2BWMBy g + 20281, = pr(—2B%" Byoy + 20 6,))
Since M is VG-manifold, then we obtain
—2BWM By + 20081, = pr(2B Byeq + 22640
By the Symmetrization and antisymmetrization by the indices (a, b) , it follows that
2p,B*™Bycq = 0
Contracting by the indices (a, ¢) and (b, d) we have
2pB*M" By, = 0
Consequently either,
prn = 0; it follows VP = 0 which means that M is projective symmetrical manifold.

Or, Berbp, . =0

Since M is VG-manifold, then we get
B®"Byn = 0 = BappBapn = 0 = Z bh”Babhllz =0 Bgpr =0
a,b,

Making use of the definition 2.1, it follows that M is LCK —manifold.
Hence M is projective recurrent LCK —manifold.

Lemma 3.12 [4]. Let M be an AH-manifold. If the sectional curvature tensor A%% is recurrent (A%, =
plidbcad, then M is locally holomorphic isometrical to the product manifold of the 2-dimensional Kihler
manifold M by the complex Euclidean space €.

Finally, the next result gives an interesting application about projective-recurrent VG -manifold.

Theorem 3.13. Suppose that M is Pr-recurrent VG-manifold then M is locally holomorphic isometrically to
the product manifold of the 2-dimensional Kihler manifold by the complex Euclidean space C* 2.

Proof:
Let M be Pr-recurrent VG -manifold.
According to the definition 3.10, we have M is P-recurrent and r-recurrent VG-manifold.
According to the definition 3.8, we have
VP=pQP
which has the following coordinate form:

Pijiun = PrPijia
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Consider this equation in the adjoined G-structure space, it follows
Papcan = PrnPabca

By using the Lemma 3.2. we obtained

ApE) + B Bppe i — B Bnpy + ﬁn‘wﬁ = pn(AfZ + B " Bype — B4Bns + ﬁrcafséi)
According to the definition 3.8, we have

Gk + B " Bupcie = B“Bugyc = pu(A5¢ + B Bupe — B¢Brs) 3.7)
Symmetrization and antisymmetrization by the indices (h, b) we get

ARk = pnABe (3.8)

According to the Lemma 3.12. we obtained that the manifold M is locally holomorphic iso-metrically to the
product manifold of the 2-dimentional Kihler manifold by the complex Euclidean space C*™1.

4 Conclusion

This paper is devoted to study the geometric properties of projective tensor of Viasman-Gray Manifold. In
particular, we have found the properties of projective-recurrent Viasman-Gray manifold. Related to this
properties we have got interesting application of projective-recurrent Viasman-Gray manifold.
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