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ABSTRACT. This paper aims to study the geometrical properties of the
conharmonic curvature tensor of a locally conformal almost cosymplectic
manifold. The necessary and sufficient conditions for the conharmonic
curvature tensor to be flat, the locally conformal almost cosymplectic
manifold to be normal and an n-Einstein manifold were determined.

1. Introduction

The conformal transformation on the Riemannian manifold preserves the
angle between two vectors. However, generally, this conformal transformation
does not preserve the harmonicity of functions. A harmonic function is one
with a vanishing Laplacian. Subsequently, Ishi [11] studied a conformal trans-
formation that preserves the harmonicity of a certain function, referred to as
the conharmonic transformation. In particular, he introduced a tensor of rank
four that is invariant under conharmonic transformations for an n-dimensional
Riemannian manifold, also known as conharmonic curvature tensor.

Many researchers studied the aforementioned tensor on certain classes of al-
most Hermatian and almost contact metric manifolds. Ghosh et al. [8] focused
on conharmonically symmetric N (K )-manifolds, particularly to establish if an
n-dimensional N (K )-manifold is conharmonically symmetric, then it is locally
isometric to the product E*+1(0) x S™(4). De et al. [7] studied the proper-
ties of conharmonically semisymmetric and £-conharmonically flat generalised
Sasakian space forms. Abood and Abdulameer [1] found the necessary and
sufficient conditions required by the flat conharmonic Vaisman-Gray manifold
to become an Einstein manifold. Further, Ignatochkina and Abood [10] investi-
gated the geometric significance of the vanishing conharmonic curvature tensor
of a Vaisman-Gray manifold and proved that the conharmonic flat Vaisman-
Gray manifolds of dimensions greater than four are locally conformal Kéhler
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manifolds with vanishing scalar curvature tensor. Prakasha and Hadimani [18]
characterised locally ®-conharmonically symmetric and flat Kenmotsu mani-
folds with respect to a generalised Tanaka-Webster connection V. Recently,
Abood and Abdulameer [2] employed the G-adjoined structure space to study
the geometry of the Vaisman-Gray manifold of pointwise constant holomorphic
sectional conharmonic tensor.

2. Preliminaries

This section revisits the fundamental concepts in our work, particularly the
structural equations of the locally conformal almost cosymplectic manifold.

Definition 2.1 ([4]). Let M?"*! be a smooth manifold of odd dimension
> 3, n a differential contact 1-form, £ a characteristic vector field and ¢ a
structure endomorphism of the module of the vector fields x(M). The triplet
of tensors (n,&,®) will be referred to as an almost contact structure if the
following conditions hold:

(1) n(§) =1
(2) ®(&) =0;
(3) no®=0;

(4) ®%2 = —id+n®E.
Moreover, if there is a Riemannian metric g = (-, -) on M such that (®X, ®Y) =
(X,Y)—n(X)n(Y), X,Y € x(M), then the quadruple (n,§, @, g) will be known
as an almost contact metric structure. In this case, the manifold M equipped
with the mentioned structure, is called an almost contact metric manifold.

Definition 2.2 ([13]). Let (M,n, ®,g) be an almost contact metric manifold
(AC-manifold). On the module x (M), there are two mutually complementary
projections m and ¢, where m = n® £ and £ = —®?; thus, x(M) = L ® R,
where L = Im(®) = kern and X = Im(m) = ker®.

Definition 2.3 ([13]). In the module L (complexification of L) two mutually
endomorphisms o and & are given as ¢ = (id — v/—1®) and 6 = —(id +
v —1®). Moreover, there are two projections given by the forms

1
5(—<I>2 +v/—10),
where co® = Poo =ioc and o P = & o 7 = —ig. Therefore, if we consider
ImIl = DY~ ! and ImIl = Dz V™7, then

1 _
H:aoﬁ:—§(¢>2+\/—1¢>) and =G0l =

X“(M) =Dy '@ DV @ D,

where ngl , Dy V=T and Dg, are proper submodules with values v—1, —v/—1
and 0, respectively.
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Definition 2.4 ([16]). The mappings o, : L, — DC‘}F and 6, : L, —
Dg» ~! denote an isomorphism and an anti-isomorphism, respectively. There-
fore, at each point p € M?" !, there is a frame in T (M) of the form (p, o, ¢1,

.y EnyE€i,-..,Eh), Where g, = \/Qap(ep), = \/iﬁ(ep), a=a+n, e =&,
and e, are the bases of L,. The frame (p,co,¢€1,...,6n,€4,...,€a) is known as
an A-frame.

Lemma 2.5 ([14]). The components matrices of the tensors ®,, and g, in the
A-frame are given as:

| 0 0 0 10 0
(@)= 0 v-1I, 0 , (gy)=10 0 —I, |,
0 0 —/—11, 0o I, 0

where I, is the identity matriz of order n.

Noteworthy is that the set of such frames defines a G-structure on M with
structure group 1 x U(n), which is represented by the matrices of the form
(é % 18‘) , where A € U(n). The mentioned structure is known as a G-adjoined
structure space.

Throughout this paper, indices 14, j, k, ... have been assumed to range from
0 to 2n, while indices a,b,¢,d, f, g, ... from 1 to n; moreover, & = a + n, a=a
and 0 = 0 have been set.

Definition 2.6 ([4]). An antisymmetric tensor Q(X,Y) = g(X, ®Y) is referred
to as a fundamental form of the AC-structure.

Lemma 2.7 ([16]). An AC-structure is normal if and only if the following is
present on the G-adjoined structure space:

a _g§a _Fa _Fao _x»x0 _ &0 _ 0 _ 0 __
Ppe =0p = Pho=Pj = Pap =P, ;= Pao=P50=0.

Definition 2.8 ([9]). An almost contact metric structure S = (1, ¢, @, g) will
be known as an almost cosymplectic structure (AC-structure) if the following
conditions hold.

(1) dn = 0;

(2) d2=0.

Definition 2.9 ([4]). A normal almost cosymplectic structure is said to be
cosymplectic.

Definition 2.10 ([17]). A conformal transformation of an AC-structure S =
(n,£,®,9) on a manifold indicates the transformation of an S to an AC-
structure S = (7, &, ®,g) such that

M=en,  E=¢ ®=0,  g=e ¥y,
where o is the determining function of the conformal transformation. If o =
const, then the conformal transformation is said to be trivial.
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Definition 2.11 ([17]). An AC-structure S on a manifold M is said to be a
locally conformal almost cosymplectic (LCAC-structure) if the restriction of S
on some neighbourhood U of a point p € M admits a conformal transformation
of an almost cosymplectic structure. This transformation referred to as locally

conformal. A manifold M equipped with a LCAC-structure is known as a
LCAC-manifold.

Lemma 2.12 ([15]). In the G-adjoined structure space, a LCAC-manifold is
said to be normal if and only if the following equalities hold:

Babc — Babc — Bab = Bab = O'a = O0q — O

Lemma 2.13 ([12]). In the G-adjoined structure space, the structural equations
of a LCAC-manifold hold the following form:

1) dw® = —wi A w® + B%w® A wy, + B®wj, A w, + Bfw A w® + B%®w A wy;

(
(2) dw, = w8 Awp + BSwe Awb + Bapew® Awe + Bbw A wpy + Bapw A w?;
(3) dw = Cpw A w® + CPw A wy;
(4) dwy = —wi ANwy + Angwc Awq + Apqw A wd + Agjwd A we
+ A ow A w4 ALCw A we;
(5) dBabc — 7Bdbcwg _ Badcwg _ Babdw; + Badewd + Bg’bcwd + Babcow;
(6) dBape = Bdbcwg + Badcw((j + Babdwg + Babcdwd + ngcwd + Babeow;
(7) dB* = —B%wj — B*Ww; 4+ D*wy + DiPw? + D*Ow;
(8) dBap = Bapw? + Buawl! + Dapaw? + D% wa + Dapow;
(9) do® = —o°wb + 0w, + obw® + Pw;
(10) dop = —oews + opew® + oW, + Tpow;

(11) dog = oopw® + alwy + Toow.
b . b . b. b . b . d b . . 0
Here B* c, Babca B ) Baba Bg’ Baa ce ) Caba C ) Cba AZC ) Aacd7 Ag§7 Agc ’
Ab

0cO; B¢ Bipeis D Dayi and 045 are smooth functions in the G-adjoined

structure space.

Definition 2.14 ([6]). The Ricci tensor is a tensor of type (2,0), which is
defined by
rij = —Rij.
Lemma 2.15 ([3]). In the G-adjoined structure space, all essential components
of the Ricci tensor of a LCAC-manifold are given by the following formulae:
(1) Tab = 2(—2A3,,), — 4(0[c5[*;j Bejha + J[c(s[’jj Bujny)+00Ba(c8) + 00Byicdg)
+200Bab — Dapo — Tab — 0a0p + 2Bbahgh;

a ¢ a 1 a ca C.
(2) rap = — 4(5[[b crc} — U[cdz]a[h(sc] — 50[ 5£L]ah + B"By, o, + B*"Bj,4)

+ (B®Bgae — By B™) + A — 62000 — 2n08 — 0! — 0%0y;
(3) Ta0 = — Ao — 0°Bac +nogo, + Q(Uo[c(;fb} + BCbBbca - QU[Cénga]h)§
(4) Too = —2n(000 + 02) — 2BpeB" — 2(0 + 0°0.) + 4olesMoy,.
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The remaining components can be found by considering the complex conjugation
operator of the above components.

Definition 2.16 ([3]). A LCAC;-manifold has a ®-invariant property if $or =
ro®.

Lemma 2.17 ([3]). A LCAC-manifold has ®-invariant property if and only

if the following condition holds in the G-adjoined structure space:
rf}:rab:rg:rao:().

Definition 2.18 (

Einstein of type («

(1) r=ag+ e,

where o« and [ are suitable smooth functions. If 3 = 0, then M is referred to
as an Einstein manifold.

[5]). A pseudo-Riemannian manifold M is known as an n-
,B) if its Ricci tensor satisfies the following condition:

This section ends with the discussion of the conharmonic curvature tensor
and its components.

Definition 2.19 ([11]). Let M be an AC-manifold of dimension 2n 4+ 1. A
tensor T' of rank (4,0) is invariant under a conharmonic transformation and
can be defined by the following:

1
ﬁ(rjlgik — Tjkgil + TikGjl — Tiugjk)

is called the conharmonic curvature tensor.

Tijri = Rijr —

Lemma 2.20 ([3]). In the G-adjoined structure space, the non-zero components
of the conharmonic curvature tensor of a LCAC-manifold are calculated using
the following formulae:

(1) Tabed = 2(2Bj¢jab|a) — 20(a Byjea + BajeBap);

(2) Tavea = 2(Af,, + 40[“5[}2]351]}11; — 0o Beadyy) — i (Tpad? — 15c05);

(3) Typoq = Apd + 40160 o1y, 0 — 4B By, + B By — 620505

— gy (rh08 + oY)

4) Tijea = 2(25[[5021] +2B"* Bhae — 5&53]‘73) - ﬁ(r{ﬂ);
( ) T&Ocd = 2(00[053] + BabBbcd - 20'[0’5[}2]Bd]h) - ﬁ(ﬁ)dég — 7‘00(53);
(6) Tapeo = AP + 0, B — 5000 + ﬁ(rﬁéﬁ);
( ) Tach = 2BcabO + 2Bcabo-O;
(8) Taopo = — 0000 — 5?03 — BB — oy — 0%, + 20[‘152]%

- ﬁ(roo&? +75);

(9) Thppo = 200B® — D0 — b — g 4 2B, — L (r;).

The remaining components are conjugates to those given above or can be o0b-
tained using the symmetric properties for T or are identically equal to zero.
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3. Geometry of conharmonic curvature tensor of a LC.AC-manifold

This section concerns the study of the flat conharmonic curvature tensor of
a LCAC-manifold. In particular, it deals with the necessary conditions for the
locally conformal almost cosymplectic manifold to be an n-Einstein manifold.

Definition 3.1. A LCAC-manifold is known to be conharmonically flat if its
conharmonic curvature tensor vanishes.

Theorem 3.2. Suppose M is a LCAC-manifold of dimension > 3. Then the
necessary and sufficient conditions for the conharmonic tensor to be flat are
Agd = B¢ = B® = 5% = 0 and 599 = —(n + 3)03.

Proof. Let M be a conharmonically flat £C.AC-manifold. Considering Lemma
2.20(3), we have

(2) Apd 4+ 4U[a5?]0[h5£1] — 4B By, + B By,

— 680705 — 2n17 [ (rad; +7503) = 0.
Symmetrising and then antisymmetrising (2) using indices (¢, b), we get
(3) 401500y, 65 — 4B Bopy = 0.
Symmetrising (3) by using indices (d, a), we have
(4) BB, = 0.
By contracting (4) using indices (a, b) and then (d, ¢), the following is obtained
(5) BaahBina =0 < Z =[Bana|* = 0 ¢ Bapa = 0.

d,h,a

Consequently, we get

(6) 4o[a5?]a[hég] =0.
Contracting (6) with indices (h,c) and (d, b), we obtain
(7 (n* —2n +1)(c%y) = 0.

Once again, contracting (7) by using indices (a, h), we get

(8) 0aTa =04 |oa* =0 0, =0.

Moreover, from Lemma 2.20(1), we have

9) 2(2Bc|abld] — 2014 ByjcaBajcBap) = 0.

Symmetrising and then antisymmetrising (9) using indices (a,b), we deduce
(10) BacBay — BaaBep = 0.

Antisymmetrising (10) by using indices (a, d), it follows that

(11) BocBap = 0.
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Contracting (11) with indices (a,d) and (c,b), we get B2, = 0, then
(12) Bue =0.

Now, regarding (1) of Lemma 2.20 and taking into account the relations (5),
(8) and (11), we obtain

_§ab 2 1

cd?0 — ﬁ(r?%j —r§6s — 108G +r568) =0,

where 0% = §26% — §44°.
By virtue of Lemma 2.15, we have

1
o — (200 + 2n) + 8L — A — S+ 52 A =
n—
1 1
(18) g 205000+ 5)07 + o00) — S, + aLAL + a5 AL — oA = 0.
Once again, using the relations (5), (8) and (11), then equation (2) reduces to
a a 1 (& C
Apd — 52607 — m(rfﬂsa +r505) = 0.

According to Lemma 2.15, we have

1
Aad —5a6d 2
be c bUO 2n71
1

1
(26267 ((n + )08 + o0o) + (20 — 1) A — 5L Al — 5AL] = 0.

(20265 (900 + 2n03) + 62 Agy + 8 AGi] = 0,

(14)

Moreover, from Lemma 2.20(8), we have

a a 1 a a
751)0'00 — 5b0'g — 27’7/7_1(7’006}) +Tb) =0.
By substitution the component of the Ricci tensor, we get
1 1
—08000 — 0fod — ST [—262(2n02 + (n + 3)o00) + Al =0,
1 " 1
(15) m[%b ((n+ 5)0(2) + 000) — Alp] = 0.

Using the equations (13), (14) and (15), it follows that A¢¢ = 0 and ogg = —(n+
%)03. Conversely, from Lemma 2.13, and according to the linear independence
of the basic forms, we can get the requirement directly. O

As a consequence of Theorem 3.1, we can directly obtain the next result.

Corollary 3.3. Suppose M is a conharmonically flat LCAC-manifold. Then
M is a conharmonically flat normal LCAC-manifold.

The next theorem gives the necessary condition for a £LCAC-manifold to be
an 7-Einstein manifold.
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Theorem 3.4. Let M be a LCAC-manifold of dimension > 3 and conhar-

monically flat. Then M is an n-Einstein manifold of type («, 8), where a =

_2n2—103 and ﬁ — (n+2)2(5n—1) )

Proof. Suppose M is a conharmonically flat £CAC-manifold.
According to Definition 3.1 and Lemma 2.7(3), we have

A + 40160 61,08 — 4B By, + B By

= 020505 — 5 (rad +150q) = 0.
Taking into account Theorem 3.1, we have
1
(16) —556503 - m(?“gég + 7“?5?) =0.
Contracting (16) with indices (a,b), we obtain
2rS
17 —0500 = 54—
( ) d%0 m—1’
(18) rg = ady.

Using the Lemma 2.20(8), we immediately get

d

—dpo00 — (51‘:03 — BB — oy —o%a, + 20[“6b Oc — (roody +rg) =0.

2n—1
According to Theorem 3.1 and the equation (3.18), we have
1., 1 Lom—1 .,
(19) (n - 5)5}70'(2) - %71(7“00517 — ngéb) =0.
Hence,
2n—1 4
rog =
00 n 0>

where § = %03.

Therefore, M is an n-Einstein manifold. O

Theorem 3.5. If M is a LCAC-manifold of dimM < 5 with ®-invariance
property and conharmonically flat, then M is an n-Einstein manifold of type
(a, B), where a = 0% + 0oo + 01 + oloy and B = —30% — 3000 — 3(0f + oloy).

Proof. Suppose M is a conharmonically flat £LCAC-manifold.
According to Definition 3.1 and Lemma 2.20(3), we have

Al —4B*™ By + BBy — 02 —2rf = 0.
Making use of Theorem 3.1, we get
Al — o2 —2rl =0.
By the virtue of Lemma 2.15, we obtain

(20) Af} =302 + 2000 + 2(07 + 0toy).
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Using relation (20), we have ri = adi, where a = 03 + o0 + o1 + oloy.
Moreover, rog = o + 3, where 3 = =303 — 3000 — 3(01 + o'o1). Using the ®-
invariance property, we obtain M as an n-Einstein manifold of type (o, 8). O
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