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ABSTRACT 

 
The purpose of this work is to study the geometric properties of projective tensor of Viasman-Gray 

manifold. The necessary condition that the Viasman-Gray manifold is projective para-kahler manifold has 

been found. The projective-recurrent Viasman-Gray manifold has been studied, in particular, it has been 

proved the projective-recurrent Viasman-Gray manifold is either projective symmetrical manifold or it is a 

locally conformal Kähler manifold. Finally, an application about the projective-recurrent of Viasman-Gray 

manifold has been given. 
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1 Introduction 
 
Almost Hermitian manifold is regarded as one of the most important subjects of differen-tial geometry. This 

subject classified into different components in an attempt to determine its specifications and features 

accurately. Then appeared important matter is the classification of the different classes of almost Hermitian 

manifold according to specific features. Many researchers studied the almost Hermitian manifold and they 

found that it had important geometrical properties. One of them is Russian researcher  Kirichenko, when he 

studied the almost Hermitian manifold  by using �-structure space that does not depend on a manifold itself 

but on a principle subfiber bundle of all complex frames which is called the adjoined G-structure space [1]. 

We used this method to study the projective tensor of the class Viasman-Gray manifold (�� � manifold). 

This class denoted by ��⨁��, where			�� is the nearly Kähler manifold (	
 � manifold) and �� is the 

locally conformal Kähler manifold (��
 � manifold) [2].    

 

There are many researchers studied the geometrical properties of some kind of the curvature tensors on 

almost Hermitian manifold. Kirichnko, Rustanov and Shikhab [3] studied the geometry of conhormanic 

curvature tensor of almost Hermitian manifold. One of these curvature tensor is projective tensor. 

Kirichenko [4] proved that non-trivial projective-recurrent 
-space of maximal rank is 6-dimensional 

manifold of constant curvature tensor, also he proved that projective-recurrent 
-space of dimension � � 2 
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is local symmetric or local equivalent to the product of Euclidean space and 2-dimensional Kähler manifold. 

Abood [5], studied the projective tensor of 	
 �manifold, and he proved that 	
 �manifold is a projective 

– parakahler manifold if and only if, either � is a Ricci flat Kähler manifold, or �	is 6-dimensional proper 	
 �manifold.                 

 

2 Preliminaries   

 
Let �(�) be a module of smooth vector fields on �.	�∞(�) be a set of smooth functions on	� . An almost 

Hermitian manifold (��-manifold) is a set ��, �, �	 = 〈∙	,∙〉�	, where � is 2�-dimensional (� � 1) smooth 

manifold; 	� is an endomorphism of tangent space !"(�) with 	#�"$% = �&', and � =<. , . � is a Riemannian 

metric on � such that 	〈��, �*〉 = 〈�, *〉; �, * ∈ �(�) [6]. 

 

Suppose that �-�, … , -/, �-�, … , �-/� is a basis of the tangent space !"(�) at the point  0 ∈ �. By using this 

basis we can construct a new basis �1�, … , 1%, 1�̅, … , 1/̅�	of 	!"3(�) which is called adapted basis. Its 

corresponding complex frame is �0, 1�, … , 1%, 1�̅, … , 1/̅�.	The G-structure space is the principle fiber bundle 

of all complex frames of manifold � with structure group 4(�) which is called an adjoined G-structure 

space. Suppose that the indices &	, 5	, 6, 7  in the range 1,2, … ,2�		and the indices 8, 9, :, ', -, ;	in the range 1,2, … , �	 and 8< = 8 + �. 
 

The components matrices of complex structure � and Riemannian metric � in the adjoined G-structure space 

have the following forms: 

 

#�>?$ = @√�1B/ 0
0 �√�1B/D , #�?>$ = E0 B/B/ 0F                                                                            (2.1) 

 

Where  B/ is the unit matrix of order �	[1]. 

 

Definition 2.1 [7]. An �� �manifold is called 	��-manifold, 	��
 � manifold and 	
 � manifold, if in the 

adjoined �-structure space, the following conditions are respectively hold:   

 

GHI3 = GJIH3   ,  G					3HI = K[HM3I] ; GOPQ = 0 ,	R						3HI = K[HM3I]  ;  RHI3 = �RIH3 , R					3HI = 0 , 

 

where 	RHI3 = √J�
% �SIT,3̂VH  , 		R						3HI = � √J�

% �IT,3H  and K = �
/J�MW ∘ �, W is a Kähler form which def-ined by 

W(�, *) =< ��, * �,	M is a codrivative and	�, * ∈ �(�)	and the bracket [  ] denote to the antisymmetric 

operation.  

 

Theorem 2.2 [8]. In the adjoined G-structure space, the family of the structure equations of ��-manifold has 

the following forms: 

 

1)  'YH = YIHZYI + G						3HI Y3ZYI + GHI3YIZY3 ; 

2)  'YH = �YHIZYI + GHI				3Y3ZYI + GHI3YIZY3	; 
3)  'YIH = Y3HZYI3 + #2GH[\G\I3 + ]I3H[$Y3ZY[ + #G			[3H\G[]I\ +	]I3[H $	Y3ZY[ 		 

										+^GI\			[3G[]H\ + ]IH3[_Y3ZY[	; 
 

where	�Y?�are the components of mixture form,	`Y>?a	are the components of Riemannian conn-ecion of 

metric	�, `]I3[H 	, ]IH3[ 	a	are some functions on adjoined �-structure space and	`�I3H[a are system of  functions 
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which are symmetric by the lower and upper indices and are called the components of holomorphic sectional 

curvature tensor. 

Definition 2.3 [9]. A Riemannian curvature tensor b of smooth manifold � is an 4-covariant tensor  b: !"(�) × !"(�) × !"(�) × !"(�) → ℝ  which is defined by 

 b(�, *, h,�) = �(b(h,�)*, �),		 
 

where	b(�, *)h = #[ij, ik] � i[j,k]$h; 		�, *, h,� ∈ !"(�)	and satisfies the following pro-perties:  

   

1) b(�, *, h,�) = �b(*, �, h,�); 
2) b(�, *, h,�) = �b(�, *,�, h); 
3) b(�, *, h,�) + b(�, h,�, *) + b(�,�, *, h) = 0; 

4) 	b(�, *, h,�) = b(h,�, �, *). 
 

Theorem 2.4 [8]. In the adjoined � �structure space, the components of Riemannian cur- vature tensor b 

of	�� �Manifold are given as follows: 

 

1) 	bHI3[ = 2(GHI[3[] + K[HGI]3[) ; 
2) bH<I3[ = 2ΑI3[H  ; 

3) bH<IT3[ = 2(�GHI\G\3[ + K[3[HM[]I]) ; 
4) bH<I3[T = ]I3H[ + GH[\G\I3 � G			3H\G\I			[ , 

 

where �K		IH 	, KH		I 	, KHI 	, KHI	� are some functions on adjoined � �structure space such that  

 'KO + KIYHI = KHIYI + KHIYI 
 

and 

 'KH � KIYIH = KIHYI + KHIYI 
 

The other components of Riemannian curvature tensor b can be obtained by the property of symmetry for b. 

 

Definition 2.5 [9]. A tensor of type (2,0)	which is defined as l?>m	b?>nn = �nobn?>o is called a Ricci tensor.     

 

Theorem 2.6 [8]. In the adjoined �-structure space, the components of the Ricci tensor of ��-manifold are 

given as the following forms: 

 

1) lHI = �J/
% (KHI + KIH + KHKI); 

2) lH<I = 3Β3H\Β3I\ � ΑI33H + /J�
% (KHKI � K\K\) � �

%K		\\ MIH + (� � 2)K		IH ). 
 

And the others are conjugate to the above components. 

 

3 Main Results 

 
Definition 3.1 [4]. A projective tensor of an ��-manifold is a tensor q of type (4,0)which is defined by the 

form: 

 

q?>no = b?>no + �
%/J� #l?n�>o � l>n�?o$, 
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where, b?>no , l?>  and �?>  are respectively the components of Riemannian curvature tensor, Ricci tensor and 

Riemannian metric.   

   

 

This tensor has properties similar to those of Riemannian curvature tensor, this means 

 q?>no = �q>?no = �q?>on = qno?>  

 

Lemma 3.2. In the adjoined G- structure space, the components of the projective tensor of VG-manifold are 

given as the following forms: 

 

1) 	qHI3[ = 2#GHI[3[] + K[HGI]3[$. 
2) 	qH<I3[ = 2ΑI3[H � �

%/J� lI[δtO . 
3) 	qH<IT3[ = 2 ^�GHI\G\3[ + K[3[HM[]I]_ + %

%/J� l3[HM[I]. 
4) 	qH<I3[T = ]I3H[ + GH[\G\I3 � G				3H\G\I			[ + �

%/J� l3HMI[ . 
 

Proof. 
 

1)  For  & = 8	,			5 = 9	,			6 = : , and  7 = ' , then 

 

qHI3[ = bHI3[ + 1
2� � 1 (lH3�I[ � lI3�H[) 

 

       According to the relaions(2.1), we have 

 qHI3[ = bHI3[ 

2) For & = 8<	,			5 = 9	,				6 = :   and    7 = '	, we obtain 

 

qH<I3[ = bH<I3[ + 1
2� � 1 (lH<3�I[ � lI3�H<[) 

qH<I3[ = bH<I3[ � 1
2� � 1 lI3M[H																																				 

 

3)  For & = 8<,				5 = 9T,							6 = :   and  7 = ', it follows that 

 

qH<IT3[ = bH<IT3[ + 1
2� � 1 (lH<3�IT[ � lIT3�H<[) 

											= bH<IT3[ + 1
2� � 1 #l3HM[I � l3IM[H$																 

											= bH<IT3[ + 2
2� � 1 l3[HM[I]																																	 

 

4) For & = 8<,					5 = 9,							6 = :, and     7 = 'u , we have 

  

qH<I3[T = bH<I3[T + 1
2� � 1 (lH<3�I[T � lI3�H<[T) 

											= bH<I3[T + 1
2� � 1 l3HMI[ 														 

 

Definition 3.3. An ��-manifold is called a projective flat if the projective tensor is equal to zero. 
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Definition 3.4 [5]. An ��-manifold is called a projective parakahler manifold if the com-ponent qH<IT3[ of 

projective tensor q is equal to zero.  

 

Definition 3.5 [10]. An ��-manifold has �-invariant Ricci tensor, if 	� ∘ l = l ∘ �. 
 

Lemma 3.6 [11]. An ��-manifold has �-invariant Ricci tensor if and only if, in the adjoined �-structure 

space lIH< = lHI = 0. 

 

Theorem 3.7. Let � be an VG-manifold, If � is a projective parakahler manifold, then	� is ��
 � 

manifold	if and only if,	� is �-invariant Ricci tensor. 

 

Proof: 

 

Put & = 8<,				5 = 9T,							6 = :  and 7 = ', it follows that 

 

qH<IT3[ = bH<IT3[ + 1
2� � 1 (lH<3�IT[ � lIT3�H<[) 

 

Suppose that � is projective parakahler manifold, so according to the definition 3.4 we have 

 

�2RHI\R\3[ + 2K[3[HM[]I] + �
%/J� (lH<3�IT[ � lIT3�H<[) = 0                                                             (3.4)             

 

Since �		is �- invariant Ricci tensor, consequently we deduce  

 

�2RHI\R\3[ + 2K[3[HM[]I] = 0 

 

Contracting by the indices (9, '), obtained 

 �2RHI\R\3I + 2�K3H = 0																																																																																																																												(3.5) 
 

Symmetrization and antisymmetrization by the indices (8, 9) we get: 

 2�K3H = 0						                                                                                                                              				(3.6) 
 

Making use of the equations (3.5)	and 	(3.6), it follows that 

 �2RHI\R\3I = 0	 
 

Contracting by the indices (8, :) we get 

 �2RHI\R\HI = 0 
 

RHI\RHI\ = 0 ⟹ RxHI\RHI\ = 0 ⟹ y ‖RHI\‖%H,I,\ = 0 ⟺ RHI\ = 0 

 

Therefore, according to the definition 2.1 we have � is ��
 �manifold.           

          

Conversely, by using (3.4) and since � is ��
 �manifold we get 

 

2K[3[HM[]I] + �
%/J� (l3HM[I � l3IM[H) = 0 

 

Symmetrization by the indices (:, ') , it follows that 
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�
%(%/J�) (l3HM[I + l[HM3I � l3IM[H � l[IM3H) = 0 

 

Contracting by the indices (9, ') we get 

 �
%(%/J�) (l3HMII + lIHM3I � l3IMIH � lIIM3H) = 0 

�
%(%/J�) (�l3H + l3H � l3H � lIIM3H) = 0 

�
%(%/J�) (�l3H � lIIM3H) = 0 

 

Symmetrization and antisymmetrization by the indices (9, 8) we obtain 

 /
%(%/J�) l3H  = 0 

 

Consequently, we get 

 l3H = 0 
 

Therefore, � is	�-invariant Ricci tensor.         

 

Definition 3.8 [4]. Let � be a Riemannian manifold, | be a non-zero tensor field of the type (l, })on �. The 

tensor | is said to be a recurrent if there is 1-form ~ on � such that 	∇| = ~ ⊗ |, where  is the Riemannian 

connection on �. The 1-form ~ is called a recurrence convector, and the Riemannian manifold which allows 

a field of the recurrent tensor | is called  |-recurrent. 

 

Remark 3.9 [4]. If ~ = 0, then the manifold is called |-symmetrical, and if ~ ≠ 0 then it is called 

nontrivially |-recurrent. 

 

Definition 3.10. Let � be an ��-manifold, � is called ql-recurrent ��-manifold if	� is	q-recurrent and l-

recurrent with the same recurrence convector.  

 

Theorem 3.11. Suppose that � is ql-recurrent	��-manifold then � either projective symmetrical manifold 

or projective recurrent ��
 �manifold. 

 

Proof: 

 

Suppose that � is ql-recurrent ��-manifold. 

 

According to the definition 3.10, we have � is q-recurrent and r-recurrent ��-manifold. 
 

According to the definition 3.8, we have  
 ∇q = 	~ ⊗ q 

 

which has the following coordinate form:                                                             
 q?>no,\ = ~\q?>no 
 

Consider this equation in the adjoined �-structure space, it follows  
 qH<IT3[,\ = ~\qH<IT3[ 

 

By using the Lemma 3.2. we obtained:   
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�2RHI\R\3[,n + 2K[3[HM[],nI] + �
%/J� (l3,nH M[I � l3,nI M[H) = ~\[�2RHI\R\3[ + 2K[3[HM[]I] + �

%/J� (l3HM[I �l3IM[H)] 
 

According to the definition 3.10, we get     
 

�2RHI\R\3[,n + 2K[3[HM[],nI] = ~\(�2RHI\R\3[ + 2K[3[HM[]I]) 
 

Since � is ��-manifold, then we obtain 
 

�2RHI\R\3[,n + 2K[3[HM[],nI] = ~\(2RH\IR\3[ + 2K[3[HM[]I]) 
 

By the Symmetrization and antisymmetrization by the indices (8, 9) , it follows that   
 2ρhBOhPBhQt = 0 
 

Contracting by the indices (8, :) and (9, ')	we have 
 2ρhBOhPBhOP = 0 
 

Consequently either, 

 ~\ = 0; it follows ∇q = 0			which means that � is projective symmetrical manifold.   

   

Or,         RH\IR\HI = 0 

 

Since � is ��-manifold, then we get   

 

RHI\RHI\ = 0 ⟹ RxHI\RHI\ = 0 ⟹ y ‖RHI\‖%H,I,\ = 0 ⟺ RHI\ = 0 

 

Making use of the definition 2.1, it follows that �  is ��
 �manifold. 
 

Hence � is projective recurrent ��
 �manifold.    
       

Lemma 3.12 [4]. Let � be an ��-manifold. If the sectional curvature tensor �I3H[  is recurrent #�I3,\H[ =~ℎ�9:8', then � is locally holomorphic isometrical to the product manifold of the 2-dimensional Kähler 

manifold �  by the complex Euclidean space ℂ/J�. 

 

Finally, the next result gives an interesting application about projective-recurrent ��-manifold.  
 

Theorem 3.13. Suppose that � is ql-recurrent ��-manifold then � is locally holomorphic isometrically to 

the product manifold of the 2-dimensional Kähler manifold by the complex Euclidean space ℂ/J�. 
 

Proof: 
 

Let � be qr-recurrent ��-manifold. 
 

According to the definition 3.10, we have � is q-recurrent and r-recurrent ��-manifold. 
 

According to the definition 3.8, we have  
 ∇q = 	~ ⊗ q 

 

which has the following coordinate form: 
 q?>no,\ = ~\q?>no 
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Consider this equation in the adjoined �-structure space, it follows 
 qH<I3[T,\ = ~\qH<I3[T  

 

By using the Lemma 3.2. we obtained       

                                              

�I3,nH[ + RH[\R\I3,n � R				3H\R\I,n			[ + �
%/J� l3,nH MI[ 	= ~\(�I3H[ + RH[\R\I3 � R				3H\R\I			[ + �

%/J� l3HMI[)  
 

According to the definition 3.8, we have  
   �I3,nH[ + RH[\R\I3,n � R				3H\R\I,n			[ = ~\#�I3H[ + RH[\R\I3 � R				3H\R\I			[$																																																	(3.7) 
 

Symmetrization and antisymmetrization by the indices (ℎ, 9) we get 
 �I3,nH[ = ~\�I3H[ 																																																																																																																																																(3.8) 

 

According to the Lemma 3.12. we obtained that the manifold � is locally holomorphic iso-metrically to the 

product manifold of the 2-dimentional Kähler manifold by the complex Euclidean space ℂ/J�. 
 

4 Conclusion 
 
This paper is devoted to study the geometric properties of projective tensor of Viasman-Gray Manifold. In 

particular, we have found the properties of projective-recurrent Viasman-Gray manifold. Related to this 

properties we have got interesting application of projective-recurrent Viasman-Gray manifold. 
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