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Abstract

In the present paper we found the necessary condition in which a locally
conformal Kahler manifold is a manifold of a pointwise holomorphic sectional
curvature tensor. It has been proved that, if M is a Locally conformal Kahler manifold
of the pointwise holomorphic sectional curvature tensor and projective(conformal)
flat with J-invariant Ricci tensor, then M is an Einstein manifold.
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1. Introduction

Fifty years ago, a number of researchers studied one of the most important
subjects of differential geometry, whose application is used in the synthesis of the
differential geometrical structure, it is called "Almost Hermitian manifold". This
subject is classified into different components for an attempt to determine its
specifications and features accurately.

The first practical study was done by Koto 1960 [10], upon the findings of
which had been depended by Gray to set forth a number of examples on practical
manifolds in 1965 [3]. A new study about the kinds of almost Hermitian manifold
was conducted by Gray and Hervella in 1980 [4], they found that the effect of the
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unitary group U (n) on the space of tensors of type (3,0) was reducible. Accordingly,

the space decomposed into four irreducible component spaces. Thus, this effect
defined sixteen subspaces of the space of type (3,0). This study was done by using
Kozal's operator method [11]. A great contribution was made by the Russian
researcher Kirichenko [5], who studied the almost Hermitian manifold by the adjoint
G-structure space. Kirichenko found two tensors, which helped the researchers to
study the different properties of almost Hermitian manifold. In 2001, Banaru [2]
succeeded to classify the sixteen classes of almost Hermitian manifold by using the
two tensors of Kirichenko, which are called the Kirichenko's tensors. Abood [1]
studied the properties of these tensors.

The locally conformal Kahler manifold which are going to be dealt with in this
study, is one of the sixteen classes of almost Hermitian manifold. The first study on
locally conformal Kahler manifold was conducted by Libermann 1955 [12]. Vaisman,
in 1981 put down some geometrical conditions for locally conformal Kahler manifold
[19]. Letter on in1982, Tricerri mentioned different examples about the locally
conformal Kahler manifold[18].

In each Riemannian manifold, there is a tensor of the type (3,1), which is
invariant with respect to the metric transformation. This tensor is called as conformal
curvature tensor or Wely's tensor [15], which is going to be considered in this study.

2. Preliminaries

Definition 2.1 [9]. A tensor field J of type (1,1) on a smooth manifold M is called
an almost complex structure ( AC -structure), if at each point pe M, there is an

endomorphism J of a tangent space T, (M), such that J§ =—id, where id is the
identity mapping of T (M).

A smooth manifold with an almost complex structure is called an almost
complex manifold ( AC -manifold ).

Definition 2.2 [9]. Let M be a smooth manifold and X (M) be a module of vector
fields on M. An almost Hermitian structure ( AH -structure) on M is a pair
{J,g :(,>}, where J is an AC -structure, g is the (pseudo) Riemannian metric on
M such that:
(IX,JY)=(X,Y), VXY € X(M).

A smooth manifold with an AH -structure is called an almost Hermitian manifold
( AH - manifold) and will be denoted by {M,J,g=()}.



Locally conformal Kahler manifold 2215

Lemma 2.3 [9]. Every almost complex manifold has an even dimension and is
orientable.
Definition 2.4 [8]. Let M be an almost complex manifold of real dimension 2n, the

N
module X°(M):@®X(M):{X:X:sz@)xk,zke@,xkeX(M)}is called a

k=1
complexification of the module X (M).

Definition 2.5 [13]. An endomorphism z: X °(X) — X°(X) which is defined by:
t(X)=r(>.Z, ®X,)=>.Zc ®X, e X*(M) for all X=>»Z ®X, is called an
k k k

operator of complex conjugate.

Remark [7]. In the module X °(M) we can define two complementary projections:
o:X(M)— X*(M)by the form o=3(id —\/—_1J°) ando : X°(M)—> X°(M) by
the form & =4(id +\/—_1J°), where J¢ =id ® J is the linear complex extension of
endomorphism J .

Let us denote Imo=Dandima =D, thenX‘(M)=D+D, where DandDare

respectively proper submodules of the endomorphism J € with proper values+/—1 and
—+/—1, theneach X e X °(M) can be written by the form X =o(X)+o(X).

Theorem 2.6 [5]. If M is an AH - manifold, then the basis of T (M) given by the
form {e,...e,,Je,...,Je.}.

1

Definition 2.7 [5]. The basis {e,,....e,, Je,,...,Je .} is called a real adept basis of AH -
structure {J,g}, or RA-basis .

By using this basis we can construct a new basis {gl,...,gn,El,...,En}, where
g, =o(e,) and &, =o(e,). This basis is called a basis of AH -structure or A-basis.
The corresponding frame is {p,gl,...,gn,El,...,En} which is called A-frame [5].

We will use the notations {e =&,...&; =&,|. Suppose that the indices
i, k,7,... intherange 1,...,2n and the indices a,b,c,d,e, f,g,h,... intherange 1,...,n
Denote A=a+n, then A-frame can be written as the form {p, &, ..., &5, €1, ..., €5 }.

Remark [5]. It is well known, that the given AH -structure on manifold M
equivalent to the given G -structure in the principle fiber bundle of all complex
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frames of manifold M with structure group U (n), this group is called an adjoint G -
structure.

The space consists of A-frames characterizing , that the components matrices of
Jand g in this A-frames have the following forms:

N [ o _(0 I,
(Jj)—( 0 —\/jllrj : (gij) [In Oj (2.1)

where |, is the unit matrix of order n.

3. Locally conformal Kahler manifold

Definition 3.1 [15]. Let g and g be two Riemannian metrics on smooth manifold
M, we say that on M given a conformal transformation metric if there is a smooth
function feC*(M) suchthat §=e’'g.

Let {M,J,g=<,>} be an AH-manifold , if there exists a conformal
transformation of the metric g into the metric § , then {M,J,§ =e?" g} will be AH-
manifold. In this case we say that on smooth manifold M given conformal
transformation of AH-structure, denoted by M, .

Definition 3.2 [4]. An AH-manifold is called a locally conformal Kahler manifold, if
for each point me M there exists an open neighborhood U of this point and there

exists f eC”(U), such that l]f is Kahler manifold. We will denote to the locally
conformal Kahler manifold by L.C.K-manifold.

Definition 3.3 [4]. Let M be an AH-manifold, the form which is given by the

relation « :_—118 Qo Jis called a Lie form , where S represents the coderivative.
n_

If Q is r—form, then its coderivative S Q is (r —1) — form.

Remark [2]. By the Banaru's classification of AH-manifold, the L.C.K.- manifold
satisfies the following condition:

B™ =0 , B®=als’].

Theorem 3.4 [16]. In the adjoint G — structure space, the components of Riemannian
curvature tensor of L.C.K-manifold are given by the following forms:

1. Rl?cd = aa[céﬁ)] +%aaa[c5§]
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2. RL. = s 1205
3. R =-2a{5;]

4. Ri.=2af5y

5. R = x —a[a§ch]a[h5§]

6. R., =—AY%+al"s) 55,

7. Ry = acd _a[aé‘(?]a[bé‘r?]

8. RY.=-A}+al5 a0,

9. R%; —aa[cé'f] +%aaa[°5§]
10. Rs‘cd =—aa[c5(§’] —%aaa[ﬁ;]
11. R, z_a[a‘°‘5b] + P
12. RbaCd a[a‘cﬁb] 0, ) O
13. %, = -a52 + a5l
14. Ry = Q) ~ %ali@nSiy
15. R%. =0

16. R:, =0

Where A are the components of holomorphic sectional curvature tensor[6].

Definition 3.5 [15]. A Ricci tensor is a tensor of type (2,0) which is defined by:
hj = R:J(k gkl Rkijl'

Theorem 3.6. In the adjoint G — structure space , the components of the Ricci tensor
of L.C.K-manifold are given by the following forms:

h c
Lory=0y,09+% aa[b§ +a[c‘b‘5 — 01Oy

2.1, =—a™sd ~1a°aL5Y - a5 + a5l ST
b oc] [c oh] b

3.1, =200, + Ay — a0, a0y

4. 1y =—2a03 - ib +a[a§;]a[caﬁl

Proof. By using the definition 3.5 and theorem3.4, we have:
Rabk

Rabc + Rabc
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a a c h c
Fap = O‘c[b5c] + %aca[b5c] + a[c\b\5a] - a[c5a]a[h5b]

2. 15 =Rg,
=Ry + Raso
re = —aP5I ~1atas5S - a[c‘b‘&a] +al63a"sY
3.1; =R
=Ry T Rase
r. =2al6g+ Ay — a6l a0
4. 1y = Rgbk
=R, + R

M = 20504 — A + a8 5,
Definition 3.7 [6]. A holomorphic sectional curvature ( HS-curvature ) tensor of an

AH-manifold in the direction X e X(M), X = 0 isa function H(X) which is defined
by (R(X,JX)X,IX)=H(X) |X]*.

Definition 3.8 [6]. A manifold M is called a manifold of a pointwise holomorphic

sectional curvature (PHS-curvature) tensor, if H does not depend on X , that means,

(R(X, X)X, X)) =c X" ; X eX(M), ceC™(M).

Lemma 3.9 [17]. If M isan AH-manifold of PHS-curvature tensor, then we have:
[X[[F =282 XX X, X, where S =1(5255 +5555) is a Kroneker delta of the
second type.

c!

Lemma 3.10 [17]. If M is an AH-manifold of PHS-curvature tensor , then we have:
(R(X,IX)X, IX) = (Rapeg X *X XX ? —4R_ XX X X T —2R_ XX XX
—4R . XAXPXEX T —4R_ . XX XX
+R XXX EXT).
Theorem 3.11. If M is L.C.K-manifold of the PHS - curvature tensor , then the
components of HS-curvature tensor in the a djoint G-structure space satisfies the

condition A% = a5, 57 + S 6.
Proof. Let M be L.C.K-manifold of PHS-curvature tensor.
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According to the definition 3.8 we have:

(R(X,IX)X,IX)=c ||X||4;XeX(M), ceC”(M) (3.1)
According to the Lemmas 3.9, 3.10, and Theorem 3.4 , the equation (3.1) becomes:
— W 58— O SS)X XX XY — A fEIX XX EX

+ a6, L)X XXX+ 45 — P SPla 5T X AXEX X ¢
= 205X XX, X

Now, by symmetrization the equation (3.2) by (a,b), we get:

A(A% — o8P, 5E) X XPXEX Y = 2652 X XX, X .

bc _ _[h ob] c Shbe
Therefore Ay = a0, a, 00 + 50, -

fafc]

3.2)

Definition 3.12 [17]. An AH-manifold has J —invariant Ricci tensor if Jor=roJ.

Lemma 3.13 [17]. An AH-manifold has J —invariant Ricci tensor if , and only if,
in the a djoint G-structure space r? = 0.

Definition 3.14 [17]. A projective tensor of an AH-manifold is a tensor P of type
(4,0) which is defined by the form:

Pijkﬁ = Rijkﬁ +ﬁ("ikgj/ — I gw) (3.3)
Where r,R andgare respectively Ricci tensor, Riemannian curvature tensor and
Riemannian metric.

This tensor has properties similar to the properties of Riemannian curvature tensor,

that means Pijk/ = _Pjikff = _Pijf.k = Pkffij .

Definition 3.15[14]. A Riemannian manifold is called an Einstein manifold, if the
components of Ricci tensor satisfies the equation r; =eg;, where eand g are

respectively an Einstein constant and Riemannian metric.

Definition 3.16. An AH-manifold is called a projective flat if the projective tensor is
equal to zero.

Theorem 3.17. If M is L.C.K-manifold of the PHS-curvature tensor and is a
projective flat with J —invariant Ricci tensor, then M is an Einstein manifold.
Proof. Suppose that M is L.C.K-manifold of the PHS-curvature tensor and
projective flat with J — invariant Ricci tensor.

Put i=a,j= b,k =¢ and /=d, then the equation (3.3) becomes:
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1
Pbar = Ragea + 507 (e g ~ M5 9aa)

=Ry ¥ 7 TacY;
abé 2n-1 ac Jpd
According to the definition 3.16 and theorems 3.4, 3.11 we obtained:
= 5;;0 +5(rf6)=0
Thus
L6285 + 6585+ 55(rf5y) =0 (3.4)
by contracting (3.4) by the indices (a,b) we obtained:
c(2n-1)(n+1)
2

Since Ricci tensor is J —invariant, so by Lemma 3.13 we get:
r; =eg;, where eis an Einstein constant.

Therefore M is an Einstein manifold.

ry =ed; ,where e=

Remark [15]. In each Riemannian manifold M ( in particular AH-manifold ) of
dimension more than 2, we can define a tensor W ={\Nj‘k(} of type (3,1) which is
invariant with respect to the conformal transformation metric .

This tensor is called as conformal curvature tensor of manifold M, or is called
welye's tensor and defined by the form:

K(949i —9;9x)
@2n—1)(2n-2) (3:5)
whereR,r,gand Kare respectively the Riemannian curvature tensor, Ricci tensor,

Riemannian metric and scalar curvature tensor.
This tensor has properties similar to the properties of Riemannian curvature tensor,
1.€. Wijkl = _Wjik/, = _Wij(k :Wk[ij :

1
Wijk( - Rukz + 2(n-1) (rik g I + rj(gik -9 K rjk gi() +

Lemma 3.18. In the adjoint G — structure space, the components of Welye's tensor of
L.C.K-manifold are given by the following forms:

1) Wabcd :O
2) Wineg = @afe ) + 4 a0 + ﬁ(r[ﬂ 5
3) Wabcd = a[cé‘b] —%aaa[c§ RG] (n 1) (r[a5b])

h c
4) Wasss = Q19051 ~ #a001%n06) + 7 (F3%)

5) Wy = @By — @1a0iynd + i (1265))

abcd
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ba

6) Wabcd - _Za[a§b] + (nll) (r[aé‘b + r[l()i 5:]) + &

(2n-1)(n-1)
Koss?
_ pad [a oh] c (@ <0)
7) Wébéd - c - 5d a[bé‘h] _ﬁr(d §b) + (Zn _1)122:] - 2)
a a a a K5b§:
8) W,pg = Ax — a0 a8y + oy (1765 +1050) - i

2n-1)(2n-2)
And the others are conjugate to the above components.

Proof. By using,(2.1), theorem3.4 and the equation(3.5), we compute the components

of conformal curvature tensor as the following:

1)Puti=a,j=b,k=c, and /=d, we obtained:

K (gbcgad B gbd gac)
(2n-1)(2n-2)

Wabcd = Rabcd + 2(nl—1) (racgbd + Ifbd gac - Ifad gbc - Ifbcgad) +

:Rabcd =0
2)Puti=a,j=b,k=c, and /=d, we have:
K(gbcgéd _gbdgéc)
(2n-1)(2n-2)

W

sbed Rabcd +ﬁ(racgbd 1 Ga ~ T 9o T Qg ) +
= Ribea +ﬁ(rd65ca - rcﬁé‘;)
= Ripeg +(n_];1)(r[g 5:])
= aa[cég’] + %aaa[jg] + ﬁ(r[g oq)
3)Puti=a,j=b,k=c, and /=d, we get:

K(gﬁcgad - gﬁd gac)
(2n-1)(2n-2)

Wchd = Rchd + 2(nl—1) (racgﬁd + rﬁdgac - adgbc - bcgad)+
= R 2(n ) (raab rdééf)
b
Rabcd o (663)
a[cé‘c?] 0{ 0{ 5b + (nll) (raé‘b])
4) Put |:a,J:b,k—C, and /=d, we get:

K(9be9a0 — 9pa9ac)
(2n-1)(2n-2)

— 1

Wabéd - Rabéd + 2(n-1) (raégbd F ToaGac — Tag G — rbégad) +
_ 1 d cc d oc
- Rabéd + 2(n-1) (rb 5a -l 5&3)

_ 1 d cc
- Rabéd + (n-1) (r[b §a])
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= a[a\d\é‘;] _a[aé‘t?]a[hé‘dc] +(n—f1)(r[g§;])
5YPuti=a,j=b,k=c, and /=d, we obtained:

K(96c9,; — 9,394)
(2n-1)(2n-2)

_ 1 _ _
Wabc& - Rabc& + 2(n-1) (racgb& + rb&gac ra&gbc rbcga&) +

— 1 ¢ od ¢ od
- Rabc& + 2(n-1) (ra 5b - 5a )

= a[a\c\é‘l;j] ~ 0, 550 gy + (ﬁ)“{i@?})
6) Put i:é,j:B,k:c, and /=d, we have:
K(95. 920 — 954 9a)
(2n-1)(2n-2)
K(5255 —8,62)
(2n-1)(2n-2)

_ 1 _ _
Woses = Regeg + 205 (Tae O + oq Gac — Tao 95 — 5 9aa) +

ach b ca ach b ca
=R +2(nl—l)(rc5d+rd5c_rdé‘c_rcé‘d)'f_

~ Mabed

Kok
(2n-1)(n-1)
7Puti=4a,j=b,k=¢, and /=d, we get:

_ [a ¢b] 1 ach b ca
=2 5d] +og (r[cdd] + r[d§c]) +

[c

)+ K (956950 = 909 95c)

Wangs = Ravea + 203y (TaeGoo + Too 9 — Tag Joc — Toe D (2n-1)(2n-2)

e oo Kosod
= Rapea — 200y (I 0 +1,5¢) + (2n —1)22:1 -2)
R 1o Ko, o
abed — (n-1) '(d “b)
(2n-1)(2n-2)
v (2 20) Ko, oy

[a ¢h] c
at o, a[bé'h] —(n—fl) M é'b) + (2n_D(@2n_2)

8)Puti=a,j=b,k=c, and /=d, we have:

- c

K(9be9:5 —9,59a)
(2n-1)(2n-2)

_ 1 _ _
Wi = Raped T 705 (Tac Oy T g ac — Mg Toc —Tocsg) +

Ko o2

=R, .+ 5= (r260 +1r)62) -
2(n—1)(c b d c) (2n-1)(2n-2)

~ abed

Ko o2
(2n-D(2n-2)

- C

ad [a ¢h] d 1 acd b ca
— a0, Oy + gy (76 +1,0;) —

Definition 3.19. An AH-manifold is called a conformal flat if the Welye's tensor
equal to zero.
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Theorem 3.20. If Mis L.C.K- manifold of the PHS-curvature tensor and is a
conformal flat with J —invariant Ricci tensor, then M is an Einstein manifold.

Proof. suppose thatM is L.C.K-manifold of the PHS-curvature tensor and conformal
flat with J —invariant Ricci tensor.

Put i=a,j= b,k=¢ and ¢=d, then the equation (3.5) becomes:
K(95:920 — 954 9ac)
2n-1)(2n-2)

_ 1 _ _
Wiosse = Rages + 20 (FaeOgg + o G — Taa G5 — M5 9a0) +

KoL o?

(2n-1)(2n-2)

By using the definition 3.19, and theorems 3.4 , 3.11, we obtained:
Kogo:

(2n-1)(2n-2)

cgh b cc
=R+ 2(nl—l) (ry 64 +140,)—

~ apéd

¢ ohbe 1 cgch b cc
7053d + 2(n-1) (ra 5d +1y 5a) -

Thus

Ksjos
(2n-1)(2n-2)
By contracting (3.6) by the indices (c,d) we obtained:

F[6,65 + 840, 1+ 5 (16, +145;) - (3.6)

r’ =es’, where e=£(n +D(n-1)+ .
2 2(2n-1)

Since Ricci tensor is J —invariant, so by Lemma 3.13 we get:
lij = €Q;;, where e isan Einstein constant.

Therefore M is an Einstein manifold.
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