
©

On permutation topological groups with their basic properties 

Abu Firas Muhammad Jawad Al Musawi *
Department of Mathematics
College of Education for Pure Sciences
University of Basrah 
Basrah
Iraq

Enoch Suleiman †

Department of Mathematics
Federal University Gashua 
Yobe State
Nigeria

Abstract
In this research, one of the non-classical sets, the permutation set, is utilized to analyze 

a new class of topological groups induced by β-sets, it is named permutation topological 
groups, and some of its basic features are investigated. In addition, several results are applied 
to our permutation topological group class.

Subject Classification:  20G05, 18A05, 20D06.

Keywords: Topological group, Uniformly continuous, Permutation, Normal subgroup.

Journal of Discrete Mathematical Sciences & Cryptography
ISSN  0972-0529 (Print), ISSN  2169-0065 (Online)
Vol. 26 (2023), No. 4, pp. 1145–1151
DOI : 10.47974/JDMSC-1551

*	E-mail:	afalmusawi@gmail.com (Corresponding Author)
†	 E-mail:	enochsuleiman@gmail.com 

  

 

 

 
 
 
 
 
On permutation topological groups with their basic properties  
 
Abu Firas Muhammad Jawad Al Musawi *  
Department of Mathematics 
College of Education for Pure Sciences 
University of Basrah  
Iraq 
 
Enoch Suleiman § 
Department of Mathematics 
Federal University Gashua  
Yobe State 
Nigeria  
 
Abstract  

In this research, one of the non-classical sets, the permutation set, is utilized to analyze a new 
class of topological groups induced by β-sets, it is named permutation topological groups, and 
investigates some of its basic features. In addition, several results are applied to our permutation 
topological group class. 

Subject Classification: 20G05, 18A05, 20D06. 
Keywords: Topological Group, Uniformly Continuous, Permutation, Normal Subgroup. 

1. Introduction  
In mathematics, the symmetric group Sn is extremely important. It occurs 

in a wide variety of contexts, hence its importance cannot be overstated. 
Thousands of pages of research papers in mathematics journals have a certain 
connection to this group. According to Cayley's theorem, every finite group can 
be regarded as a subgroup of Sn for some n. Many mathematicians debate the 
concept of topological groups [1-5]. 

 In 2014, the technical [6] is given to find the link between each 
permutation in Sn and topological space. We say         is permutation 
topological space (PTS). Assume         is a (PTS). We say         is a 
permutation indiscrete space (PIS) iff β = (t1,t2,…, tn) and permutation discrete 

http://www.tarupublications.com
dx.doi.org/10.47974/JDMSC-1551


1146� A. F. M. J. AL MUSAWI AND E. SULEIMAN

space (PIS) iff β = (t1)(t2)…(tn) [7]. In this work, we will use a permutation set to 
consider a new class of ءtopological groups it is called the permutation 
topological group induced by  -sets and investigate some of their fundamental 
features. Next, several results are applied to this class of permutation topological 
groups. 
 
2. Preliminaries 

Here, we will recall basic ideas and results that are necessary in this 
research. 
 
Definition 2.1: [6] Define   and   on  sets in   by:  
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Permutation subspaces 2.2: [6] Let     

   be (PTS) ,  ⊂Ω and   
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n}. Here we used normal intersection (  ) . Hence,       
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cycle in Sm,   
    we get       

    
         

   is ik-cycle in Sm. Hence 
       

             
   are disjoint cycles in Sm induced by  β say    . Then 

       
  

  is a permutation subspace of        , where    
  

          
    

     
       

   and  Ω ′={1,2,…,m}  
 
Definition 2.3: [8] A topological group (G ,* ,τ ) is a group (G ,*) equipped with 
a topology τ on G such that the maps θ :G ×G ⟶ G are defined by        
            and the map 𝜗𝜗:G ⟶ G defined by 𝜗𝜗              is 
continuous. 
 
3. Permutation Topological Group Induced by  -Sets 

In this section, we will give a new notion is called a permutation 
topological group induced by β-sets and study some of their basic properties. 
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Definition 3.1: Let    
     
     be a collection of β-sets, where β is a permutation 

in the symmetric group Sn Then Ω is said to be a permutation topological group 
(PTG) induced by β-sets if (Ω, #) is a group and there exists mappings θ:Ω ×Ω 
⟶ Ω , 𝜗𝜗:Ω ⟶ Ω such that θ(i,j) = i # j , i , j Ω and 𝜗𝜗 (i) = i-1 ,  i  Ω are 
continuous. symbolized by      

 n  . 
 
Example 3.2: Assume (S6,o) is a symmetric group and  

  (      
      )

 
be a permutation in S6. Since   (      

      )          . 
Therefore,      

   is a (PIS), where   
       , Define #:Ω ×Ω ⟶ Ω by the 

Table 1 
Table 1  

      is a group 

# 1 2 3 4 5 6 
1 1 2 3 4 5 6 
2 2 4 6 1 3 5 
3 3 6 2 5 1 4 
4 4 1 5 2 6 3 
5 5 3 1 6 4 2 
6 6 5 4 3 2 1 

 
Then ( ,#) is a group, and hence        

  is a (PTG) since       
   is a (PIS). 

 
Proposition 3.3:  

(a) If  ́            is a subgroup of a (PTG)      
 n  , then    ́       

    
is a (PTG) in the induced topology, 

(b) If    ́    is a normal subgroup of a (PTG)          , then the quotient 
group     ́      is a (PTG) concerning the quotient topology  ,  

(c) A morphism of (PTG)           ⟶          is a continuous 
homomorphism between permutation topological groups (PTGs),  

(d) A homomorphism of groups           ⟶          between (PTGs) is a 
morphism if and only if it is continuous at  . 

 
Proof: Straightforward.  
 
Proposition 3.4: Assume that   is a bijective continuous map           ⟶
         between two (PTGs), then   is a homeomorphism if its inverse is also 
continuous, that is, a bijection   is a homeomorphism if and only if   is open 
in    implies that      is open in    or         is open in    implies that   is 
open in    holds for all             . 
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Proof: Straightforward.  
 
Proposition 3.5: Assume that         is a (PTG), the for all    , both the 
left and right translations          , and          ,     of   are 
homeomorphism. 
 
Proof: Straightforward.  
 
Proposition 3.6: (Translation Invariance) 
For any (PTG)        ,     and    , then the following are equivalent: 
(a)   is open,(b)    is open, (c)    is open,(d)     is open. 
 
Proof: We will prove the first implication only since the remaining ones are 
similar. Let     be a fixed element and   be an open subset of  . We will 
show that    is open since, for each element     , we can find an open set 
   containing   such that      . Then the equality    ⋃        will 
prove that    is open. Now, let     . One can therefore find     such that 
    . Then the continuous function   defined satisfies       and since 
   is an open set that contains  , then the definition of product topology implies 
that one can find open sets   ,    contains   and   such that        . We 
can then define         and observe that              and 
   ⋃         is open. This completes the proof. 
 
Proposition 3.7: Assume that         is a (PTG). Then         has an open 
basis   at   that consists of symmetric neighborhood   of    (A Symmetric 
neighborhood of   is a set   that contains an open set containing   such that 
     ). 
 
Proof: Straightforward.  
 
Proposition 3.8: The closure  ̅ of a subset   of  , where         is a (PTG) is 
given by  ̅  ⋂   , where   is open and    . 
 
Proof: Straightforward.  
 
Proposition 3.9: Assume that   is a subgroup of  , where         be a (PTG). 
Then  ̅ is also a subgroup of  . 
 
Proof: Suppose that   is a subgroup of        . We are required to prove that 
 ̅ is also a subgroup. Now    , and  ⊂  ̅. So,  ̅ is non-empty since    ̅. 
Again  ⊂     ̅ for all     because     , so  ̅ ⊂     ̅̅̅ ̅̅ ̅̅ ̅      ̅ for all 
   , thus   ̅ ⊂  ̅ for all    . Next, if    ̅ then   ⊂  ̅, so  ⊂  ̅    
which gives  ̅ ⊂  ̅   ̅̅ ̅̅ ̅̅ ̅   ̅    (since  ̅    is closed). Thus  ̅ ̅ ⊂  ̅. So, if 
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    are in  ̅ then     ̅. To complete the proof, we need to show that if   
 ̅, then      ̅. Now since         is a homeomorphism, we have that   
is a closed map. So,    ̅  is a closed set. Now,    ̅ ⊂     ̅̅ ̅̅ ̅̅ ̅ ⊂    ̅ ̅̅ ̅̅ ̅̅ ̅ ⊂    ̅ . 
And so     ̅̅ ̅̅ ̅̅ ̅     ̅  which gives      ̅̅ ̅̅ ̅̅ ̅̅    ̅   . Since   is a subgroup, we 
have that      . Thus,  ̅    ̅   . So, if    ̅ then       ̅     ̅. 
That completes the proof. 

Proposition 3.10: If         is a (PTG), and if       is a   -space, then       
is Hausdorff. 

Proof: Straightforward.  

Proposition 3.11: If         is a (PTG), and if       is a   -space, then       
is Hausdorff. 

Proof: Since         is a   -space, we have that for     with    , either 
there is      with       , or there is     , where      means that      is 
open and contains    . If the former holds then,        (     is the derived 
set of    ), which means that                           . If the latter holds 
then      ̅̅ ̅̅ . In either case,    ̅̅ ̅̅     , since  ̅       for every subset   of   
in      . Next, if    , (    are in  ) then                 , since 
        would imply    . Since     is closed from    ̅̅ ̅̅     , we have 
that            is open. By the continuity of            , we have that 
there exist  ,   in   with     and       such that       ⊂      . 
So,    ⊂            and since       and    , we have by the 
continuity of         that there is     with     such that     ⊂  . 
Lastly,   and   are disjoint because if there is a point   of   with     and 
   , then we would have            which implies that  (       )  
     implying that              ; a contradiction. So     are open and 
     , with     and    . Therefore,         is a   -space. 
 
Corollary 3.12: If     is a closed-in (PTG)        , then         is a   -space 
(Hausdorff space) and infact a   -space (Regular space). 
 
Proof: Suppose that     is closed. Then    ̅̅ ̅̅      holds. So,         is a   -
space from the proof of Proposition 3.11since            is open. Now for 
each open set   containing  , there is an open set   containing   that satisfies 
  ⊂   by the continuity of             implying that  ̅ ⊂   ⊂  . We 
get that         is a   -space. 
 
Definition 3.13: Suppose that   is a function from a permutation measurable 
function into itself. Then,  
a)    ⟶   is said to be right uniformly continuous if, for each neighborhood 

  of  , there exists a neighborhood   of   such that      (    )     
for all       such that        . 
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b)    ⟶   is said to be left uniformly continuous if, for each neighborhood   
of  , there exists a neighborhood   of   such that (    )          for 
all       such that        . 

c)    ⟶   is said to be uniformly continuous if it is right uniformly 
continuous and left uniformly continuous. 

 
Proposition 3.14: Let         be a (PTG). 
a)    ̅̅ ̅̅  is a closed, normal subgroup of  , and the smallest closed subgroup of  , 
b) If    , we have that    ̅̅ ̅̅  is the closet      ̅̅ ̅̅  of      ̅̅ ̅̅ . 
 
Proof:  
a) If     belong to  , where      ̅̅ ̅̅ , then     belongs to   because     

belongs to    ⊂      ̅̅ ̅̅ ̅̅ ̅̅ ̅     ̅̅ ̅̅   . If     then         
(   ̅̅ ̅̅ )          ̅̅ ̅̅ ̅̅ ̅̅ ̅     ̅̅ ̅̅   . Since    ,   is non-empty. So,   is a 
subgroup of  . Now  ̅  ⋂   , where   is open and    . So,    ̅ if 
  is a subgroup of  . Therefore    ⊂  ̅ for every subgroup of  . Thus, 
   ̅̅ ̅̅ ⊂   ̅ ̅̅ ̅̅̅   ̅, if   is a subgroup of  . Next,   is a normal subgroup of   
because if     then      ̅̅ ̅̅               ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅  because    ̅  
       ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ for any points       and any subset   of   since the map 
          is a homeomorphism of   onto  , so    ̅    is 
closed, (as   is a closed map), hence    ̅         ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅, the reverse 
inclusion holds by the continuity of  , (since    ̅ ⊂     ̅̅ ̅̅ ̅̅ ). So,      ̅̅ ̅̅  
       ̅̅ ̅̅   . Therefore,   is a normal subgroup of  . 

b) Since a Right translation          of    , is a homeomorphism, 
we have that    ̅̅ ̅̅       ̅̅ ̅̅ , now as    is a closed map and hence      ̅̅ ̅̅  is 
a closed set which implies that      ̅̅ ̅̅     ̅̅ ̅̅ ̅̅ ̅   ̅, the reverse inclusion 
holds because     ̅ ⊂      ̅̅ ̅̅ ̅̅ ̅̅  for each subset   of   since    is 
continuous. Similarly, because a left translation          of    , 
is also a homeomorphism on  , we have that    ̅̅ ̅̅     ̅̅ ̅̅    for all    . 
This completes the proof. 

 
Proposition 3.15: A subgroup   of a (PTG)         is discrete if and only if   
has an isolated point. 
 
Proof: Suppose   has an isolated point  , say in the relative topology    
 ⋂    ⋂       of the subgroup  . Then there is an open neighborhood 
  of   in         such that     ⋂     . Then, for all    , we have 
    ⋂      ⋂            (    ⋂ )     . So, every point of   is 
isolated and therefore   is a discrete space. Conversely, if   is discrete, then 
each point of   is an isolated point. So,   being in  , is an isolated point. 
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4. Conclusion 
In this work, we provided the first definition of a PTG. We explored some 

of the basic features of a new class of topological groups this class it is induced 
by  -sets. Here we used the permutation sets and in future work we will try to 
extend this class using other non-classical classes to consider new structure and 
discuss their results.  
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