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Abstract

In the present paper, we investigated the geometric meaning of
vanishing conharmonic curvature tensor of Vaisman-Gray manifold.
We proved that the conharmonic flat Vaisman-Gray manifold of
dimension greater than four is a locally conformal Kahler manifold
with vanishing scalar curvature tensor. Finally, an example of nearly
Kéhler manifold with vanishing conharmonic curvature tensor has
been constructed.
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1. Introduction

The Vaisman-Gray manifold is a generalization of the classes nearly
Kahler manifold and locally conformal K&hler manifold. Moreover, this class
is not coincident with their union; therefore, it represents an interesting
study. Most of the almost Hermitian manifold studies were done by using
Kozal’s operator method, but from our point of view, the study of almost
Hermitian manifold by using adjoined G-structure space is to be more
appropriate.

In [7], Kirichenko defined two tensors which were the structure and
virtual tensors, then he used these tensors to find the structure equations of
almost Hermitian manifold in adjoined G-structure space. Ignatochkina [4]
investigated the conformal invariant of Vaisman-Gray manifold, especially
she studied the geometric meaning of vanishing the conformal invariant of
Vaisman-Gray manifold.

Ishi [5] studied the conharmonic transformation which was a conformal
transformation that preserves the harmonicity of a certain function. He
introduced a tensor that remains invariant under conharmonic transformation
for an n-dimensional Riemannian manifold. This tensor is called a
conharmonic curvature tensor. Kim et al. [6] found the necessary and
sufficient condition for the invariance of the space of constant curvature by
the conharmonic transformation. Siddiqui and Ahsan [9] investigated the
4-dimensional space-time with vanishing conharmonic curvature tensor.
Finally, Abood and Abdulameer [1] studied the geometrical properties of
conharmonic curvature tensor of Vaisman-Gray manifold. In particular, they
have found the necessary and sufficient condition that flat conharmonic
Vaisman-Gray manifold is an Einstein manifold.

2. Preliminaries

Let M be a smooth manifold of dimension 2n (n >1), X(M) be an
algebra of smooth vector fields. Let (M, J, g = (X, Y)) be an almost
Hermitian manifold with almost complex structure J and Riemannian metric
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g, i.e., J2=—id, such that g(JX, JY)=g(X,Y), X,Y e X(M). The
pair (J, g) is called an almost Hermitian structure on the manifold M.
All manifolds, tensor fields and other objects are presupposed to be smooth

of class C*.

It is well known that the specifying of the almost Hermitian structure on
M is equivalent to the specifying of the G-structure on M with structure
group is the unitary group U(n) whose space consists of frames constituted
by pairwise conjugate eigenvectors of the structure endomorphism J. This
frames are unitary in the natural Hermitian metric of the complexification
of the corresponding tangent space, such frames are called A-frames [7].
This G-structure is called an adjoined. The integer indices i, j, k, I, m, ...
vary from 1 to 2n, while the integer indices a, b, ¢, d, f, h, ... vary from

1ton We set a=a-+n. As usual, the putting of the indices on square
brackets (respectively, on parentheses) means alternating (respectively,
symmetrization) in these indices.

It is known that the giving of the almost Hermitian structure on M is
equivalent to the giving of the G-structure on M with the structure group
U(n) in a fiber bundle of the frames B(M ).

The elements of G-structure are called A-frames. It can be easily shown
[7] that the components of the tensors g and J on the adjoined G-structure
space have the following matrices presentation, respectively:

(gi,-){f; 'gj and (ji,-){*_g'" _ﬁ—unj’

where I, is the unit matrix of order n.

Recall that [3] an almost Hermitian structure (J, g = (X, Y)) iscalled a

structure of class W; @ W, or Vaisman-Gray structure if

Vy (F)(X,Y)= (X, X)8F(Y)— (X, Y)8F(X)—(IX, Y)8F (IX )},

-1
2(n —1){
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where V is the Riemannian connection of g, F(X,Y)=(JX,Y) is the
Kahler form, & is a coderivative and X, Y e X(M). An almost Hermitian
structure (J, g = (X, Y)) is called a structure of class W; or a nearly
Kahlerian if its Kahler form is the Killing form, or, equivalently,

Vy(3)=0, X e X(M).

An almost Hermitian structure (J, g = (X, Y)) is called a structure of

class Wy if

-1
Vx (F)(Y, Z)= 0D (X, YYSF(Z) - (X, Z)SF(Y)
— (X, JY)8F(JIZ) + (X, JZ)dF(IY)}.
For each almost Hermitian manifold, in particular for Vaisman-Gray

manifold, defined a Lie form by the formula

1
a—maFO\].

Let {coi} be the components of the solder form, {mij} be the components

of the connection form for Riemannian metric g. Recall that a component of
a tensor field t on the adjoined G-structure space is given by the functions

i _ _ iy i,
G = tm(€j s - €jgs €1, oy €F),

where p = (m, €1 e ejs) is any frame, me M and (eil, eif) is the

dual base.

By {jij|k}, we denote the components of covariant differential for

almost complex structure. Then we have four groups of functions on
adjoined G-structure space

Babc :Eja

2 bl Babe = =7 Jpb,c]
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b _ —y-1 J-1 .5
B = 32 C= 3

¢ 2 “be Bab_Z

It is proved [7] that these functions define four complex tensors, so there
are the following differential equations:

dBabc Bdbc a Badc b Babd c Babcd +Bab%cod;

d d c d d .
UBape + Babec®a + Bagc®c + Bapd®d = Bapcd® + By @4
dB®, - B®.0d - B0l + B¥ 0l = B® 4ol + B Joy;

c c_d c . d d ¢ cd ¢c d
dBab + Bdb (O + Bad Wy — Bab Wq = B ab®d + Bab d(&) y

where {B® B4, B, By, B 9, B,,%, BPcq, By, are some

functions on adjoined G-structure space. The tensors {B°°} and {B,.} are
called the structure tensors and the tensors B""bC and B,y ¢ are called the

virtual tensors. It is obvious that

o abc . pab c
B =Bge: B czBab'

It is known [4] that the structure equations of Riemannian connection of
the Vaisman-Gray structure on adjoined G-structure space which are called
the structure equations of VVaisman-Gray structure have the forms

do? = of A o + BabcooC Aoy + Babcoab A Oc;

do, = —mg A@p + BabcoaC Ao® + Babcoab Ao
dof = of A of + (ZBathth + ag o

(BahB a ) c d

+ (Bc Byph + Aped J©” A @

+ (thBdah + A{?Cd)(x)c N @,
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where o, = o, {AY, A%, AZY) are some functions on adjoined

G-structure space. The functions { ag} define tensor field on the manifold
M, this tensor is called a tensor of holomorphic sectional curvature. It is
known that A9 = ARS.

Lemma 2.1 [2]. An almost Hermitian manifold is Vaisman-Gray

manifold if and only if

b

b be. : bl,
glabel _ gabe, Blabc] = Babe: B = a[aSC], Babc - OL[aé‘)g]’

where {a,, a® = a4} are the components of the Lie form.

Using Lemma 2.1 and the classification of almost Hermitian manifold
[2], we find the following proposition directly:

Proposition 2.1. (i) A Vaisman-Gray manifold M of dimension 2n > 2

is nearly Kahlerian manifold if and only if ay = a® = 0.

(ii) A Vaisman-Gray manifold M of dimension 2n > 2 is manifold of the

class Wy if and only if B,y = B2 = 0.
(iii) A Vaisman-Gray manifold M of dimension 2n > 2 is Kahlerian
manifold if and only if oy = 0® = 0 and By, = B2 = 0.

Lemma 2.2 [4]. In the adjoined G-structure space, the components of
Riemannian curvature tensor R of Vaisman-Gray manifold are given as the
following forms:

(i) Rabed = 2(Bap[cd] + @[aBpjcd);
(if) Rapcd = 2A%cd

(i) Regey = 2B By + af55));

i ad adh ahp d
(iv) Rgpeg = Aoc + B Bhpe =B By
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where {a®}, o, b, Olah> ocab} are some functions on adjoined G-structure
space such that

b

dog + abwg = ocg + o0 dala b

O)g = (Xab + Otab(,ob.

The others components of Riemannian curvature tensor R can be
obtained by the properties of the symmetry for R. It is proved [4] that for all
Vaisman-Gray manifolds of dimension 2n > 4, the following equality is fair:

aab = Otba.

We shall denote o =a,® =af for Vaisman-Gray manifold of

dimension 2n > 4.

Lemma 2.3 [4]. In the adjoined G-structure space, the components of
Ricci tensor rjj = Ri'}k of Vaisman-Gray manifold are given as the following

forms:
()
1-n .
fap = T(O‘ab + Olpg + CLgllp );
(i)
. —rd —3ptahg _ pCd n-1.a _ h _ 1 h sa —2)o?
Mo =1h = cbh = Apc + 5 (a"ap —alap) =5 hdp + (N -2)asy,.

Lemma 2.4 [4]. The scalar curvature tensor y = gij rij is given as the

following form:

2
7 = 6B3CB, — 2AZD —@ahah —2(n-1)a"},.

Let f be a smooth function on a manifold M. The almost Hermitian
manifold {M, J, § = e®"g} is called a conformal transformation of almost

Hermitian manifold. The basic invariant of conformal transformation is a
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conformal curvature tensor W. The conformal curvature tensor is given by
the following formula [8]:

1
Wi = Rijui +m(ﬁkgj| + I Gik — 9k — ki)

. %(9 kit — 9j1%ik)
2n-1)(2n-2) °

It is well known [8] that the Riemannian manifold is conformal flat if and
only if W = 0.

Lemma 2.5 [4]. In the adjoined G-structure space, the components
of conformal curvature tensor of Vaisman-Gray manifold are given as the
following forms:

(1) Waped = Raned:
.. 1
(i) Wapbed = Raned —m(rt>c:53|1 — Tpgd%);

b] 8 .
dl 2(n-1)(2n-1)’

2 [a
(iii) Wéﬁcd - Réﬁcd + (n-1) r[c8

(V) W, ;= Repeg + = (k359 + 1d58) — 75350
abed = "abod T 0 Ty Ve % T O T oy 2n 1)

where 522 = 5358 — 5350.

It is well known that the conformal curvature tensor has properties which
are similar to the properties of Riemannian curvature tensor. Therefore, W

has four basic components; Waped, Waned » Wageq Waped-

Lemma 2.6 [4]. The vanishing of the basic components of conformal
curvature tensor defines four conformal invariant classes Cgy, C;, C,, C3 of

Vaisman-Gray manifold,
(i) M e Cq ifand only if Wgpeq = 0;

(i) M e Cy ifand only if Wgpeq = 0;
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(ii)) M  C, ifand only if Wz =0;

(iv) M € Cj if and only if Wapeg =0

bed
Lemma 2.7 [4]. For Vaisman-Gray manifold, we have C; c Cy and

C3 c Cz.

Lemma 2.8 [4]. (i) For Vaisman-Gray manifold of dimension 2n > 4,
the class C; coincides with class of locally conformal nearly Ké&hlerian

manifolds such that each point of M e C; has a neighborhood U and a
smooth function f for which {U, J, e?f } is a nearly Kéhlerian manifold.

(if) Any manifold of class W, of dimension 2n > 4 is locally conformal

Kahlerian manifold.
3. Main Results

Definition 3.1 [5]. The conformal transformation of Riemannian
manifold is called a conharmonic transformation if any harmonic function
changes to a harmonic function under this transformation.

Definition 3.2 [5]. A tensor T of type (4, 0) which is invariant under
conharmonic transformation and defined by the formula

1
Tija = Riju —m(ﬁkgjl + T 0ik — 9k — ki)
is called a conharmonic curvature tensor, where r, R and g are, respectively,

Ricci tensor, Riemannian curvature tensor and Riemannian metric.

It is known [5] that the Riemannian manifold is conharmonic flat if and
onlyif T =0.
Lemma 3.1. Let any Riemannian manifold M(dimM > 2) be a

conharmonic flat. Then M is conformal flat and the scalar curvature tensor
of M is vanished.
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Let M be any conharmonic flat Riemannian manifold M with
dimM > 2. By using the definition of conharmonic transformation, we get
that M is conformal flat.

Definition 3.3. Let M be Vaisman-Gray manifold of dimension 2n > 2.

we have four basic components in adjoined G-structure space, namely Tgpcq
Tabed: Tpeq @Nd Typog- SO we can define the following conharmonically

invariants of Vaisman-Gray manifold:
(i) M e Ty ifand only if Topeq = 0;
(i) M e Ty ifand only if Tgpeq = 0;
(iif) M e T, if and only if Tapeq = 0
(iv) M e T3 ifand only if Taped =0
Obviously, To Ty N T, N T3 is the class of conharmonic flat Vaisman-
Gray manifolds.
Lemma 3.2. By the direct calculation, we get
(i) Tapcd = Rabed:

.. 1
(i1) Taped = Rabed —m(fbc53 — Tpgd%);

2 [a

b]
(iii) TéBcd - Réﬁcd + (n-1) r[c

Sd];

L _(rasd 4 ris?).

(V) Taned = Raped * 2(n-1)

According to Definition 3.3, Lemmas 2.6-2.8, we get the following
result:

Theorem 3.1. (i) In the class of Vaisman-Gray manifolds of dimension
2n > 2, TO = Co, T]_ C Cl’ Tl C Toand Tl C T2.
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(i) In the class of Vaisman-Gray manifolds of dimension 2n > 4, T;
coincides with the class of the locally conformal nearly Kéhlerian manifolds.

Remark 3.1. According to Definition 3.3 and Lemma 2.6, we get
T, =C, and T3 = C3 if and only if the scalar curvature tensor of M is
vanished.

Theorem 3.2. Let M be a Vaisman-Gray manifold of dimension 2n > 2.
If M is a manifold of class Ts, then its scalar curvature tensor not positive.

Proof. Let M be Vaisman-Gray manifold of class T3 of dimension

2n > 2. Therefore, M e T,. Using Definition 3.3 and Lemma 2.3, we get:

_opabh n Ja.b] 6 [agb] 2 [a.b]
2B™ Bed + 17 %edd] + -1 Bledd] T =1 Aled]
- %ahahé‘)gg + %a[aa[cé‘)g]] — %ahah&?g =0, (1)
d dh hg d 1 d «d d d d
oc + BBy — BAB, + m(mb 53 — 3B35 — ASS2 — Adsp
1 1
- g(z(x“ahsgsg — %082 - 0aadf) - =T (a",8258 + (n - 2)a 852
+(n-2)a?:85) =0, )

where A2 = AZ B2 = B By, 53 = 5350 — 5253,

Contracting (1) by indexes a, ¢ and b, d, we get:

2
B-A- (n _41) alap, =0, 3)
where B = BR, A- jfh.
Contracting (2) by indexes a, ¢ and b, d, it follows that

_A+(2n+1)B - %ahah —n(n -1l =0, @)
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Combining (3) and (4), we obtain

n=1 h,_p (=1 n
B——2 ohA =B 1 % O
Making use of Lemma 2.4, we get
¥ = —2nB.

We see that B = > | Bype 2 >0, therefore, x < 0.

And this completes the proof. O

Theorem 3.3. Any conharmonic flat Vaisman-Gray manifold of
dimension 2n > 4 is a locally conformal Ké&hlerian manifold with the
vanishing scalar curvature tensor.

Proof. Let M be a conharmonic flat Vaisman-Gray manifold of
dimension 2n > 4, therefore, M € T; and M e T3. By using Theorem 3.1,
we get M is locally conformal nearly Kéhlerian manifold. According to
Theorem 3.2 and Remark 3.1, we obtain B =0, i.e., By = B¥C =0,
therefore M is locally conformal nearly K&hlerian manifold and y = 0. O

Lemma 3.3 [6]. The function f defines a conharmonic transformation if

and only if 7 = e 27y,

Theorem 3.4. Let M be a conharmonic flat locally conformal nearly
Kéhlerian manifold. Then the function f that defines the local conformal
equivalence between M and Kahlerian manifold is the function of
conharmonic transformation.

Proof. If M is conharmonic flat, then it is conformal flat manifold.
According to [4], we get the function f locally transforms M to the complex

Euclidean space C". We know that C" is the flat manifold. In particular,
it has a vanishing scalar curvature tensor. Then we have y = e‘ZfX, where

y is the scalar curvature tensor of C". By using Lemma 3.3, we get that f is

the function of conharmonic transformation. O
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Theorem 3.5. Any conharmonic flat nearly Kéhlerian manifold of
dimension 2n > 4 is locally holomorphically isometric to the complex

Euclidean space C" with canonical K&hlerian structure.

Proof. Let M be a conharmonic flat nearly Kéhlerian manifold.

Using Theorem 3.3, we get B,y = B3 = 0.

According to Proposition 2.1, we conclude that M is K&hlerian manifold.

Applying (1) and (2) for the nearly Kéhlerian manifold, we obtain
~AJSC + AJSE — AZSY + AZSq =0, (5)
ad 1 dga acdy _
c +m(—%5c—p~:5b)—0- (6)
Contracting (5) by indexes b and c, it follows that (n — 2) A§ = 0.

If the dimension M is 2n > 4, then A§ = 0. Substituting this formula in (6),
we get A = 0.
Using Lemma 2.2, we get Ry = 0.

Therefore, M is a flat Ké&hlerian manifold, i.e., it is locally holomorphically

isometric to C" with canonical Kahlerian structure. O
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