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Abstract 

In the present paper, we investigated the geometric meaning of 
vanishing conharmonic curvature tensor of Vaisman-Gray manifold. 
We proved that the conharmonic flat Vaisman-Gray manifold of 
dimension greater than four is a locally conformal Kähler manifold 
with vanishing scalar curvature tensor. Finally, an example of nearly 
Kähler manifold with vanishing conharmonic curvature tensor has 
been constructed. 
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1. Introduction 

The Vaisman-Gray manifold is a generalization of the classes nearly 
Kähler manifold and locally conformal Kähler manifold. Moreover, this class 
is not coincident with their union; therefore, it represents an interesting 
study. Most of the almost Hermitian manifold studies were done by using 
Kozal’s operator method, but from our point of view, the study of almost 
Hermitian manifold by using adjoined G-structure space is to be more 
appropriate. 

In [7], Kirichenko defined two tensors which were the structure and 
virtual tensors, then he used these tensors to find the structure equations of 
almost Hermitian manifold in adjoined G-structure space. Ignatochkina [4] 
investigated the conformal invariant of Vaisman-Gray manifold, especially 
she studied the geometric meaning of vanishing the conformal invariant of 
Vaisman-Gray manifold. 

Ishi [5] studied the conharmonic transformation which was a conformal 
transformation that preserves the harmonicity of a certain function. He 
introduced a tensor that remains invariant under conharmonic transformation 
for an n-dimensional Riemannian manifold. This tensor is called a 
conharmonic curvature tensor. Kim et al. [6] found the necessary and 
sufficient condition for the invariance of the space of constant curvature by 
the conharmonic transformation. Siddiqui and Ahsan [9] investigated the        
4-dimensional space-time with vanishing conharmonic curvature tensor. 
Finally, Abood and Abdulameer [1] studied the geometrical properties of 
conharmonic curvature tensor of Vaisman-Gray manifold. In particular, they 
have found the necessary and sufficient condition that flat conharmonic 
Vaisman-Gray manifold is an Einstein manifold. 

2. Preliminaries 

Let M be a smooth manifold of dimension ( ),12 >nn  ( )MX  be an 

algebra of smooth vector fields. Let ( )YXgJM ,,, =  be an almost 

Hermitian manifold with almost complex structure J and Riemannian metric 
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g, i.e., ,2 idJ −=  such that ( ) ( ) ( ).,;,, MXYXYXgJYJXg ∈=  The  

pair ( )gJ ,  is called an almost Hermitian structure on the manifold M.          

All manifolds, tensor fields and other objects are presupposed to be smooth 

of class .∞C  

It is well known that the specifying of the almost Hermitian structure on 
M is equivalent to the specifying of the G-structure on M with structure 
group is the unitary group ( )nU  whose space consists of frames constituted 

by pairwise conjugate eigenvectors of the structure endomorphism J. This 
frames are unitary in the natural Hermitian metric of the complexification         
of the corresponding tangent space, such frames are called A-frames [7].           
This G-structure is called an adjoined. The integer indices ...,,,,, mlkji  

vary from 1 to 2n, while the integer indices ...,,,,,, hfdcba  vary from         

1 to n. We set .ˆ naa +=  As usual, the putting of the indices on square 
brackets (respectively, on parentheses) means alternating (respectively, 
symmetrization) in these indices. 

It is known that the giving of the almost Hermitian structure on M is 
equivalent to the giving of the G-structure on M with the structure group 
( )nU  in a fiber bundle of the frames ( ).MB  

The elements of G-structure are called A-frames. It can be easily shown 
[7] that the components of the tensors g and J on the adjoined G-structure 
space have the following matrices presentation, respectively: 

( ) ⎟
⎠

⎞
⎜
⎝

⎛=
0

0

n

n
ij I

I
g    and   ( ) ,

10
01

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−

−
=

n

ni
j I

Ij  

where nI  is the unit matrix of order n. 

Recall that [3] an almost Hermitian structure ( )YXgJ ,, =  is called a 

structure of class 41 WW ⊕  or Vaisman-Gray structure if 

( )( ) ( ) ( ) ( ) ( ){ },,,,12
1, JXFYJXXFYXYFXXnYXFX δ−δ−δ
−
−=∇  
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where ∇  is the Riemannian connection of g, ( ) YJXYXF ,, =  is the 

Kähler form, δ  is a coderivative and ( )., MXYX ∈  An almost Hermitian 

structure ( )YXgJ ,, =  is called a structure of class 1W  or a nearly 

Kählerian if its Kähler form is the Killing form, or, equivalently, 

( ) ( ).,0 MXXJX ∈=∇  

An almost Hermitian structure ( )YXgJ ,, =  is called a structure of 

class 4W  if 

( ) ( ) ( ) { ( ) ( )YFZXZFYXnZYFX δ−δ×
−
−

=∇ ,,12
1,  

( ) ( )}.,, JYFJZXJZFJYX δ+δ−  

For each almost Hermitian manifold, in particular for Vaisman-Gray 
manifold, defined a Lie form by the formula 

.1
1 JFn Dδ
−

=α  

Let { }iω  be the components of the solder form, { }i
jω  be the components 

of the connection form for Riemannian metric g. Recall that a component of 
a tensor field t on the adjoined G-structure space is given by the functions 

( ),...,,,...,, 1
1

1
1

r
s

r
s

ii
jjm

ii
jj eeeett ="

"  

where ( )jsj eemp ...,,, 1=  is any frame, Mm ∈  and ( )rii ee ...,,1  is the 

dual base. 

By { },,
i

kjj  we denote the components of covariant differential for 

almost complex structure. Then we have four groups of functions on 
adjoined G-structure space 

[ ] [ ],2
1,2

1 ˆ
,ˆ,ˆ

a
cbabc

a
cb

abc JBJB −−=−=  
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.2
1,2

1 ˆ
ˆ,,ˆ

a
cb

c
ab

a
cb

ab
c JBJB −=−−=  

It is proved [7] that these functions define four complex tensors, so there 
are the following differential equations: 

;dabc
dd

abcdc
d

abdb
d

adca
d

dbcabc BBBBBdB ω+ω=ω−ω−ω−  

;d
d

abc
d

abcd
c
dabd

d
cadc

d
adbcabc BBBBBdB ω+ω=ω+ω+ω+  

;d
dab

c
dab

cd
d
c

ab
d

b
d

ad
c

a
d

db
c

ab
c BBBBBdB ω+ω=ω+ω−ω−  

,dc
dabd

cd
ab

c
d

d
ab

d
b

c
ad

d
a

c
db

c
ab BBBBBdB ω+ω=ω−ω+ω+  

where { }cd
ab

ab
cd

c
dab

dab
cabc

abc
abcd

abcd BBBBBBBB ,,,,,,,  are some 

functions on adjoined G-structure space. The tensors { }abcB  and { }abcB  are 

called the structure tensors and the tensors ab
cB  and c

abB  are called the 

virtual tensors. It is obvious that 

.; c
ab

ab
cabc

abc BBBB ==  

It is known [4] that the structure equations of Riemannian connection of 
the Vaisman-Gray structure on adjoined G-structure space which are called 
the structure equations of Vaisman-Gray structure have the forms 

;cb
abc

b
cab

c
ba

b
a BBd ω∧ω+ω∧ω+ω∧ω=ω  

;cb
abc

b
c

c
abb

b
aa BBd ω∧ω+ω∧ω+ω∧ω−=ω  

( ) c
d

ad
bchbc

adhc
b

a
c

a
b ABBd ω++ω∧ω=ω 2  

( ) dca
bcddbh

ah
c ABB ω∧ω++  

( ) ,dc
acd
b

dahc
bh ABB ω∧ω++  
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where ,â
a ω=ω  { }acd

b
a
bcd

ad
bc AAA ,,  are some functions on adjoined              

G-structure space. The functions { }ad
bcA  define tensor field on the manifold 

M, this tensor is called a tensor of holomorphic sectional curvature. It is 

known that .bc
ad

ad
bc AA =  

Lemma 2.1 [2]. An almost Hermitian manifold is Vaisman-Gray 
manifold if and only if 

[ ]
[ ]

[ ]
[ ],;;; c

ba
c

ab
b
c

aab
cabcabc

abcabc BBBBBB δα=δα===  

where { }a
a

a ˆ, α≡αα  are the components of the Lie form. 

Using Lemma 2.1 and the classification of almost Hermitian manifold 
[2], we find the following proposition directly: 

Proposition 2.1. (i) A Vaisman-Gray manifold M of dimension 22 >n  

is nearly Kählerian manifold if and only if .0=α=α a
a  

 (ii) A Vaisman-Gray manifold M of dimension 22 >n  is manifold of the 

class 4W  if and only if .0== abc
abc BB  

(iii) A Vaisman-Gray manifold M of dimension 22 >n  is Kählerian 

manifold if and only if 0=α=α a
a  and .0== abc

abc BB  

Lemma 2.2 [4]. In the adjoined G-structure space, the components of 
Riemannian curvature tensor R of Vaisman-Gray manifold are given as the 
following forms: 

  (i) ( [ ] [ ] );2 cdBBR bacdababcd α+=  

 (ii) ;2ˆ
a
bcdbcda AR =  

(iii) ( [
[

]
] );2ˆˆ

b
d

a
chcd

abh
cdba BBR δα+−=  

(iv) ,ˆˆ
d

hb
ah

chbc
adhad

bcdbca BBBBAR −+=  
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where { }ab
ab

b
a

a
b αααα ,,,  are some functions on adjoined G-structure 

space such that 

.; b
aba

b
a
b

bab
ab

b
a

b
aba dd ωα+α=ωααωα+α=ωα+α  

The others components of Riemannian curvature tensor R can be 
obtained by the properties of the symmetry for R. It is proved [4] that for all 
Vaisman-Gray manifolds of dimension ,42 >n  the following equality is fair: 

.a
b

a
b α=α  

We shall denote a
b

a
b

a
b α=α=α  for Vaisman-Gray manifold of 

dimension .42 >n  

Lemma 2.3 [4]. In the adjoined G-structure space, the components of 

Ricci tensor k
ijkij Rr =  of Vaisman-Gray manifold are given as the following 

forms: 

 (i) 

( );2
1

babaabab
nr αα+α+α−=  

(ii) 

( ) ( ) .22
1

2
13ˆ

a
b

a
b

h
hh

h
b

aca
bccbh

caha
bba nnABBrr α−+δα−αα−αα−+−==  

Lemma 2.4 [4]. The scalar curvature tensor ij
ijrg=χ  is given as the 

following form: 

( ) ( ) .122
126

2
h

hh
hab

baabc
abc nnABB α−−αα−−−=χ  

Let f be a smooth function on a manifold M. The almost Hermitian 

manifold { }gegJM f2~,, =  is called a conformal transformation of almost 

Hermitian manifold. The basic invariant of conformal transformation is a 
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conformal curvature tensor W. The conformal curvature tensor is given by 
the following formula [8]: 

( ) ( )iljkjkilikjljlikijklijkl grgrgrgrnRW −−+
−

+= 12
1  

( )
( ) ( ) .2212 −−

−χ
+ nn

gggg ikjliljk  

It is well known [8] that the Riemannian manifold is conformal flat if and 
only if .0=W  

Lemma 2.5 [4]. In the adjoined G-structure space, the components            
of conformal curvature tensor of Vaisman-Gray manifold are given as the 
following forms: 

  (i) ;abcdabcd RW =  

 (ii) ( ) ( );12
1

ˆ
a
cbd

a
dbcabcdbcda rrnRW δ−δ

−
−=  

(iii) ( ) [
[

]
]

( ) ( ) ;12121
2

ˆˆˆˆ −−
χ

−δ
−

+= nnrnRW
ab
cdb

d
a
ccdbacdba  

(iv) ( ) ( ) ( ) ( ) ,121212
1

ˆˆˆ −−
δχδ

−δ+δ
−

+= nnrrnRW
ad
bc

a
ca

c
d

b
d
b

a
cbcdadbca  

where .b
c

a
d

b
d

a
c

ab
cd δδ−δδ=δ  

It is well known that the conformal curvature tensor has properties which 
are similar to the properties of Riemannian curvature tensor. Therefore, W 
has four basic components; .,,, ˆˆˆˆˆ dbcacdbabcdaabcd WWWW  

Lemma 2.6 [4]. The vanishing of the basic components of conformal 
curvature tensor defines four conformal invariant classes 3210 ,,, CCCC  of 

Vaisman-Gray manifold, 

  (i) 0CM ∈  if and only if ;0=abcdW  

 (ii) 1CM ∈  if and only if ;0ˆ =bcdaW  
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(iii) 2CM ∈  if and only if ;0ˆˆ =cdbaW  

(iv) 3CM ∈  if and only if .0ˆˆ =dbcaW  

Lemma 2.7 [4]. For Vaisman-Gray manifold, we have 01 CC ⊆  and 

.23 CC ⊆  

Lemma 2.8 [4]. (i) For Vaisman-Gray manifold of dimension ,42 >n  

the class 1C  coincides with class of locally conformal nearly Kählerian 

manifolds such that each point of 1CM ∈  has a neighborhood U and a 

smooth function f for which { }feJU 2,,  is a nearly Kählerian manifold. 

(ii) Any manifold of class 4W  of dimension 42 >n  is locally conformal 

Kählerian manifold. 

3. Main Results 

Definition 3.1 [5]. The conformal transformation of Riemannian 
manifold is called a conharmonic transformation if any harmonic function 
changes to a harmonic function under this transformation. 

Definition 3.2 [5]. A tensor T of type (4, 0) which is invariant under 
conharmonic transformation and defined by the formula 

( ) ( )iljkjkilikjljlikijklijkl grgrgrgrnRT −−+
−

−= 12
1  

is called a conharmonic curvature tensor, where r, R and g are, respectively, 
Ricci tensor, Riemannian curvature tensor and Riemannian metric. 

It is known [5] that the Riemannian manifold is conharmonic flat if and 
only if .0≡T  

Lemma 3.1. Let any Riemannian manifold ( )2dim >MM  be a 

conharmonic flat. Then M is conformal flat and the scalar curvature tensor 
of M is vanished. 
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Let M be any conharmonic flat Riemannian manifold M with 
.2dim >M  By using the definition of conharmonic transformation, we get 

that M is conformal flat. 

Definition 3.3. Let M be Vaisman-Gray manifold of dimension .22 >n  
we have four basic components in adjoined G-structure space, namely ,abcdT  

,ˆbcdaT  cdbaT ˆˆ  and .ˆˆ dbcaT  So we can define the following conharmonically 

invariants of Vaisman-Gray manifold: 

  (i) 0TM ∈  if and only if ;0=abcdT  

 (ii) 1TM ∈  if and only if ;0ˆ =bcdaT  

(iii) 2TM ∈  if and only if ;0ˆˆ =cdbaT  

(iv) 3TM ∈  if and only if .0ˆˆ =dbcaT  

Obviously, 3210 TTTT ∩∩∩  is the class of conharmonic flat Vaisman-

Gray manifolds. 

Lemma 3.2. By the direct calculation, we get 

  (i) ;abcdabcd RT =  

 (ii) ( ) ( );12
1

ˆˆ
a
cbd

a
dbcbcdabcda rrnRT δ−δ

−
−=  

(iii) ( ) [
[

]
] ;1

2
ˆˆˆˆ

b
d

a
ccdbacdba rnRT δ

−
+=  

(iv) ( ) ( ).12
1

ˆˆˆˆ
a
c

d
b

d
b

a
cdbcadbca rrnRT δ+δ

−
+=  

According to Definition 3.3, Lemmas 2.6-2.8, we get the following 
result: 

Theorem 3.1. (i) In the class of Vaisman-Gray manifolds of dimension 
,22 >n  ,00 CT =  ,11 CT ⊂  01 TT ⊂ and .21 TT ⊂  



On Vaisman-Gray Manifold … 2281 

(ii) In the class of Vaisman-Gray manifolds of dimension ,42 >n  1T  

coincides with the class of the locally conformal nearly Kählerian manifolds. 

Remark 3.1. According to Definition 3.3 and Lemma 2.6, we get 

22 CT =  and 33 CT =  if and only if the scalar curvature tensor of M is 

vanished. 

Theorem 3.2. Let M be a Vaisman-Gray manifold of dimension .22 >n  
If M is a manifold of class ,3T  then its scalar curvature tensor not positive. 

Proof. Let M be Vaisman-Gray manifold of class 3T  of dimension 

.22 >n  Therefore, .2TM ∈  Using Definition 3.3 and Lemma 2.3, we get: 

[
[

]
]

[
[

]
]

[
[

]
]b

d
a
c

b
d

a
c

b
d

a
chcd

abh AnBnn
nBB δ

−
−δ

−
+δα

−
+− 1

2
1

6
12  

[
[ ]

] ,02
1

2
1

4
1 =δαα−δαα+δαα− ab

cdh
hb

dc
aab

cdh
h  (1) 

( ) (
d
b

a
c

a
c

d
b

d
b

a
c

d
c

d
b

d
hb

ah
chbc

adhad
bc AABBnBBBBA δ−δ−δ−δ

−
+−+ 3312

1  

( ) ( ) ( ( ) a
c

d
b

d
b

a
c

h
h

d
bc

aa
cb

dd
b

a
ch

h nn δα−+δδα
−

−δαα−δαα−δδαα− 214
128

1  

( ) ) ,02 =δα−+ d
b

a
cn  (2) 

where .,, a
d

b
c

b
d

a
c

ab
cdfch

ahfa
c

ah
hc

a
c BBBAA δδ−δδ=δ==  

Contracting (1) by indexes a, c and b, d, we get: 

 ( ) ,04
1 2

=αα−−− h
hnAB  (3) 

where ., jh
hf

h
h AABB −=  

Contracting (2) by indexes a, c and b, d, it follows that 

 ( ) ( ) ( ) .014
112

2
=α−−αα−−++− h

hh
h nnnBnA  (4) 



Lia Anatolvna Ignatochkina and Habeeb Mtashar Abood 2282 

Combining (3) and (4), we obtain 

( ) .4
1

2
1

h
hh

h
nBAnB αα−−=α−=  

Making use of Lemma 2.4, we get 

.2nB−=χ  

We see that ∑ ≥= ,02
abcBB  therefore, .0≤χ  

And this completes the proof. ~ 

Theorem 3.3. Any conharmonic flat Vaisman-Gray manifold of 
dimension 42 >n  is a locally conformal Kählerian manifold with the 
vanishing scalar curvature tensor. 

Proof. Let M be a conharmonic flat Vaisman-Gray manifold of 
dimension ,42 >n  therefore, 1TM ∈  and .3TM ∈  By using Theorem 3.1, 

we get M is locally conformal nearly Kählerian manifold. According to 

Theorem 3.2 and Remark 3.1, we obtain ,0=B  i.e., ,0== abc
abc BB  

therefore M is locally conformal nearly Kählerian manifold and .0=χ  ~ 

Lemma 3.3 [6]. The function f defines a conharmonic transformation if 

and only if .~ 2 χ=χ − fe  

Theorem 3.4. Let M be a conharmonic flat locally conformal nearly 
Kählerian manifold. Then the function f that defines the local conformal 
equivalence between M and Kählerian manifold is the function of 
conharmonic transformation. 

Proof. If M is conharmonic flat, then it is conformal flat manifold. 
According to [4], we get the function f locally transforms M to the complex 

Euclidean space .nC  We know that nC  is the flat manifold. In particular,          

it has a vanishing scalar curvature tensor. Then we have ,~ 2 χ=χ − fe  where 

χ~  is the scalar curvature tensor of .nC  By using Lemma 3.3, we get that f is 

the function of conharmonic transformation. ~ 
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Theorem 3.5. Any conharmonic flat nearly Kählerian manifold of 
dimension 42 >n  is locally holomorphically isometric to the complex 

Euclidean space nC  with canonical Kählerian structure. 

Proof. Let M be a conharmonic flat nearly Kählerian manifold. 

Using Theorem 3.3, we get .0== abc
abc BB  

According to Proposition 2.1, we conclude that M is Kählerian manifold. 

Applying (1) and (2) for the nearly Kählerian manifold, we obtain 

,0=δ+δ−δ+δ− b
d

a
c

a
d

b
c

a
c

b
d

b
c

a
d AAAA  (5) 

( ) ( ) .012
1 =δ−δ−
−

+ d
b

a
c

a
c

d
b

ad
bc AAnA  (6) 

Contracting (5) by indexes b and c, it follows that ( ) .02 =− a
dAn  

If the dimension M is ,42 >n  then .0=a
dA  Substituting this formula in (6), 

we get .0=ad
bcA  

Using Lemma 2.2, we get .0=ijklR  

Therefore, M is a flat Kählerian manifold, i.e., it is locally holomorphically 

isometric to nC  with canonical Kählerian structure. ~ 
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