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1. Introduction

One of the most significant concepts in mathematics, particularly in topology, is continuous
mapping; there are numerous forms of it, one of which is known as a "perfect mapping". A mapping
f:X - Y is considered perfect if it is continuous, closed, and contains compact fibres f~1(y), for
each y € Y. For more information, check ([1], [2]). In 1965, O. Njasted established the notion of
a —open [3]. In 2019, N. Ali and S. Khalil introduced the notion of a* —open, which is an extension
of the a-open set. For additional information, see [4]. A topological space (TS) is a quite broad term.
Greater specificity is frequently desired. Many mathematicians have demonstrated certain research in
(TS) and their extensions to non-classical (TS). In other side, some applications in recent years using
non-classical sets are given in algebra and topology like fuzzy sets [5-19], soft sets ([20-33]),
permutation sets ([34-55]), nano sets [56], neutrosophic sets ([57-64]) and others [65-72].

In this work, new type of a* —continuity mappings by using a* —open sets in topological spaces is
introduced, which is called a* —perfect mapping, also we study some properties of these types. We
show that if f: X - Y is (a* — PM). Then the restriction of f on clopen set is also (a* — PM).
Next, for any mapping f : X — Y between two topological spaces with A, B are disjoint clopen sets,
where X = A U B. In this work, we show that f|, and f|p are (a* — PM) if and only if fis (a* —
PM). Finally, we prove that if f: X — Y and g: U — W are mappings with f X g: X XU =Y X W is
(o* — PM), then each one of f and g is (a* — PM).

2. Some Basic Definition

Here we shall give some basic concepts which are used in this work
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Definition (2.1) [4]

Let (X,T) be a topological space and @ +# A € X. The set Ais called @ —open [resp., a* —open] set
if A c int(cl(int(A))) [resp., A S int,(cl(int,(4))) ]. Also, the complement of A is called
a —closed [resp., a® —closed] set. The family of all @ —open (resp., a« — closed, a* — open , a* —
closed ) set is denoted by 0, (X) [resp., Co(X), Og+(X), Co(X)].

Remarks (2.2) [4]

Q) Every open (resp., a —open, clopen ) set is o™ —open set.

(i) Every closed (resp., @ —closed) set is a* —closed set.

(i) X and @ are a* —open sets in X.

Theorem (2.3) [4]

If {G;}i is a collection of a* — open sets, then their union is also a* — open set.

Theorem (2.4) [4]

(i) If Ais a* — open and B is open, then A N B is also a* — open set.

The finite intersection of a* — closed set is also a* — closed set.

(i) The finite intersection of a* — closed sets is a* — closed set.

Theorem (2.5) [4]

Let X and Y be two topological spaces, A € X, and B € Y, then A,B are a* — open (resp., o* —
closed)sets iff Ax B is a* — open (resp., a* — closed) in X X Y.

Lemma (2.6) [4]

Let (Y, ty) be subspace of (X,t) withA S Y € X. Then;

Q) If A € 0, (X)[ resp.,Co(X)], then A € 0,+(Y)[ resp.,Cqo-(Y)].

(i) If A€ 0, (V)| resp.,Cu-(Y)], then A € O, (X)[ resp.,C,(X)], where Y is closed
subspace of X.

Theorem (2.7) [4]

A € 04-(X) iff B € 04+(X) With B € A C inty(cl(B)).
Corollary (2.8) [4]

A € C,-(X) iff there exists F € C,+(X) with cl((int(F) SACF.
Theorem (2.9) [4]

If A € 04+(X) with A € B < int,(cl(A)), then B € 04+ (X).

Theorem (2.10) [24]

Let X and Y be two topological spaces and f : X — Y be any mapping, we say f is:

Q) o* — continuous mapping if f~1(A4) is o* —open set in X, for any open set in Y and it is
denoted by a* — CM.

(i) o —irresolute continuous mapping if f~1(4) is «* —open set in X, for any o* —open set A
inY, and it is denoted by I, — CM.

(iii)  Strong a* — continuous if f~1(A) is open set in X, for any o* —open set A in Y, and it is
denoted by S+ — CM.

Theorem (2.11) [24]
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Q) Every o —CM is - — CM.
(i) Every I~ — CM is Sy~ — CM.
Theorem (2.12) [24]

Let (X,t;) and (Y, t,) be two topological spaces and f : X — Y be mapping, then:

Q) flp:F =Y isa®— CM, where F isopen setin X, if f isa® — CM.

@)  flgF—>Y islye—CM,where Fisopensetin X, if fisl,—CM

@iii)  f|p:F =Y isSe — CM, where F is o* —open setin X, if f is S — CM.
Theorem (2.13) [24]

Let (X, t;) and (Y, t,) be two topological spaces and f : X — Y be mapping, and 4, B are disjoint
setsin X with X = AU B. We say :

(i) fisa*—=CMiff f|,and f|g are also, where A4, B are a — open sets.

(i) fis Iy — CMiff f|, and f|p are also, where A, B are open Sets.

(iiiy fisS,-—CMiff f|,and f|g arealso a® — CM, where A, B are a* — open Sets.
Theorem (2.14) [24]

Let (X, t;) and (Y, t,) be two topological spaces and f : X — Y be mapping, and define
fa:f7HA) - Aby fu(x) = f(x), foranyset AinY and x € f~1(A). Then;
(i) faisa* —CM if f isalso, where Ais opensetinY.

(ii) faisl,- —CM (resp., So- — CM) if f is also, where A is closed setin'Y.
Theorem (2.15) [24]
Let (X,t,) and (Y, t,) be two topological spaces and f : X — Y be mapping. Then f is called,

Q) o —open mapping (a* — OM) if f(A) is a* —open set in Y, for any open set A in X.

(i) Strongly o —open mapping (Sa* — OM) if f(A) is a* —open set in Y, for any a* —open set
AinX.

(i)  o* —closed mapping if f(A) is a* —closed set in Y, for any closed set A in X.

(iv) Strongly o™ —closed mapping if f(A) is a* — closed set in Y, for any o™ — closed set 4 in X.
Theorem (2.16) [73]

Let AC Y C X.then A is compact set in X iff A is compactin Y.
3. o — Perfect Mappings:

In this section the concept of a* —open set will be used to define some new types of a* —continuity
which is called o™ —perfect.

Definition (3.1)

Let (X,t;) and (Y, t,) be two topological spaces and f : X — Y be surjective mapping. We say f is
o —perfect mapping (a* — PM) if f is (a* — CM), (a* — closed), and all fibers f~1{y} is compact
setin ,\Vy €Y.

To illustrate this concept see the following Example.
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Example (3.2): Let (X,t;) and (Y,t,) be two topological spaces, where X =Y ={a,b,c}, t; =
{0,X,{a},{b,c}}, t, ={0,Y,{c},{a, b}}, and define f : X > Y by f(a) =c¢, f(b) =a, and f(c) =
b. We see f is surjective and all fibers f~1{y} is compact set ,vy € Y. Also, f is (a* — CM),
because f~1(Y) =X and f~1(@)= @, where X and @ are a* — open sets, see remark (2.2). Also,
f~t({a,b}) ={b,c}, f1({c}) = {a} are clopen sets so they are a* — open sets in X, see remark
(2.2). Thus f is (a* — CM). Moreover, f({b,c}) = {a, b}, f({a}) = {c} are closed sets and hence
they are o — closed sets. then f is a* — closed mapping , because f(F) is o* — closed, for any
closed set F in X, Hence fis(a* — PM).

Example (3.3): Let (X,t;) and (Y,t,) be two topological spaces, where X =Y = {1,2,3,4},
t: ={0,X,{1},{1,2}}, t, = {0,Y,{1,2,3}}, and define f : X > Y by f(1) =4, f(2) =1, f(3) = 2,
and f(4) = 3. We observe f is surjective. Also, f71(Y) = X € 0, (X) & f~1({1,2,3}) = {2,3,4} €
O+ (X), since {2,3,4} € int,(cl(int,({2,3,4}))) That means f~1(A) € O, (X), for any open set A
inY,so fis (a*—CM).But fisnot a* — closed since {3,4}is closed set in X but £({3,4}) = {2,3}
which is not a* — closed set in Y since {2,3} is not contains cl, (int,(cly({2,3}))) =Y (ie., YS
{2,3}). Thus f is not (a* — PM).

Theorem (3.4)
Let f: X - Y be (a* — PM). Then the restriction of f on clopen set is also (a* — PM).
Proof:

We need to show that f|4: A =Y is (a* — PM), for any clopen set A in X. Since A is clopen, thus
Aisopenandhence fl4: A=Y is (a* — CM) [From Theorem (2.12)]. Now, let B be closed set in
A, also A is closed set in X [since A is clopen set in X]. Thus B is closed in X and hence f(B) is a* —
closed in Y [ since f is a* —closed]. But f|,(B) = f(B), thus f|, is a* —closed mapping. Also,
fla is surjective since f is surjective. Moreover, we have f|, ' ({y}) = 4 n f~1{y}, where f~{y}
is compact set in X for all y € Y, then f~1{y} is compact set in A, see theorem (2.16). Hence
fla:A—=>Y is(a" — PM).

Theorem (3.5)

Let X and Y be a topological spaces, f : X — Y be any mapping, and let A, B be disjoint clopen sets,
where X = AU B. Then f|, and f|z are (a* — PM) if and only if f is (a* — PM).

Proof: Assume that f is (a«* — PM), then f|, and f|5 are also [From Theorem (3.4)]. Now, let each
one of f|4 and f|g is (a* — PM). Thus f is («* — CM) by [Theorem (2.13)]. Also, let M be closed
set in X, we get f(M)=f(MNX)=fMnNn(AUB)=f(J(MNA)NAJU[(MNB)NB]) =
flaitMNnA)U f|g (M n B), where (M n A) and (M n B) are closed sets in A and B, respectively.
Since f|4 and f|p are a* — closed mappings, thus f|4 (M N A) and f|z (M N B) are a* — closed
sets in Y. So, their union is also o™ — closed set in Y. Then f(B) is o* — closed set in Y. Now, since
each one of f|, and f|p is (a* — PM), we get f|,~"({y}) and |z~ ({y}) are compact sets in in A
and B, respectively. Then we get f|, ' ({y}) and |z~ *({y}) are compactin X by Theorem (2.16).
So, their union is also compact in X [ Since the union of finite compact sets is a compact set]. Now,
it is obvious that f is onto. Therefore, we get f is (a* — PM).
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Theorem (3.6)

Let f: X - Y and g: U —» W be mappings. If f X g: X XU = Y X W is (a* — PM), then each one of
fandgis (a* — PM).

Proof:

We shall prove only f is (a* — PM). In the first, we have to prove f is (a* — CM). Let A be an open
sets in Y. Thus A X W is open set in Y X W, thus (f x 9)"*Ax W) =f1A)x g t(W) =
f~1(A) x U, then by Theorem (2.5) we obtain f~1(4) is a* — open set in X. Therefore f: X — Y is
(x* — CM). Now, let B closed set in X, thus B x U is closed in X X U. So (f X g)(BxU) is a* —
closed in Y x W, where (f x g)(B X U) = f(B) X g(U). Then f(B) is a* — closed in Y. On the
other side, since f X g is surjective mapping, then f and g are surjective mappings. Now, to prove
the fourth condition, we have to show that f~1({y}) is compact set in X,Vy € Y. Since (f X
9 Yy,w) = f1(y) x g7t (w) is compact set in X X U,¥Y(y,w) EY x W. Hence f:X - Y is
(a* — PM), In similar way, we show that g is (a* — PM).
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