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A B S T R A C T   

This investigation explores the mixed convection phenomenon of a hybrid nanofluid flowing within a Channel 
oriented horizontally featuring a triangular cavity attached to the lower channel wall. The cavity houses a 
rotating circular cylinder with a radius of R = 0.12. The fluid within the enclosure is a water-based nanofluid 
containing Ag-MgO nanoparticles. Two scenarios of combined natural and forced convection are examined: in 
Case 1, all channel walls, the left wall of the cavity, and the surface of the rotating cylinder are adiabatic, while 
the inclined wall of the cavity is isothermal. In Case 2, all channel walls, the ready wall of the cavity, and the 
surface of the rotating cylinder are adiabatic, except for the left wall of the cavity, which is isothermal. The 
dimensionless governing equations are solved under steady flow conditions for various physical parameters using 
a higher-order and stable Galerkin-based finite element method implemented through the software package 
FlexPDE. Key governing parameters such as Re number (falling within the amplitude of 10 to 100), Ri number 
(ranging from Ri = 0.1 to 30), and the location of cylinder rotation (Xo = 0.65 to 0.9) are simulated. The study 
presents results in terms of average Nusselt numbers and contour maps of streamlines and isotherms. It is 
observed that the average Nusselt number increases with higher Reynolds number, angular rotation speed, 
cylinder location, and Richardson number. Specifically, heating the inclined surface suggests that the optimal 
location for the rotating cylinder is Xo = 0.9, whereas if the left wall of the cavity is heated, the preferred location 
for the cylinder is Xo = 0.75. These findings are corroborated by comparing them with previous research, 
demonstrating significant agreement.   

1. Introduction 

Mixed convection and heat transfer occurring within cavities repre
sent a significant phenomenon in both scientific and engineering realms, 
owing to their wide applicability across various systems such as 
photovoltaic panels, technologies of extracting moisture from sub
stances, and performance insulation by minimizing heat transfer, etc. 
Over the past decades, considerable attention has been directed towards 
understanding the flow structure and heat transfer characteristics 
associated with fluid flow over open cavities, given their critical role in 
diverse engineering applications across different scales. This geometric 
configuration finds application in cooling electronic components at 
small scales, while at medium scales, it is employed in solar collectors 
equipped with wind barriers. Beyond these applications, the primary 
reason for the keen interest in this geometry lies in its frequent 

utilization in the simplest isothermal configuration to validate compu
tational models and numerical codes. Several studies have investigated 
mixed convection flows in cavities with a spinning circular cylinder 
placed at different positions [1–5]. 

Nanofluids have recently garnered considerable interest as potential 
cooling agents in various industrial applications, leading to a rise in 
research endeavors to thoroughly investigate their thermal efficiency. 
Suchana et al. [6] studied natural convection cooling in an enclosed 
space filled with nanofluids. Their investigation notably examined a 
heat source on the bottom wall while lowering the temperatures on the 
other walls. The main factors considered were the influence of Rayleigh 
number, heat source position, shape, type of nanofluid, and the pro
portion of solid nanoparticles on cooling effectiveness. Adding nano
particles to clean water significantly improved its cooling effectiveness, 
especially when the Rayleigh numbers were low. 

Al Kalbani et al. [7] provided significant knowledge by reporting 

* Corresponding author. 
E-mail address: raadahmood@yahoo.com (R.Z. Homod).  

Contents lists available at ScienceDirect 

International Journal of Thermofluids 

journal homepage: www.sciencedirect.com/journal/international-journal-of-thermofluids 

https://doi.org/10.1016/j.ijft.2024.100713    

mailto:raadahmood@yahoo.com
www.sciencedirect.com/science/journal/26662027
https://www.sciencedirect.com/journal/international-journal-of-thermofluids
https://doi.org/10.1016/j.ijft.2024.100713
https://doi.org/10.1016/j.ijft.2024.100713
https://doi.org/10.1016/j.ijft.2024.100713
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijft.2024.100713&domain=pdf
http://creativecommons.org/licenses/by-nc/4.0/
http://creativecommons.org/licenses/by-nc/4.0/


International Journal of Thermofluids 22 (2024) 100713

2

quantitative findings for the movement of nanofluids within a square 
enclosure. Their research investigated the impact of solid volume per
centage on mixed convection flows, offering a detailed comprehension 
of the interaction between these factors. Saleh et al. [8] expanded their 
investigation to include the study of natural convection heat transport in 
a trapezoidal cage filled with a nanofluid. Their studies highlighted that 
the presence of steep walls and high concentrations of Cu nanoparticles 
significantly increased heat transfer rates in the system. Abbasian et al. 
[9] conducted a numerical study on the laminar flow of a mixture of 
convection around a non-heating object in a container driven by a lid 
filled with a nanofluid. This study examined the effects of varying 
thermal conductivity and viscosity, providing new insights into the 
complex dynamics of mixed convection. 

Mahmoodi and Hashemi [10] investigated the phenomenon of nat
ural convection fluid flow and heat transfer in C-shaped shells filled with 
copper and water nanofluids. Their study investigated the impact of 
Rayleigh number and copper nanoparticle volume percentage on heat 
transmission, contributing to a deeper knowledge of nanofluid behavior 
in specific geometric arrangements. Izadi et al. [11] performed a thor
ough examination, categorizing research on the combined convection of 
nanofluids in enclosed spaces according to their geometric arrange
ments. Uysal and Korkmaz [12] investigated the convective heat 
transfer and entropy production properties of Ag-MgO nanoparticles 
dispersed in water, flowing via rectangular mini channels. Their study 
provided valuable information on the performance of these 
arrangements. 

In their study, Hasan et al. [13] investigated the flow of a mixed 
nanofluid in a lid-driven cavity under the influence of natural convec
tion. They specifically focused on the flow behavior when a thick 
conductive solid layer is above the heated wall. In their study, Hussain 
et al. [14] examined the impact of a permeable layer on the flow dy
namics, heat transfer, and hydrodynamic forces of a hybrid nanofluid in 
a channel including an exposed hollow. Ahmadianfar [15] conducted 
experimental and numerical research to examine the impact of laminar 
separation flow and nanofluids on heat transmission. The study focused 
on passive strategies, such as using ribs on walls and alterations in 
cross-sectional area. Chamkha and Selimefendigil [16] investigated the 
forced convection of pulsating nanofluid flow over a backward-facing 
step, considering different particle morphologies. 

Lee et al. [17] conducted an experimental study to assess the thermal 
conductivity of nanofluids made of Al2O3 water and copper water. The 
study highlighted the observed pattern of rising thermal conductivity 
with a higher solid volume percentage. In their research, Khanafer et al. 
[18] conducted a computational analysis of the natural convection of a 
nanofluid consisting of copper nanoparticles dispersed in water within a 

two-dimensional enclosure. Their study uncovered a relationship be
tween heat transfer and the concentration of copper nanoparticles in the 
fluid. In their research, Ali et al. [19] conducted a numerical simulation 
to analyze the phenomenon of buoyancy-driven convection in an 
enclosed space filled with a nanofluid consisting of Al-water. Santra 
et al. [20] conducted a numerical study on the heat transfer caused by 
natural convection that occurred within a square enclosure, which was 
differentially heated and contained a nanofluid comprising copper and 
water. In addition, several more studies [21–25] have conducted sim
ulations of natural convection heat transfer employing nanofluids in 
different geometric shapes. The thermal conductivity of nanofluids has 
been determined using a model developed by Patel [26]. Saha et al. [27] 
examined how the size and placement of an obstruction affect buoyancy 
driven by convection within a Concentric ring-shaped region. In this 
configuration, the inner cylinder of the annulus was kept at an elevated 
temperature than the external cylinder. The primary discovery was to 
demonstrate that the mean heat rate significantly enhances until a 
specific size of the block and the type of convection regime. However, 
beyond this threshold, there is a deterioration in thermal behavior. Saha 
et al. [28] Explored the heating or cooling efficacy of convective thermal 
systems and demonstrated that it is heavily reliant on their geometrical 
shapes and configurations, alongside other controlling factors. 

Biswas et al. [29] Their goal was to investigate the combined 
thermo-bioconvection phenomenon involving a magnetically respon
sive fluid comprising copper nanoparticles and oxytactic bacteria within 
a unique W-shaped permeable enclosure. Mandal et al. [30] In their 
study, they have endeavored to numerically investigate the 
thermo-fluidic transport phenomenon within an innovative M-shaped 
enclosure filled with permeable material, wherein Al2O3–Cu hybrid 
nanoparticles are suspended in water, all subjected to the influence of a 
horizontal magnetizing field. Manna et al. [31] study aimed to system
atically evaluate the effects of the heater and cooler positions by uti
lizing four distinct quadrant-shaped recesses containing a hybrid 
nanofluid while maintaining the adiabatic curved surface under ori
ented magnetic fields. They conducted analyzing both heat transfer and 
entropy generation for the flow of a hybrid nanofluid within a quarter 
circular channel while considering different arrangements of magnetic 
fields. 

This study explores the heat transfer mechanisms in a two- 
dimensional channel configuration with a triangular cavity at its base 
containing a rotating cylinder using a hybrid nanofluid influenced by a 
magnetic field. Two configurations are examined: one with insulated 
walls except for the vertical wall of the triangular cavity and the other 
with insulation on all walls except the inclined surface of the cavity. The 
nanofluid used is a solution of water with Ag-MgO nanoparticles. The 

Nomenclature 

Gr Grashof number 
g Acceleration (m/s2) 
L Length 
Nu Average Nusselt number 
Pr Prandtl number 
R The dimensional radius of the cylinder 
Ra Rayleigh number 
Re Reynolds number 
Ri Richardson number 
Ha Hartmann number 
T Temperature (K) 
Th Elevated temperature (K) 
u,v Components of velocity (m/s) 
X, Y Coordinates x, y 
K Fluid conductivity (W m− 1 K− 1) 

P Pressure (N m− 2) 
Cp Air Specific heat of the air (J kg− 1 K− 1) 
T.C. Low Temperature (K) 
B Density of Magnetic flux (Wb) 

Greek symbols 
α Diffusivity (m2/s) 
β Expansion coefficient (1/K) 
υ Kinematic viscosity (m2/s) 
ρ Fluid density (kg/m3) 
Ω Dimensionless angular velocity 
μ Dynamic viscosity (kg/m.s) 
θ Dimensionless temperature 
α Electrical conductivity effective (Ωm)–1 

ϕ Fraction volume 
ω Dimensional Angular velocity (rad/sec) 
β Coefficient of thermal expansion (1/K)  
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Galerkin-based finite element method is employed to solve the govern
ing equations. This research uniquely investigates various factors such 
as angular velocity, Reynolds (Re), and Richardson (Ri) numbers, aim
ing to enhance understanding of complex heat transfer phenomena in 
different geometries and operational conditions. Section 4 of the study 
thoroughly elucidates the process, parameters, and their impact on flow 
and heat transfer within the cavity, contributing to advancements in 
technologies involving magnetic fields and hybrid nanofluids. This study 
uniquely combines a rotating cylinder, magnetic field, and hybrid 
nanofluid in a triangular cavity to analyze heat transfer across various 
geometries and conditions (Re, Ri, angular velocity). This comprehen
sive approach offers deeper insights for future advancements. 

2. Problem discribation 

2.1. The physical configuration 

The study includes a schematic diagram, shown in Fig. 1, illustrating 
the investigated system. The setup consists of a triangular hollow 
attached to the lower wall of an open-topped channel. The channel is 
filled with a hybrid nanofluid made of Ag-MgO water with Re number of 
10 to 100 and Ri number of 0.1 to 30. A cylindrical structure cylinder is 
positioned strategically inside the canal. The work methodically exam
ines two unique boundary conditions. 

Case 1: In this scenario, all surfaces of both the cavity and the 
channel are presumed to be insulated, with the exception of the in
clined surface of the cavity, which is designated as hot section, while 
the inlet at the left end remains maintained at a lower temperature. 
Case 2: Conversely, in this case, all walls of both the cavity and the 
channel are regarded as insulated, with the exception of the left wall 
of the cavity, which is designated as a hot wall, while the inlet at the 
left end remains maintained at a lower temperature. The hybrid 
nanofluid under investigation is treated as incompressible and 
Newtonian. The flow setup is presumed to be a two-dimensional (2D) 
configuration, laminar and steady. Effects such as heat radiation and 
viscosity in the governing equation are disregarded. Additionally, a 
magnetic field is applied at an angle γ and with a strength of B0, 
inclined to the surface, while the Joule heating effect associated with 
the magnetic field is disregarded. Fluctuations in density are 
accounted for using the widely accepted Boussinesq approximation. 

2.2. The dimensionless governing model 

The present study investigates two-dimensional, laminar mixed 
convection phenomena within an incompressible, Newtonian hybrid 
nanofluid. Notably, the effects of thermal radiation and viscous dissi
pation have been deliberately omitted in the energy equation. Addi

tionally, thermal equilibrium is assumed between the nanoparticles and 
the base fluid. Thus, based on these specified assumptions, the governing 
equations for the fluid become as described in [37]. This deliberate 
simplification of the model allows for a focused exploration of the core 
dynamics associated with mixed convection in the context of the hybrid 
nanofluid system under consideration. 

∂u
∂x

+
∂v
∂y

= 0 (1)  

u
∂u
∂x

+ v
∂u
∂y

= −
1

ρhnf

∂p
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+
μhnf

ρhnf

(
∂2u
∂x2 +

∂2u
∂y2

)

+
σnf B2

o

ρnf

(
v sinγcosγ − u sin2γ

)

(2)  

u
∂v
∂x

+ v
∂v
∂y

= −
1

ρhnf

∂p
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+
μhnf

ρhnf

(
∂2v
∂x2 +

∂2v
∂y2

)

+
σnf B2

o

ρnf

(
u sinγcosγ − v cos2γ

)

+
(ρβ)hnf

ρhnf
g(T − Tc)

(3)  

u
∂T
∂x

+ v
∂T
∂y

= αhnf

(
∂2T
∂x2 +

∂2T
∂y2

)

(4) 

These equations form a system of partial differential equations 
governing fluid flow and temperature distribution in a two-dimensional 
domain. Eq. (1) represents continuity, ensuring mass conservation. Eqs. 
(2) and (3) are the components along the x and y directions of the 
Navier-Stokes equations, describing momentum conservation with 
terms for convective acceleration, pressure gradient, viscous forces, and 
additional effects like surface tension and buoyancy. Eq. (4) represents 
the conservation of energy, describing temperature changes due to 
conduction and convective heat transfer. These equations are funda
mental in fluid mechanics and heat transfer analysis, enabling the un
derstanding and simulation of various engineering phenomena. 

Where μhnfis the viscosity of hybrid nanofluid, ρhnf is the density of 
hybrid nanofluid, and γ is the angle of the magnetic field 

The boundary conditions are given as: 
● At the entrance or inlet: 

u = u(y), v = 0, T = Tc 

● At the exit or outlet : 

∂u/ ∂x = ∂v/ ∂x = ∂T/ ∂x = 0 

● At all boundaries of the channel and cavity, except for the heated 
cavity walls: 

u = 0, v = 0, ∂θ/ ∂n = 0 

● At the bottom or right cavity wall: 

Fig. 1. A schematic geometry of the physical model.  
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u = 0, v = 0, T = Th 

● At the boundary of the cylinder: 

u = − ω(y − − yo), v = ω(x − − xo), ∂T/∂n = 0  

where ω is the angular speed. 

2.3. The thermo physical properties 

The effective properties of the hybrid nanofluid include properties 
such as density, thermal expansion coefficient, and heat capacity [33, 
34]. 

ρhnf =
(
1 − φhnf

)
ρf + φAgρAg + φMgoρMgO (5)  

(ρβ)hnf =
(
1 − φhnf

)
(ρβ)f + φAg(ρβ)Ag + φMgo(ρβ)MgO (6)  

(
ρCp
)

hnf =
(
1 − φhnf

)(
ρCp
)

f + φAg
(
ρCp
)

Ag + φMgo
(
ρCp
)

MgO (7) 

Where the volume fraction of nanoparticles φhnf involving the two 
specified nanoparticles is provided as: 

φhnf = φAg + φMgO (8) 

The viscosity parameter of the hybrid nanofluid (0 ≤ φhnf ≤ 0.02) is 
determined as: 

μhnf

μf
=
(

1+32.795φhnf − 7214φ2
hnf +714600φ3

hnf − 0.1941E8φ4
hnf

)
(9) 

Where μf is the fluid viscosity.For this study, the thermal diffusivity 
and thermal conductivity of the hybrid nanofluid (0 ≤ φhnf ≤ 0.02) is 
presented by the following correlation relations, which are derived from 
experimental data [33,34], utilized for estimating the thermal conduc
tivity and dynamic viscosity parameter of Ag-MgO/water hybrid 
nanofluid. 

αhnf =
αhnf

(
ρCp
)

hnf

(10)  

Knhf

Kf
=

(
0.1747E5 + φhnf

)

(
0.1747E5 − 0.1498E6φhnf + 0.1117E7φ2

hnf + 0.1997E8φ3
hnf

)

(11) 

The Maxwell equation used for determining the effective electrical 
conductivity is expressed as [35]. 

σhnf = σf

( 1 + 3(σr − 1)φhnf

(σr + 2) − (σr − 1)φhnf

)

(12)  

where: σr = σ/σfandσ = (σAgφAg + σMgoφMgo)/φhnf 
Esfe et al. [29] conducted empirical experiments to establish con

nections for the nanoparticle volume fraction within 0 ≤ φhnf ≤ 0.03 for 
the Ag-MgO/water hybrid nanofluid. Consequently, the derived prac
tical connections are deemed valid within this specified range of nano
particle volume fraction. The thermophysical characteristics of the 
individual components, namely MgO (40 nm), Ag (20 nm), and the base 
fluid (water), are elucidated in Ref. [28]. Notably, the hybrid nano
particles in the numerical experiments consist of 50 % Ag, contributing 
to the hybrid nanofluid’s overall composition in the investigated sce
narios. These empirical connections and material characteristics provide 
a foundation for the subsequent numerical simulations and analyses in 
the context of the hybrid nanofluid system. 

The thermal properties of Ag nanoparticles with a diameter of 20 nm, 
MgO nanoparticles with a diameter of 40 nm, and the host fluid water 
[35] are shown in Table 1. 

The continuity, momentum, and energy equations are transformed 
from dimensional to dimensionless forms using the following variable 
conversions: 

X =
x
L
, Y =

y
L
, U =

u
uo
, V =

v
uo
, θ =

T − Tc

Th − Tc
, P =

p
ρf u2

o  

Re =
uoH
ϑf

,Gr =
gβΔTH3

ϑ2
f

, Pr =
ϑf

αf
, Ri =

Gr
Re2, Ha = BoH

̅̅̅̅̅̅
αf

μf

√

This transformation yields the following relations: 

∂U
∂X

+
∂V
∂Y

= 0 (13)  

U
∂U
∂X

+ V
∂U
∂Y

= −
∂P
∂X

+
1
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∂2U
∂Y2

)

+
ρf

ρnf

σnf

σf

Ha2
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Vsinγcosγ − Usin2 γ

)
(14)  

U
∂V
∂X

+ V
∂V
∂Y

= −
∂P
∂Y

+
1
Re

ρf

ρhnf

1
(1 − φ)2.5

(
∂2V
∂X2 +

∂2V
∂Y2

)

+
ρf

ρnf

σnf

σf

Ha2

Re
(
Usinγcosγ − Vcos2γ

)

+ Ri
ρf

ρhnf

(

1 − φ+

[
φAg(ρsβs)Ag + φMgo(ρsβs)Mgo

ρf βf

])

θ (15)  

U
∂θ
∂X

+ V
∂θ
∂Y

=
αhnf

αf

1
RePr

(
∂2θ
∂X2 +

∂2θ
∂Y2

)

(16) 

These equations represent the continuity, momentum, and energy 
equations transformed from dimensional form to dimensionless form 
using specific variable transformations. The transformed equations are 
expressed in terms of dimensionless variables such as U, V, θ, and P, 
where U and V represent velocity components, θ denotes temperature 
variation, and P signifies pressure. The dimensionless parameters Re, Gr, 
Pr, Ri, and Ha correspond to the Reynolds number, Grashof number, 
Prandtl number, Richardson number, and Hartmann number, respec
tively. These dimensionless equations describe fluid flow and heat 
transfer phenomena in a scaled domain, facilitating numerical analysis 
and solution without explicit dependence on system-specific dimen
sional parameters. 

2.4. The boundary conditions 

The physical boundary conditions in the dimensionless forms, used 
to solve Eqs. (13)–(16), are determined as:  

• At the inlet 

U = U(Y), V = 0, θ = 0 (For two cases)

• At the outlet 

∂U/∂X = ∂V/∂X = ∂θ/∂X = 0 (For two cases)  

• For case 1 

At all walls of the channel except the cavity-inclined wall 

Table 1 
The Ag and MgO properties.  

Properties Water Ag MgO 

ρ(Kg/m3) 997.1 10,500 3580 
K (W/mK) 0.613 429 30 
Cp(J/kg K) 4179 235 879 
σ(1/Ωm) 0.05 6.3 × 107 1.42 × 10− 3 

β(1/K) 21 × 10− 5 5.4 × 10− 5 33.6 × 10− 6  

F.A. Abood et al.                                                                                                                                                                                                                                



International Journal of Thermofluids 22 (2024) 100713

5

U = 0, V = 0, ∂θ/∂n = 0 

At the inclined wall of the cavity 

U = 0, V = 0, θ = 1    

• For Case 2 

At all walls of the channel except the left side cavity 

U = 0, V = 0, ∂θ/∂n = 0 

At the left side of the cavity 

U = 0, V = 0, θ = 1 

At the rotary cylinder 

U = Ω(Y − Y o), V = − Ω(X − X o), ∂θ/∂n = 0  

2.5. The Nusselt number 

The local Nusselt number along the hot surface can be represented 
as: 

Nu =
khnf

kf

(
∂θ
∂n

)

(17) 

The average Nusselt number along the hot surface : 

Nuavg =
1
S

∫S

0

Nu dn (18) 

S represents the length of the hot surface, while n denotes the di
rection along the hot surface. 

3. Computational methodology 

3.1. Numerical scheme 

The non-dimensional governing equations, coupled with the pre
scribed boundary conditions, were systematically solved through nu
merical techniques employing the Galerkin weighted residual method 
within the framework of the finite element method (FEM). The FlexPDE 
software was utilized for the analysis, specifically addressing the mag
netohydrodynamics (MHD) mixed convection of the flow of the hybrid 
nanofluid. The studied configuration involves a triangular cavity affixed 
to the bottom wall of a horizontal channel with an open top, wherein an 
adiabatic circular cylinder is strategically positioned. 

In the numerical solution domain, it is acknowledged that the set of 
Eqs. (13–16) may exhibit extreme oscillations or, in some instances, 
indeterminacy owing to the inclusion of the pressure term in the mo
mentum equations. A derived approach within the finite element 
method is implemented to mitigate these challenges to stabilize pressure 
oscillations, allowing standard grids and elements to be used. This sta
bilization technique involves enforcing the continuity equation and 
pressure through a penalty approach, as detailed in [36]. This method 
enhances the numerical stability of the solution, ensuring reliable and 
accurate results in the investigation of the mixed convection of hybrid 
nanofluid flow within the specified geometric configuration. 

∇2P = λ
(

∂U
∂X

+
∂V
∂Y

)

(19) 

The selection of λ values is typically guided by empirical knowledge 
or insights gained from prior studies. Commonly, a value of λ = μ

L2 is 
employed, as indicated in previous research [37], and this specific 
choice is adopted in the current formulation. Consequently, Eq. (13) 
becomes redundant in the computational process, and Eq. (19) is 
exclusively utilized instead of the former. This adjustment is made to 

enhance the numerical stability and efficiency of the solution, aligning 
with established practices in the field and contributing to the robustness 
of the model. 

3.2. Work validation and numerical accuracy 

3.2.1. Work validation 
Software validation comprehensively examines grid dependency, 

continuity equation, and numerical results. This study systematically 
assesses grid dependency, and the continuity equation is rigorously 
validated for a particular grid resolution, guaranteeing accuracy to 10− 4. 
The mesh model utilized in the numerical simulation corresponds to 
specific parameters, including Ω = 5, Ri = 1, φ = 0.02, α = 0, Re = 10, R 
= 0.12, and Pr = 6.2. Fig. 2 provides a comprehensive depiction of the 
spatial distribution of the continuity equation (∂U/∂X + ∂V/∂Y) across 
the entirety of the computational domain. This visualization is pivotal in 
our investigation as it serves as a visual representation of the meticulous 
validation process conducted to ensure the fidelity and precision of our 
numerical model. The solution is graphically depicted as a series of blue 
zigzag lines. These lines intersect the x-axis at various points, signifying 
that the corresponding equation evaluates to zero at those specific 
values. This is further corroborated by the accompanying numerical 
values presented alongside the figure. By presenting the validated con
tinuity equation for the designated grid size, we establish a solid and 
reliable foundation for all subsequent analyses and interpretations 
concerning the mixed convection of hybrid nanofluid motion within the 
intricate geometric configuration under study. This validation process 
entails rigorous verification and comparison of computed values against 
analytical or experimental data, ensuring that our computational 
framework accurately captures the underlying physics of the flow phe
nomena. The modifications made to Fig. 2 include the incorporation of 
additional details and annotations aimed at providing further clarity and 
insight into the validation procedure, thereby enhancing the trans
parency and trustworthiness of our numerical simulations. 

A comparative analysis was performed between the simulations 
carried out in this study and the stationary cylinder scenario described in 
Ref. [32]. Under particular conditions (Ω = 5, Ri = 1, φ = 0.01, R = 0.1, 
Pr = 6.2, Re = 10), Fig. 3 compares the isotherms and streamlines be
tween the current investigation and the work by Qureshi et al. [32]. As 
can be observed in Fig. 3a and b, respectively, the current program vi
sualizes the results as lines, whereas Qureshi et al. [32] employ a 
color-based representation. This discrepancy arises from the differing 
software utilized in each investigation. 

To mitigate concerns regarding this visual disparity, the average 
Nusselt number values obtained in this study were compared with those 
presented in Qureshi et al. [32] (Fig. 4). The close agreement observed in 
Fig. 4 serves as additional validation for the accuracy of the present 
results. The values of the average Nusselt number for the present study 
are simulated and compared in Table 2 with Ref. [32], which illustrates 
a good agreement. 

3.2.2. Mesh independence study 
Different types of Grids are selected for the refinement of mesh 

analysis. The deviations between Nusselt number results are minimal at 
large numbers of nodes and cells, as shown in Table 3. Therefore, the 
Grid that gives the result in less time is chosen throughout the simulation 
process. The mesh independence is represented in Fig. 5. 

This study establishes the Nusselt number by identifying the mini
mum network size at which its value stabilizes. This value depends on 
several influencing factors, including the Rayleigh number (Ri), Rey
nolds number (Re), rotational speed, and direction of rotation. Fig. 5 
exemplifies this approach. Here, the Nusselt number reaches a constant 
value (Nu= 3.902238) at a network size of 72,446 nodes. Further in
creases in network size do not produce any significant changes in the 
Nusselt number, as demonstrated in the figure. Therefore, this study 
adopts the verification approach presented in Fig. 5, selecting the 
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minimum network size at which the Nusselt number stabilizes. 
Five distinct grid densities were investigated to fine-tune the results 

and assess the accuracy of the numerical procedure. The relative inac
curacy and the difference in the average Nusselt number (Nu) for the hot 
surface are explained in Fig. 6. Interestingly, the findings show that the 

average Nu values match closely when the left wall and inclined wall are 
both heated, with relative errors remaining between 10− 4 and 10− 6. An 
error tolerance of 10− 4 was chosen as the compromise for result accu
racy, guaranteeing a fair evaluation of accuracy and computational 
efficiency. 

Fig. 2. Validation of continuity equation (∂U/∂X + ∂V/∂Y).  

Fig. 3. Isotherms and streamlines comparisons at Ω = 0, Ri= 1, φ = 0.02, α = 0, R = 0.1, Pr = 6.2, Re = 10, a) Qureshi et al. [32], b) present study.  

Fig. 4. Nusselt number comparison a) present study; b) Ri = 1, Pr= 6.2, R = 0.1, ῼ = 0, φ = 0.02 [32].  
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Fig. 7 shows the cross section of the network at a spacing mesh Sm=

2*(X2 + Y2) = 0.1, it can be seen that the mesh is un uniformally dis
trbution while Fig .7b represents the mash at a spaing mesh Sm = 0.07 
and we notce that the mesh distribution is uniform and reliable. 

3.3. Solution method and generation of the mesh 

We utilized the Galerkin finite element method to solve the gov
erning equations encompassing continuity, momentum, and energy 

within our study. The FlexPDE package is utilized for implementing the 
finite element method, we analyzed the laminar mixed convection and 
nanofluid motion occurring inside a square enclosure with a rotating 
cylinder. It becomes evident in the numerical simulation domain that 
this set of relations can exhibit high oscillations or even become inde
terminate due to the inclusion of the pressure term in the momentum 
equations. To address this challenge, we employed the penalty FEM 
method, wherein the pressure (P) is removed using a penalty parameter 
(λ) to enforce incompressibility. Fig. 8 illustrates the flowchart outlining 
the application of the FEM to solve the governing equations using the 
FlexPDE package. 

The method employed to regulate cell density in the generated mesh 
by FlexPDE in the current study is known as implicit density. In this 
approach, the mesh cell density conforms to the spacing of points along 
the bounding segments. Consequently, a very small segment in the 
boundary will result in a region of small cells surrounding the segment. 

Once the initial mesh is established, FlexPDE continuously assesses 
the solution error and refines the mesh as needed to achieve the desired 
accuracy. In time-dependent problems, an adaptive refinement process 
is also applied to the initial values of the variables to adjust the mesh in 
regions where variables experience rapid changes. However, it’s worth 
noting that cells generated by this adaptive refinement process can be 
incorporated later on, whereas cells created by the initial explicit density 
controls are fixed and cannot be refined. 

4. Results and discussions 

The primary objective of the current investigation is to comprehen
sively examine and comprehend the influences of crucial governing 
parameters of heat transfer within a distinct system. This system com
prises a horizontal channel featuring a triangular-shaped cavity affixed 
to the bottom wall, filled with an Ag-MgO-water hybrid nanofluid, and 
incorporating an adiabatic rotational cylinder. The study systematically 
delves into the effects of critical factors such as Re number, rotation 
speed of the cylinder (Ω), horizontal location of the cylindrical obstacle 
(Xo), and the positioning of the hot wall. In this study, we examine the 
influence of hybrid nanofluid on the flow characteristics and thermal 
field of mixed convection heat transfer in an open channel. 

The numerical results provide a clear picture and a thorough 
comprehension of the process controlling streamline and isotherm dis
tribution in the system under investigation. The results also systemati
cally explain the average Nusselt number (Nu) along the heated wall. 
Employing the graphical display of streamlines and isotherms, the 
research offers significant insights into the temperature distributions 
and fluid flow patterns, enabling a comprehensive understanding of the 
complex dynamics associated with mixed convection in the given 
configuration. The average Nusselt number is systematically analyzed to 

Table 2 
Nusselt number comparison with ref [32]. 
For Ri= 1, Pr= 3.6, R = 0.1, ῼ = 0 and φ = 0.02.  

Re Present work Nu Qureshi et al. [32] Nu Error 

10 1.307 1.329 1.65 % 
20 1.693 1.632 3.60 % 
50 2.124 2.187 2.88 % 
100 3.07 3.035 1.14 %  

Table 3 
Sensitivity test of grid at Ri = 1, Pr= 6.2, Re = 5, ῼ = 5 and φ = 0.02.  

Nodes 
(Cells) 

471 
(201) 

610 
(264) 

6424 
(3088) 

20,908 
(10,174) 

72,446 
(35,574) 

Nuav 2.188932 2.425984 3.602124 3.778520 3.902238 
Time 

(sec) 
7 15 485 5789 24,500  

Fig. 5. Mesh independence study for Ri = 1, Pr= 6.2, Re = 5, ῼ = 5 and φ 
= 0.02. 

Fig. 6. Dependency Nu number on the imposed accuracyfor Ω = 5, Ri = 1, Re = 10, Xo = 1, and Yo = 0.5.  
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provide a more thorough understanding of the thermal behavior of the 
system under study and to aid in the quantitative evaluation of its heat 
transfer properties. 

4.1. Flow and thermal fields characteristics 

4.1.1. Effects of Reynolds number, (Re) 
Regarding fluid dynamics, heat transmission is greatly influenced by 

the Reynolds number (Re), which has a noticeable effect on flow 

properties as Re rises. Considering the two scenarios and cases examined 
in this study, one where the triangular cavity’s inclined wall is heated 
and another where the cavity’s left wall is heated Fig. 9 displays 
streamlines and isotherms for two different Reynolds values, Re = 10 
and Re = 50. The remaining parameters are as follows: rotation rate (ῼ 
= 5), the horizontal location of the cylindrical obstacle (Xo = 0.5), 
cylinder radius (R = 0.12), angle of magnetic field (α = 0), Richardson 
number (Ri = 1), Hartmann number (Ha = 25), Prandtl number (Pr =
6.2). 

Fig. 7. Mesh’s cross section for different specing mesh a) Sm = 0.1 b) Sm = 0.07.  

Fig. 8. Floew chart of numerical solution by FlexPDE package.  
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Fig. 9. Streamline (on the left) and isotherms (on the right) for different values of Reynolds number and two cases at φ = 0.02, α = 0, Ω= 5, Yo = 0.5.  
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The streamlines in the illustrated picture show a parallel flow in the 
channel, while the flow lines inside the cavity are curved, with the 
strongest streamlines close to the upper wall. Heat transfer increases 
with Reynolds number (Re), yet the flow behavior remains unchanged 
over the whole channel length. Interestingly, compared to the triangular 
cavity, the increase in heat transfer is more noticeable on the channel 
surface. 

In terms of isotherms, the first case shows stratified lines near the 
heated surface at low Reynolds numbers (Re = 10), indicating diffusion- 
dominated heat transfer. Denser isotherm lines emerge along the heated 
wall as the Reynolds number (Re = 50) rises, indicating a greater impact 
of convective currents and a reduction in the thermal boundary layer. In 
the second scenario, where the triangle cavity’s left wall is heated, 
isothermal lines at Re = 10 resemble a conduction-like distribution and 
are almost parallel to the hot wall and the inner cylinder. The isothermal 
lines along the hot wall get denser at Re = 50, indicating the increased 
influence of convective currents, a reduction in the thermal boundary 
layer, and an increase in the heat transfer rate. 

4.1.2. Effect of the direction of cylinder rotation 
Heat transmission dynamics are found to be significantly influenced 

by cylinder rotation. The effects of cylinder rotation direction on flow 
and temperature fields are explained in Figs.10 and 11, which consider 
different rotation speeds for both clockwise rotations. The Hartmann 
number (Ha) = 25, the cylinder radius (R) = 0.12, the Prandtl number 
(Pr) = 6.2, the horizontal placement of the cylindrical obstruction (Yo) 
= 0.5, the Richardson number (Ri) = 1, and the Reynolds number (Re) =
10 are the circumstances for which the simulations are run. 

In Fig. 10, the inclined wall is subjected to heating, while the cylinder 
positioned at the center of the enclosure rotates both clockwise and 
counterclockwise. Recirculating cells are created between the convec
tive flow and the cylinder by the motion of the revolving cylinder. In the 
case of Ω = 25 and Ω = -25, the streamlines create a sizable vortex 
encompassing the whole interior of the triangular cavity, especially the 
area surrounding the solid cylinder. On the other hand, there is no 
vortex appears in the corner of the triangular cavity for Ω = -5 and 5. The 
figure, i.e., Ω = -5 and 5, clearly shows an increase in flow strength for 
smaller cylinder rotation values. The elevated temperature within the 
cavity is attributed to the fixed temperature condition (θ= 1) enforced 
on the inclined cavity wall. Isotherms indicate uniform heat distribution 
throughout the enclosure, leading to an enhanced heat transfer rate in 
the inclined position. In Fig. 11, where the left wall is heated, and the 
cylinder at the enclosure’s center rotates both clockwise and counter
clockwise, it is observed that the flow field trend mirrors that of Fig. 10. 
Moreover, the distribution of isotherms within the cavity results in an 
increased heat transfer rate at the left position. 

4.2. Heat transfer characteristics 

4.2.1. Effect of the direction of cylinder rotation 
An important factor to consider while studying mixed convection in 

an enclosure is how an inner circular cylinder’s direction of rotation 
affects the heat transfer rate along the heated wall. This paper in
vestigates how changes in the Reynolds number (Re) and cylinder 
rotation direction affect the average Nusselt number (Nu). Fig.12 shows 
the relationship between average Nu and Re for the inclined hot wall 
(case one) of the triangular hollow, considering the inner cylinder’s two 
rotation directions (clockwise and counterclockwise) and its various 
rotating speeds. The results show that at all rotational speeds, the Nu 
number increases linearly with increasing Reynolds number; higher 
values are seen when the inner cylinder rotates counterclockwise. This 
result was obtained by finding that the direction of the buoyant force is 
aligned with a decrease in thermal boundary layer thickness resulting 
from an increase in counterclockwise rotational speed. This alignment 
improves the process of heat exchange. 

Fig. 13 shows the effect of the inner cylinder rotation direction for 

case two, where the left wall of the triangular cavity is heated. For 
stationary, clockwise, and counterclockwise rotation cases, the Nu 
number is displayed as a function of Re. This analysis is carried out for 
the given parameters (φ = 0.02, α = 0, R = 0.12, Ha = 25, Pr = 6.2, Xo =
1, and Yo = 0.5). 

The figure demonstrates that irrespective of angular velocities, the 
response to Reynolds number variations remains consistent across all 
ranges of cylinder rotation. Initially, there is a rise in Nusselt values 
within the range of 10 ≤ Re ≤ 50. Notably, the Nusselt numbers are 
higher for counterclockwise flow compared to those for clockwise flow. 
Subsequently, a decline in the Nusselt number is observed within the 
range of 50 ≤ Re ≤ 100, with higher values observed when the flow 
direction is clockwise. 

These observations can be explained physically by comprehending 
the intricate interplay between buoyancy forces and rotational effects. 
The counterclockwise rotation promotes more effective heat exchange 
by increasing the convective currents and decreasing the thickness of the 
thermal barrier layer. These discoveries provide essential implications 
to advance our understanding of how directional rotation affects heat 
transport in mixed convective heat transfer. 

4.2.2. Effect of the location of inner cylinder rotation 
To obtain a more profound understanding of the flow dynamics, 

Figs. 14 and 15 for both scenarios examine the impact of the spinning 
cylinder’s horizontal location (Xo) on the average Nusselt number (Nu), 
taking into consideration particular Reynolds numbers (Re= 10, 30, 50, 
and 100). Nu shows a similar pattern for all Reynolds number ranges 
throughout various values of Xo; for case one, as shown in Fig.14, with 
an increase for (0.65 ≤ Xo ≤ 0.9) and a drop for (0.9 < Xo ≤ 1). Nu 
values are optimal when Xo= 0.9 because the flow direction aligns with 
the buoyancy force and the least amount of fluid obstruction force. 

The association between the average Nu number at the left heated 
wall and the distance Xo is shown in Fig. 15. It is clear that the average 
Nu number grows substantially for all Reynolds number values within a 
particular range (0.65 < Xo ≤ 0.75). At higher Reynolds numbers, 
higher Nu values are seen, and at Xo= 0.75, maximal performance is 
reached. Lower obstruction forces come from the alignment of the 
buoyancy force direction with the flow direction, which explains this 
phenomenon. On the other hand, for all Reynolds number values within 
the range (0.75 < Xo ≤ 1), an increase in the distance between the 
starting point of the channel and the center of the spinning cylinder (Xo) 
results in a drop in the average Nu number. This finding emphasizes the 
intricate relationship between Xo, Reynolds number, and heat transfer 
properties in the studied configuration. 

4.2.3. Effect of cylinder rotation speed 
The study presents the influence of cylinder rotation speed on mixed 

convection flow in a horizontal channel with an open-top cavity 
attached to the bottom channel wall. The Nusselt number (Nu) at the hot 
wall is plotted versus the Re number. The analysis is performed for 
clockwise and counterclockwise rotations of the inner cylinder, as 
shown in Figs. 16 and 17, respectively. The analysis considers parame
ters such as φ = 0.02, α = 0, R = 0.12, Ha = 25, Pr = 6.2, Xo = 1, and Yo 
= 0.5. The data indicates that the Nu values consistently demonstrate a 
predictable pattern in response to changes in Re for various cylinder 
rotation speeds and clockwise and counterclockwise directions. The 
findings demonstrate that the Nusselt number significantly escalates as 
the cylinder rotation speed increases, especially when the cylinder ro
tates clockwise. 

The observed behavior indicates a direct relationship between the 
speed at which the inner cylinder rotates and increased heat trans
mission. This highlights the significance of the rotational dynamics in 
altering the thermal properties of the system. In the clockwise flow 
depicted in Fig. 16, there is a noticeable rise in Nusselt values as the 
angular velocity increases within the range of 10 ≤ Re ≤ 30, whereas the 
opposite trend is observed within the range of 50 ≤ Re ≤ 100. This 
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Fig. 10. Streamlins (on the left) and Isotherms(on the right)for inclined wall heated case at φ = 0.02, α = 0, Yo = 0.5, Re = 10 and different values of cylin
der rotation. 
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Fig. 11. Streamline (on the left) and Isotherms(on the right)for the left wall heated case at φ = 0.02, α = 0, Yo = 0.5, Re = 10, and different values of cylin
der rotation. 
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phenomenon is attributed to the higher Nusselt numbers at lower 
angular velocities, wherein the isotherms indicate enhanced heat dis
tribution within the cavity, consequently resulting in an augmented heat 
transfer rate. Fig. 17 illustrates an increase in Nusselt number with the 
augmentation of counterclockwise flow. The counterclockwise rotation 
fosters heat exchange by amplifying convective currents and reducing 
the thickness of the thermal boundary layer. 

5. Conclusions 
Mixed convection and heat transfer within cavities represent a sig

nificant phenomenon with implications in both scientific and engi
neering domains. This study investigates mixed convection within a 
horizontal channel containing a rotating cylinder in a triangular cavity 
using a finite element approach (FlexPDE). Key parameters (Re, Ri, 

cylinder location) were varied to assess their impact on heat transfer. 
Two scenarios of combined natural and forced convection are investi
gated: In Case 1, all channel walls, the left wall of the cavity, and the 
surface of the rotating cylinder are adiabatic, while the inclined wall of 
the cavity is isothermal. In Case 2, all channel walls, the right wall of the 
cavity, and the surface of the rotating cylinder are adiabatic, except for 
the left wall of the cavity, which is isothermal. 

The Results showed that increasing Re enhances the Nusselt number 
(Nu), indicating improved efficiency and the higher angular velocity 
also correlates with increased Nu, highlighting its role in heat transfer. 
Observed trends in Nu emphasize the importance of Re, rotation speed, 
location, and Ri for optimizing heat transfer in similar systems, guiding 
future research. 

Future work may include investigating diverse nanofluid 
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compositions, exploring additional geometrical parameters, extending 
to three-dimensional simulations, considering external factors like 
magnetic fields, and exploring optimization techniques for practical 
applications. 
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