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Abstract 

 
         In the present paper we found the necessary condition in which a locally 
conformal Kahler manifold is a manifold of a pointwise holomorphic sectional 
curvature tensor. It has been proved that, if M is a Locally conformal Kahler manifold 
of the pointwise holomorphic sectional curvature tensor and projective(conformal) 
flat with J-invariant Ricci tensor, then M is an Einstein manifold. 
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1.  Introduction 
 
          Fifty years ago, a number of researchers studied one of the most important 
subjects of differential geometry, whose application is used in the synthesis of the 
differential geometrical  structure, it is called "Almost Hermitian manifold". This 
subject is classified into different components for an attempt to determine its 
specifications and features accurately.   
         The first practical study was done by Koto 1960 [10], upon the findings of 
which had been depended by Gray to set forth a number of examples on practical 
manifolds in 1965 [3].  A new study about the kinds of almost Hermitian manifold 
was conducted by Gray and Hervella in 1980 [4], they found that the effect of the  
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unitary group )(nU  on the space of tensors of type (3,0)  was reducible. Accordingly, 
the space decomposed into four irreducible component spaces. Thus, this effect 
defined sixteen subspaces of  the space of type (3,0). This study was done by using  
Kozal's operator method [11]. A great contribution was made by the Russian 
researcher Kirichenko [5], who studied the almost Hermitian manifold by the adjoint  
G-structure space. Kirichenko found two tensors, which helped the researchers to 
study the different properties of almost Hermitian manifold. In 2001, Banaru [2] 
succeeded to classify the sixteen classes of almost Hermitian manifold by using the 
two tensors of Kirichenko, which are called the Kirichenko's tensors. Abood [1] 
studied the properties of these tensors. 
       The locally conformal Kahler manifold which are going to be dealt with in this 
study, is one of the sixteen classes of almost Hermitian manifold. The first study on 
locally conformal Kahler manifold was conducted by Libermann 1955 [12]. Vaisman, 
in 1981 put down some geometrical conditions for locally conformal Kahler manifold 
[19]. Letter on in1982, Tricerri mentioned different examples about the locally 
conformal Kahler manifold[18].          
       In each Riemannian manifold, there is a tensor of the type (3,1), which is 
invariant with respect to the metric transformation. This tensor is called as conformal 
curvature tensor or  Wely's tensor  [15], which is going to be considered in this study.  

 
 

2.  Preliminaries  
 

Definition 2.1 [9]. A tensor field J  of type (1,1) on a smooth manifold M  is called 
an almost complex structure ( AC -structure), if at each point Mp∈ , there is an 
endomorphism pJ of a tangent space )(MTp , such that idJ p −=2 , where id  is the 
identity mapping of  )(MTp . 
       A smooth manifold with an almost complex structure is called an almost 
complex manifold ( AC -manifold ). 
 
Definition 2.2 [9]. Let M  be a smooth manifold and )(MX be a module of vector 
fields on M . An almost Hermitian structure ( AH -structure) on M is a pair 
{ }〉〈= ,, gJ , where J  is an AC -structure,  g  is the (pseudo) Riemannian metric on 
M  such that: 

)(,   ,,, MXYXYXJYJX ∈∀= . 

      A smooth manifold with an AH -structure is called an almost Hermitian manifold 
( AH - manifold) and will be denoted by { }〉〈= ,,, gJM . 
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Lemma 2.3 [9].  Every almost complex  manifold has an even  dimension and  is 
orientable. 
Definition 2.4 [8]. Let M  be an almost complex manifold of real dimension n2 , the 

module 
⎭
⎬
⎫

⎩
⎨
⎧

∈/∈⊗==⊗/= ∑
=

)(,,:)()(
1

MXXCZXZXXMXCMX
N

k
kkkk

c is called a 

complexification of the module )(MX .  
 
Definition 2.5 [13]. An endomorphism )()(: XXXX cc →τ  which is defined by: 

)()()( MXXZXZX c
k

k
kk

k
k ∈⊗=⊗= ∑∑ττ  for all k

k
k XZX ∑ ⊗=   is called an 

operator of complex conjugate. 
 
Remark  [7]. In the module )(MX c we can define two complementary projections: 

)()(: MXMX cc →σ by the form )1(2
1 cJid −−=σ  and )()(: MXMX cc →σ by 

the  form  )1(2
1 cJid −+=σ , where JidJ c ⊗=  is the linear complex extension of  

endomorphism J .   
Let us denote D=σIm and D=σIm , then DDMX c +=)( , where D and D are 

respectively proper submodules of the endomorphism cJ with proper values 1−  and 
1−− , then each )(MXX c∈  can be written by the form )()( XXX σσ += . 

 
Theorem 2.6 [5]. If M  is an AH - manifold, then the basis of )(MTp  given by  the 
form  },...,,,...,{ 11 nn JeJeee . 
 
Definition 2.7 [5]. The basis },...,,,...,{ 11 nn JeJeee  is called a real adept basis of AH - 
structure },{ gJ , or RA -basis .    
        By using this basis we can construct a new basis { }nn εεεε ,...,,,..., 11 , where 

)( aa eσε =  and )( aa eσε = . This basis is called a basis of AH -structure or A -basis. 
The corresponding  frame is { }nnp εεεε ,...,,,...,, 11  which  is called A -frame [5]. 
       We will use the notations { }nn εεεε == ˆ11̂ ,..., . Suppose that the indices 

,...,,, lkji  in the range n2,...,1  and the indices ,...,,,,,,, hgfedcba  in the range n,...,1  
Denote naa +=ˆ , then A -frame can be written as the form  ሼ, ,ଵߝ … , ,ߝ ,ଵߝ … , ොߝ  ሽ. 
 
Remark [5]. It is well known, that the given AH -structure on manifold M  
equivalent to the given G -structure in the principle fiber bundle of all complex  
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frames of manifold M   with structure group )(nU , this group is called an adjoint G -
structure.  
      The space consists of A -frames characterizing , that the components matrices of 
J and g  in this A-frames have the following forms: 

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

−−

−
=

n

ni
j

I

I
J

10

01
)(     ,  ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=

0
0

)(
n

n
ij I

I
g                                                  (2.1)             

where  nI   is the unit matrix of order n . 
 
 
3.   Locally conformal Kahler manifold  
 
Definition 3.1 [15]. Let g  and g~  be two Riemannian metrics on smooth manifold 
M , we say that on M given a conformal transformation metric if there is a smooth 
function  )(MCf ∞∈   such that   geg f2~ = . 
      Let },,,{ >=<gJM  be an AH-manifold , if  there exists a conformal 
transformation of the metric g  into the metric g~ , then }~,,{ 2 gegJM f=  will be AH-
manifold. In this case we say that on smooth manifold M  given conformal 
transformation of AH-structure, denoted by fM~ .  
 
Definition 3.2 [4]. An AH-manifold is called a locally conformal Kahler manifold, if 
for each point Mm∈  there exists an open neighborhood U  of this point and there 
exists )(UCf ∞∈ , such that fU~  is Kahler manifold. We will denote to the locally 
conformal Kahler manifold by  L.C.K-manifold.  
   
Definition 3.3 [4]. Let M  be an AH-manifold, the form which is given by the 

relation JS
n

oΩ
−
−

=
1

1α is called a Lie form , where S  represents the coderivative. 

If Ω  is  −r form, then its coderivative ΩS  is −− )1(r form. 
 
Remark [2]. By the Banaru's classification of AH-manifold, the  L.C.K.- manifold 
satisfies the following condition: 

0=abcB   ,  [ ]b
c

aab
cB δα= .  

 
Theorem 3.4 [16]. In the adjoint G – structure space, the components of Riemannian 
curvature tensor of L.C.K-manifold are given by the following forms: 
1.   [ ] [ ]

b
dca

b
dca

a
bcdR δααδα 2

1+=  
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2.   [ ] [ ]d

b
cad

b
caa

dcb
R δααδα 2

1ˆ
ˆˆˆ −−=  

3.   ]
]

[
[ˆ 2 b

d
a
c

a
cdb

R δα−=   

4.   ]
]

[
[

ˆ
ˆˆ 2 d

b
c
a

a
dcb

R δα=   

5.   d
bh

h
c

aad
bc

a
dbc

AR ][
][

ˆ δαδα−=   

6.   c
ha

b
d

hbc
ad

a
dcb

AR ][
][ˆ

ˆˆ δαδα+−=  

7.   c
hb

h
d

aad
bc

a
dcb AR ][

][
ˆ δαδα−=    

8.   d
ha

h
c

bbc
ad

a
dcb

AR ][
][ˆ

ˆˆ δαδα+−=   

9.   [ ] [ ]d
b

cad
b

caa
dcb

R δααδα 2
1

ˆˆ +=   

10. [ ] [ ]
b
dca

b
dca

a
cdb

R δααδα 2
1ˆ

ˆ −−=   

11. ][][][
ˆˆ

c
d

hb
h

ab
d

caa
dcb

R δαδαδα +−=    

12. d
ch

h
ba

d
bca

a
dbc

R ][][][
ˆ

ˆ δαδαδα −=   

13. ][][][
ˆˆ

d
c

hb
h

ab
c

daa
dcb

R δαδαδα +−=  

14. c
dh

h
ba

c
bda

a
dcbR ][][][

ˆ
ˆ δαδαδα −=  

15. 0ˆˆˆ =a
dcb

R   

16. 0ˆ =a
bcdR  

Where ad
bcA are the components of holomorphic sectional curvature tensor[6]. 

 
Definition 3.5 [15]. A Ricci tensor is a tensor of type (2,0) which is defined by:  

kijl
klk

ijkij RgRr == . 
 
Theorem 3.6. In the adjoint G – structure space , the components of the Ricci tensor 
of L.C.K-manifold are given by the following forms: 
1. c

bh
h
ac

c
abc

a
cbc

a
cbcabr ][][][][2

1
][ δαδαδαδααδα −++=   

2. ][][][][
2
1][

ˆˆ
b
c

ha
h

ca
c

bcc
a

bcc
a

bc
ba

r δαδαδαδααδα +−−−=  

3. b
ha

h
c

ccc
ab

c
a

b
cba

Ar ][
][]

]
[
[ˆ 2 δαδαδα −+=  

4. c
hc

h
b

aab
cc

a
c

c
bba Ar ][

][]
]

[
[ˆ 2 δαδαδα +−−=  

 
Proof.  By using the definition 3.5 and  theorem3.4, we have: 
1. k

abkab Rr =  

          
c

cab
c
abc RR ˆ

ˆ+=  
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    c

bh
h
ac

c
abc

a
cbc

a
cbcabr ][][][][2

1
][ δαδαδαδααδα −++=  

2. k
kbaba

Rr ˆˆˆˆ =  

         c
cba

c
cba

RR ˆˆ
ˆ

ˆˆˆ +=  

    ][][][][
2
1][

ˆˆ
b
c

ha
h

ca
c

bcc
a

bcc
a

bc
ba

r δαδαδαδααδα +−−−=  
 
3. k

kbaba
Rr ˆˆ =  

         c
cba

c
cba

RR ˆ
ˆ

ˆˆ +=  

    b
ha

h
c

ccc
ab

c
a

b
cba

Ar ][
][]

]
[
[ˆ 2 δαδαδα −+=  

4.  k
bkaba Rr ˆˆ =  

          c
cba

c
cba

RR ˆ
ˆˆˆ +=  

     c
hc

h
b

aab
cc

a
c

c
bba Ar ][

][]
]

[
[ˆ 2 δαδαδα +−−=  

 
Definition 3.7 [6]. A holomorphic sectional curvature ( HS-curvature ) tensor  of an 
AH-manifold in the direction 0),( ≠∈ XMXX  is a function )(XH  which is defined 

by 
4)(,),( XXHJXXJXXR = . 

 
Definition 3.8 [6]. A manifold M  is called a  manifold  of a pointwise  holomorphic 
sectional curvature (PHS-curvature) tensor, if H does not depend on X , that means,

)(,)(;,),( 4 MCcMXXXcJXXJXXR ∞∈∈= . 
 
Lemma 3.9  [17]. If M is an  AH-manifold  of  PHS-curvature  tensor , then we have: 

cb
dabc

ad XXXXX δ~24 = , where )(~
2
1 c

a
b
d

c
d

b
a

bc
ad δδδδδ +=  is a Kroneker delta of the 

second type. 
 
Lemma 3.10  [17].  If M is an AH-manifold of PHS-curvature tensor , then  we have: 

dcba
dcab

dcba
dabc

dcba
abcd XXXXRXXXXRXXXXRJXXJXXR ˆˆ

ˆˆ

ˆ
ˆ 24(,),( −−=   

                             dcba
dcba

dcba
dcba

XXXXRXXXXR ˆˆˆ
ˆˆˆ

ˆˆ

ˆˆ 44 −−  

                       dcba
dcba

XXXXR ˆˆˆˆ
ˆˆˆˆ+ ) .    

Theorem 3.11.  If M  is L.C.K-manifold of the  PHS - curvature tensor ,  then  the 
components of   HS-curvature tensor in the a  djoint G-structure space satisfies  the 
condition bc

ad
cc

ha
b
d

hbc
adA δδαδα ~

2][
][ += . 

Proof.  Let M  be L.C.K-manifold of  PHS-curvature tensor. 
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According to the definition 3.8 we have: 

)(),(;,),( 4 MCcMXXXcJXXJXXR ∞∈∈=                                             (3.1) 
According to the Lemmas 3.9, 3.10, and  Theorem 3.4 , the equation (3.1) becomes: 

dcbad
b

c
a

dcbad
ch

h
ba

d
bca XXXXXXXX ˆˆ]

]
[
[

ˆ
][][][ 4)(4 δαδαδαδα −−−  

XXXXc

XXXXXXXX

b
dabc

ad

dcbac
d

hb
h

ab
d

cadcbac
ha

b
d

h

δ

δαδαδαδαδα
~2

)(4) ˆˆˆ][][][ˆˆ
][

][

=

−++
                (3.2) 

Now,  by symmetrization the equation (3.2) by ),( ba , we get: 

cb
dabc

ad
dcbac

ha
b
d

hbc
ad XXXXcXXXXA δδαδα ~2)(4 ˆˆ

][
][ =− .  

Therefore bc
ad

cc
ha

b
d

hbc
adA δδαδα ~

2][
][ += . 

 
Definition 3.12  [17]. An AH-manifold  has −J invariant Ricci tensor if JrrJ oo = .  
 
Lemma 3.13  [17]. An AH-manifold has  −J invariant  Ricci  tensor  if , and only if,  
in  the a djoint G-structure space 0ˆ =a

br .  
 
Definition 3.14  [17]. A projective tensor of an AH-manifold is a tensor P  of type 
(4,0) which is defined by the form:  

)(
12

1
llll ijkjikijkijk grgr

n
RP −

−
+=                                                                           (3.3) 

Where Rr,  and g are respectively Ricci tensor, Riemannian curvature tensor and 
Riemannian metric.     
This tensor  has  properties similar to the  properties of  Riemannian curvature tensor, 
that means ijkkijjikijk PPPP llll =−=−= . 
 
Definition 3.15[14]. A Riemannian manifold is called an Einstein manifold, if the 
components of Ricci tensor satisfies the equation ijij egr = , where e and g  are 
respectively an  Einstein  constant and Riemannian metric. 
 
Definition 3.16. An AH-manifold is called a projective flat if the projective tensor is 
equal to zero.  
 
Theorem 3.17.  If  M  is L.C.K-manifold of the PHS-curvature tensor and is a 
projective flat with −J invariant   Ricci  tensor, then M  is an Einstein manifold.  
Proof.  Suppose that M  is L.C.K-manifold of the PHS-curvature tensor and 
projective flat with −J invariant Ricci tensor.  
 Put  ckbjai ˆ,ˆ, ===  and ,d=l then the equation )3.3(  becomes: 
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)(
12

1
ˆˆˆˆˆˆˆˆ adcbdbcadcbadcba
grgr

n
RP −

−
+=  

        
dbcadcba

gr
n

R ˆˆˆˆ 12
1
−

+=  

According to the definition 3.16  and theorems 3.4,  3.11 we obtained:  
0)(~

12
1

2 =+ −
− b

d
c

an
bc

ad
c r δδ  

 Thus       
0)(][ 12

1
2 =++ −
− b

d
c

an
c
a

b
d

c
d

b
a

c r δδδδδ                                                                            (3.4)   
 by contracting (3.4) by the indices ),( ba we obtained:  

c
d

c
d er δ=   , where  

2
)1)(12( +−

=
nnce   

Since Ricci tensor is −J invariant, so by  Lemma 3.13 we get:    
ijij egr = , where e is an Einstein constant.  

Therefore M  is an  Einstein manifold.  
        
Remark [15]. In each Riemannian manifold M ( in particular AH-manifold ) of 
dimension more than 2, we can define a tensor }{ i

jkWW l=  of type (3,1) which is 
invariant with respect to the conformal transformation metric .  
This tensor is called as conformal curvature tensor of manifold M ,  or is called 
welye's tensor and defined by the form:  

)22)(12(
)(

)()1(2
1

−−

−
+−−++= − nn

ggggK
grgrgrgrRW ikjijk

ijkjkiikjjiknijkijk
ll

llllll
                       (3.5)            

where grR ,, and K are respectively the Riemannian curvature tensor, Ricci tensor, 
Riemannian metric and scalar curvature tensor.  
This tensor has properties similar to the properties of Riemannian curvature tensor, 
i.e.    ijkkijjikijk WWWW llll =−=−=  . 
 
Lemma 3.18.  In the adjoint G – structure space, the components of Welye's tensor of 
L.C.K-manifold are given by the following forms: 
1) 0=abcdW  

2) [ ] [ ] )( ]
ˆ

[)1(
1

2
1

ˆ
a
c

b
dn

b
dca

b
dcabcda rW δδααδα −++=   

3) [ ] [ ] )( ]
ˆ

[)1(
1

2
1

ˆ
b
d

a
cn

b
dca

b
dcacdba

rW δδααδα −+−−=  

4) )( ]
ˆ

[)1(
1

][][][ˆ
c
a

d
bn

c
dh

h
ba

c
bdadcab rW δδαδαδα −+−=  

5) )( ]
ˆ

[)1(
1

][][][ˆ
d
b

c
an

d
ch

h
ba

d
bcadabc

rW δδαδαδα −+−=   
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6) 
)1)(12(

)(2 ][][)1(
1]

]
[
[ˆˆ −−

+++−= − nn
KrrW

ba
cda

c
b
d

b
d

a
cn

b
d

a
ccdba

δδδδα   

7) 
)22)(12(

)
)

(
()1(

1
][

][
ˆˆ −−

+−−= − nn
KrAW

a
d

c
bc

b
a

dn
c
hb

h
d

aad
bcdcba

δδδδαδα    

8) 
)22)(12(

)()1(2
1

][
][

ˆˆ −−
−++−= − nn

KrrAW
a
c

b
da

c
b

d
d
b

a
cn

d
bh

h
c

aad
bcdbca

δδδδδαδα  

And the others are conjugate to the above components.  
 
Proof. By using,(2.1), theorem3.4 and the equation(3.5), we compute the components 
of conformal curvature tensor as the following: 
1) Put ,,, ckbjai ===  and d=l , we obtained: 

)22)(12(
)()()1(2

1

−−
−

+−−++= − nn
ggggKgrgrgrgrRW acbdadbc

adbcbcadacbdbdacnabcdabcd   

          abcdR= 0=  
2) Put ,,,ˆ ckbjai ===  and d=l , we have: 

)22)(12(
)()( ˆˆ

ˆˆˆˆ)1(2
1

ˆˆ −−
−

+−−++= − nn
ggggKgrgrgrgrRW cabddabc

dabcbcdacabdbdcanbcdabcda      

          )( ˆˆ
)1(2

1
ˆ

a
d

b
c

a
c

b
dnbcda rrR δδ −+= −  

          )( ]
ˆ

[)1(
1

ˆ
a
c

b
dnbcda rR δ−+=  

          [ ] [ ] )( ]
ˆ

[)1(
1

2
1 a

c
b
dn

b
dca

b
dca r δδααδα −++=  

3) Put ,,ˆ, ckbjai ===  and d=l , we get: 

)22)(12(
)(

)( ˆˆ
ˆˆˆˆ)1(2

1
ˆˆ −−

−
+−−++= − nn

ggggK
grgrgrgrRW acdbadcb

adcbcbadacdbdbacncdbacdba
    

         )( ˆˆ
)1(2

1
ˆ

b
c

a
d

b
d

a
cncdba

rrR δδ −+= −  

         )( ]
ˆ

[)1(
1

ˆ
b
d

a
cncdba

rR δ−+=   

         [ ] [ ] )( ]
ˆ

[)1(
1

2
1 b

d
a
cn

b
dca

b
dca r δδααδα −+−−=  

4) Put ,ˆ,, ckbjai ===  and d=l , we get: 

)22)(12(
)()( ˆˆ

ˆˆˆˆ)1(2
1

ˆˆ −−
−

+−−++= − nn
ggggKgrgrgrgrRW cabdadcb

adcbcbadcabdbdcandcabdcab       

         )( ˆˆ
)1(2

1
ˆ

c
b

d
a

c
a

d
bndcab rrR δδ −+= −  

         )( ]
ˆ

[)1(
1

ˆ
c
a

d
bndcab rR δ−+=  
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         )( ]

ˆ
[)1(

1
][][][

c
a

d
bn

c
dh

h
ba

c
bda r δδαδαδα −+−=  

5) Put ,,, ckbjai ===  and d̂=l , we obtained: 

)22)(12(
)(

)( ˆˆ
ˆˆˆˆ)1(2

1
ˆˆ −−

−
+−−++= − nn

ggggK
grgrgrgrRW acdbdabc

dabcbcdaacdbdbacndabcdabc
     

         )( ˆˆ
)1(2

1
ˆ

d
a

c
b

d
b

c
andabc

rrR δδ −+= −  

         )( ]
ˆ

[)1(
1

][][][
d
b

c
an

d
ch

h
ba

d
bca r δδαδαδα −+−=  

6) Put ,,ˆ,ˆ ckbjai ===  and d=l , we have: 

)22)(12(
)(

)( ˆˆˆˆ
ˆˆˆˆˆˆˆˆ)1(2

1
ˆˆˆˆ −−

−
+−−++= − nn

ggggK
grgrgrgrRW cadbdacb

dacbcbdacadbdbcancdbacdba
   

         
)22)(12(
)()()1(2

1
ˆˆ −−

−
+−−++= − nn

KrrrrR
a
c

b
d

a
d

b
ca

d
b

c
b
c

a
d

a
c

b
d

b
d

a
cncdba

δδδδδδδδ  

         
)1)(12(

)(2 ][][)1(
1]

]
[
[ −−

+++−= − nn
Krr

ba
cda

c
b
d

b
d

a
cn

b
d

a
c

δδδδα  

7) Put ,ˆ,,ˆ ckbjai ===  and d=l , we get: 

)22)(12(
)()( ˆˆˆˆ
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8) Put ,,,ˆ ckbjai ===  and d̂=l , we have: 
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Definition 3.19. An AH-manifold is called a conformal flat if the Welye's tensor 
equal to zero. 
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Theorem 3.20. If M is L.C.K- manifold of the PHS-curvature tensor and is a   
conformal  flat with −J invariant Ricci tensor, then M is an Einstein manifold. 
 
Proof. suppose that M  is L.C.K-manifold of the PHS-curvature tensor and conformal 
flat with −J invariant   Ricci  tensor.  
Put  ckbjai ˆ,ˆ, ===  and ,d=l then the equation (3.5) becomes: 

)22)(12(
)(

)( ˆˆˆˆ
ˆˆˆˆˆˆˆˆ)1(2

1
ˆˆˆˆ −−

−
+−−++= − nn

ggggK
grgrgrgrRW cadbadcb

adcbcbadcadbdbcandcbadcba    

         
)22)(12(

)()1(2
1

ˆˆ −−
−++= − nn

KrrR
c
a

b
dc

a
b

d
b
d

c
andcba

δδδδ  

By using the definition  3.19, and   theorems 3.4  , 3.11, we obtained: 
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By contracting )6.3( by  the indices ),( dc  we obtained:   
b
a

b
a er δ= , where 

)12(2
)1)(1(
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+−+=

n
Knnce  . 

Since Ricci tensor is −J invariant, so by  Lemma 3.13  we get: 
ijij egr = , where  e  is an  Einstein constant.  

Therefore   M   is an Einstein manifold. 
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