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Method details
Concepts

One important area of study in complex analysis is the theory of special functions, sometimes known as special series. Special
functions are mathematical functions with specific consequences that are typically specified using integral representations, as solu-
tions to several differential equations, or in the formula of a power series. The theory of special functions is strongly intertwined
with the theory of Lie groups and Lie algebras, as well as some aspects of mathematical physics, due to the fundamental role that
symmetries of differential equations play in both physics and mathematics. In 2015, Saxena and Daiya [29] provided and investigated
a new function called S-function, its relation with other functions, which is a generalization of k-Mittag-Leffler function (MLF), k-
function, Generalized M-series, M -series, generalized k-hypergeometric function, k-hypergeometric function, Mittag-Leffler function,
and other several functions. All of these functions have been used to solve many problems in physical, mathematical, and engineering
applications. In recent times, the exploration of the theory of special functions has garnered significant interest among researchers,
owing to the imperative need to address problems that arise in several fields of knowledge. Special functions play a crucial part in
the study of many special functions, since they are fundamental in the extensions and generalisations of these functions (e.g. see
[7,9,12,17,18,35]). The S-function is specified for ,9,¢,6 € C, R(9) > 0, R(I) > oR(c), 6 € (0,1)UN and o € R as

ST (j, 6, 0;2) = i Mﬁ
7,6,9 k . |
=0 ey @)@ +¢) J°

In recent research, several writers have examined o-fractional integral operators. To achieve this objective, we start by considering
the subsequent characteristics documented in the literature. In 2007, Diaz and Pariguan [14] introduced the generalized ¢o-Gamma
Function I (n) as

(€]

nlo"(no)s — 1

, (0> 0,n € C\oZ). @)
(Mo

Fon = Jin

Here (1), , is the p-Pochhammer symbol given by:

To(ntjo)
,0€R,neC/{0
M)y = { fa » 0 €Rone/0) 3
nn+o0)n+20) -+ — Do) (j €EN,n €C),
where o-Gamma function (see [22]) is also given by
o ul z
Fg(z):/ uz_le_7du:g)5_]l"<£>, (z€C,0 € R,R(z) > 0). @
0 q
The ¢-Beta function (see [22]) is defined as
1oy g
B,(f.8) = ‘-7/ ue (I-we du, {R(f), R(g)}>0. )
0
The relation between ¢-beta and ¢-gamma functions can be given as
(N ,(8)
B,(f.g8) = ——22" (R(f),R(g)) > 0. 6
o(f28) T,/ +8) R(),R(g)) (6)
Furthermore, provided other properties such as (also see [22])
Loz +0) = ol y(2), (@)
(K)o = o"(f) , ®)
0/
Moo = (o)’“(%) ,meC,0,6 €R, R(n) >0), )
Jjo
Ly(z+jo)
_ e
(2)j,0 = —Fo(z) s (10)
(2)j1ne = Doz +10); 4 (11)

Definition 1 [16]. The M -series is defined as

S () (@),
M}, (2) = - L=
1.k jza (y] )j’ o (J’k)/- TWj+1)

with 9 € C, R(9) > 0 and (=) ;> (7); are Pochammer symbols. Obviously, the series converges for all z when / < k.
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Definition 2 [16]. The generalized M -series is provided as

< (o) o),
M (z) = J i __Z ,
" Z‘) ()0 (), T@I+0)

with 9,¢ € C, R(9) > 0 and (@));> (7,); are Pochammer symbols.

Motivation and research objective

The solution of differential equation with fractional order makes extensive use of the special functions. Fractional calculus has
emerged as a valuable tool for modeling and analysis, playing a crucial role in several domains such as material science, physics,
mechanics, power systems, economics, and control theory. Recently, there has been an increased emphasis on the development
of applications involving fractional calculus. When developing integration and differentiation using the fractional calculus powers
of real or complex numbers, such as integral and differential operators, the fractional calculus is crucial. The reader may see [1-
5,7,8,13,19,20,24,25,33,35,36] for advancements in fractional calculus that are more recent.

The structure of this paper is as follows: Section (2) addresses a new concept of the special function, namely .S M -function. Further,
some of differential and integral operators properties with the S M-function are derived in Section (3). Results for o-Weyl fractional
integral related to the S M-functions is also examined in Section (4).

This section start by defining the main concept .S M -function with some specific cases as in the Definition 4 below.

Definition 3 [6]. The generalized k-hypergeometric function is defined as

& ey (@), 2
=1 n’ju z
F-[w‘r'z]:i = =
1 k.jv ns fus % n
Jj=0 Hu:l (Tu)j,u J:

(12)
Definition 4. For n,9,¢,0 € C, min{R(9),R(),R(n} >0, R > oR(c), 6 € (0,1)UN and o € R, we provide the S M-function as
follows:

)

[T @), Mje0 2
SMZZ,(LU,&@;Z):Z k"‘l el .jm z—|
=0 ey @), Lo +¢) J°

13)

where (1), , is defined as (3) and (n);, = r(%,lj)n) =¢7 ] (%),
n=1

Remark 1. Some types of special functions of the S M -function are listed here:

. When v = 1, we get S-function (see [29,34]).

When v = ¢ = 1, we find R-function [23].

When v = ¢ = 6 = 1, we get K-function [23].

When v = ¢ =6 = = 1, we get a generalized M -series [32].

When v =90 =0 =#n=¢ =1, we have M-series [30].

When 6 = =¢ =9 =1, we get a generalized ¢o-hypergeometric function [6].

When n = u =0, we find a generalized ¢-Mittag-Leffler function (see [26,31]).
.Whenn=u=0=1,n=u=0, w=y, and v = 1, we get o-Mittag-Leffler function [15].

PN U A WN R

The concept of the S M-function in (13) is illustrated in Figs. 1 and 2.
Method validation

From Definition 4 and properties (3) and (4), we can get another form of the S M-function as the following

! n )
@, I (’lD'n)j,u(o)jO_ @ i

SM”"y(j,0,0,0:2) = - e
B T Gor(5+7) 7

|
D
o
M

Il
S

w, 1 o2
SM_° (j,o,v,o;o 02>. (14)

Further,

[ @, 9 @,
o0 SM ° |j,0,v,0,00 pz)=SM
4

r,i, Tygyﬂ
4 o0

n
’yU,0,0,0,pz), pER. (15)
Theorem 1. Let 5,0,9,¢ € C,min{R(9), R(¢),R(n)} > 0 and o € R, then

wn . . _ w.n . . w.n . . /
SM”(.0.0,0:2) =cSM' 3(.0,0,0:2) +92(SM” ,(j.0,0.,0:2) (16)
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Fig. 1. Represents the plots of the SM-function (13) in real and imaginary parts.
and we have
92(SMT | (Goovv.0:2) = SMT (.0, 0.0:2) = cSM[) 1 (j. 0. 0.0:2). a7

Proof. Starting on the left side of (16), we get

. U
CSMT 4. 0.0.0:2) +92(SM} | ((j. 0.0, 0:2))

Ml @) Miee 7 S 8l @), Wjee 5
= I G )il o@i+¢+0) A~ - (@ )il o@i+¢+0) !

‘i @+ Ty @), E
S M, @0 +c+o) J

‘i Oj+ O Moey @)oo 2

= SMT(j.6,0.0:2).
S @+, (1), L@ +) 1! <

Theorem 2. Let 5,0,9,¢ € C, min{R(9), R(5),R(n)} > 0 and o € R, then

d oot @i . orimomimo
(ﬁ) fglg(‘l o0, 0; Z) k S r+mu,9m+g,8(1’6’ U’o’z)‘ (18)
Hu:l (Tu)m,v

Proof.

d . o Iy @) )jo, j
(d_z> SMfgWQU’U’U,o;zF( ) Zg) II(T )/Ujg(&;:g) j.
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Fig. 2. Represents another plots of the .S M-function (13) in real and imaginary parts with different values.

_ i HL:] (wn)j,u('l)jo,g jlzi—m _ i Hi:] (wn)j+m,v(n)(j+m)5,0 i
B T, (5, L0 4+9) 30 =mb & T (0,), D00 +m)+6) !

1 .

_ < Hn=1 (@) j (N +M0)j6 o 7

= o X 1 I,9)+9 U
j=0 Hu=1 (Tu)j-}-m’]_) 0( j+dm+ <)

By the properties Njamo = Wy +mo); , and (7), then

ot @0 iee & ey (@ +m0),); (4 mo)jp,

Moy Gome 5 T, (0 mu), Ty + 0m+) I

| ) RGN C) T

_ w+mo,n+mo ;. .
- k T+mu,9m+g,8(j’ 0.0, 0; Z)'
Hu:l (Tu)m,u

Theorem 3. Letn,0,9,¢ € C,min{R(9), R(),R(#n)} > 0 and o € R, then

1
_ _ (@) _
SM7"(j.0.v.0:2)-SM” "% (j.0.v.0:2) = I, @), Yoetz(Ty  SMTUteo=o

T D), SMIT o w02 (19)
u= u’v

Proof. By taking the right side for Eq. (19). Using the relation between the property (14) and jo(x);,_; = (%)},
to prove

. 5 @, o9 w, =2, ]
Q=0 ¢|SM_ ) (jovee ¢z)=-SM 4 (jovee °z
o oo

= (x = 1);,, we have
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M, @0, @ o
n=1 n/y' o gz) JOo

o\
:0]_%i o) i — %i I (@, )/+1L(0)(J+l){y 1<0 "Z> U+D
= | MR CH (,( J+z )J' i=0

Ty Gl L+ 2+ £ )G+ 1!
o Ty @010 <06_%z>j

l+o__‘g%z n=t (PjeroQ) L
BT @27+ )00

By properties (@), = (@) (@ + q); and (7)o = (1) o(r + mo); ,, We get

=00

9 \/
I _9
LR My (@ + 0 +o -1 (f )
0=—"rF——0 2(3)
k
My Co1jD I, (+0),);,0,( 2+ Z£)6)
J o 0
Hence
I
- Hn—l (@) 14o-2< n w+u,L—0-1 ot
=T o cz2=) SM 0 j,0.0,0,0 °z ).
Q e, ), oo (0)0—1 ey (J 0.0,0:0 z)
By property (15), it follows that
I
9 H”=l (w”)v s N w+u,+06—0
0= —Hk = co Z(5)5_1SM7+U‘9+‘ZQ (j,o0,0,0;2).
u=1 u’v

In the subsequent part, we exmine fractional integral operators in terms of .S M -function

The S M-function with fractional integral operators

Theorem 4. Let n,0,9,¢ € C, min{R(9), R(c),R(n)} > 0 and o € R, then

® #HID 1
/ e ZM”SMw”(JGUQ,M)dM—wS
0

(u+1 ,gg(l 0,0, 0;2). (20)
4
Proof. Consider the integral
S © 2 Ty @),
/ e ~M”SMw”(j,auo,u)du—/ eiEu"Z Hn 1 jwoNVjo,o u'du
0 0 = | A TR W CT RS WA
[s+]
2 L= @0 oMo, /"" o g
Pl | G )i Lo + 6!
Let g = y, we have
o 1 ) . putj+l1
A= Z H"k=1 (@);.0(D 5.0 /0o () Hdy.
im0 Loy G, T,05 +¢)j! Jo
By the p-Gamma function
P ARICERY 2 et @0),0Mjo0? 22T+ 1) SM™" (j.0,v.0:2)
- - 19 9 9 9 9 .
”+1)0 Hu A )jU 0(19/+§)J' (”+1)0 o
Theorem 5. Let 5,0,9,¢ € C, min{R(9), R(),R(n)} >0, &, € Rwithé > > 0and o € R, then
1 1 &—p—1 1
/0 (1 —uﬂ> SMfg’Zy(j,o, v, 0; zuﬂ)du:ﬂB(ﬁ,g—p)SMfg*fgf’S(j,a, v, 0;2). 21)

Proof. Consider

1 ﬂ_l 1
0= / <1—u7> SMTglq(j,a,U,o;zuE)du
l j
—f—1 o zu’b
[ ()T S M e (=)
0

S I, @) L0i+e I

du
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N | G R PN P S D\
:2 k"_l nvee / <l—uﬂ> W' du.

20 ey @)L + 0!
1
Put u? = y, then

00 1 j
= o (00 Mia0?'F / (1= s Pl i+h=1g
2T, @) L0+ 9t Jo

Using the beta function

0 PrE=pre) Z Ty (@), 00007 (B);
TQ & I, @)L, + @),

= BB(B.E = HSM (. 0,0, 0;2).

Theorem 6. Letn,0,9,¢ € C,min{R(9), R(¢),R(n)} > 0 and o € R, then

o0
/ e U yE 1SM””(/ o, 0, 0; au)du = QSM:-;@;,(J c,U,0; — )
0

(22)
Proof. Let
:/ e " E_ISM 9(],zr v, 0; au)du
_ / e 12 et (@000 (auy Oy
=T @) Wi+ I
_ i n=1 (wn)ju(rl)jo-pa /°° ezl gy
=) =1 (@) T8 + ¢!
Let uz = y, then
; .
0, = 1 o =t @) (6,00’ /oo e‘1<)()§+j71d1
| = L4
=0 Hu_l () L 0@ + ! z
ayJj )
_ 1“(5) Z =1 (@)} 0 (1)5,0(8);(3) /°° 1 X,
=0 Hu 1 (@) Lo+t Jo z
1"(»’Z) &
= M;vg 9"(1,0' v, 0; — )
Theorem 7. Let n,6,9,¢ € C, min{R(®), R(c), R(n)} >0, |x*| <1 and o € R, then
o il [ 8

/ e’”(xu)a SM;U;; <j 0,0,0; (xu)0> u=xe lSM;”’” <j,z7, v, 0; (x)0>. (23)
0

Proof. Let

oo 9
0, = / ey SMf’g’g <j, 0,0, 0; (xu)°e >du
0

o o 1 . 2
/ e_”(xu)é_1 Z Hn:l i )j o iee ((xu')"’) du
0 j=0 H —1 (@) Le@j+¢) J:

9.

o I 2j

. . b4 o 9 .

51 Z Hkn=l (@) ;.6Mjoo / e‘“(u)?”%*ldu.
20 Ty @) Lo+t Jo

I
=

By the definition of ¢-Gamma function, we obtain

<

9

I 2

s Lo @) oMjex?
SEADY

Fy@j+¢)

9
1 =J
1§ Mot e
= | W CAY
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xe SM7 j,o,v,0(x)e ).

i | W AT CTRSYS



S.H. Hadi, K.A. Challab, A.H. Ali et al. MethodsX 13 (2024) 103061
When # = 1, implies that the generalized k-hypergeometric function
€1 8
Q2=x‘7 Irk,j,u Wy Tys X

is satisfied.

The o-Weyl fractional operator is studied in the subsequent section. Numerous researchers will find it easier to solve integral
and differential issues with the introduction of the extended ¢-Weyl fractional integral and the examination of its characteristics
and outcomes. These findings will be extremely helpful in resolving issues with fractional differential mask-based paper texture
enhancement for medical imaging [21].

Results of o-Weyl fractional operator

This section discusses some analytic consequences of o-Weyl fractional operator, which provided by [27], in terms of S M -function
(also see [10,11,28] for further explain).

Theorem 8. Let n,6,9,¢ € C, min{R(9), R(c), R(n), R(x), R(u)} >0 and o € R. Then

1 4 K 9
[ £ . i : )
o / pe (L=—pye SMT" (1,6, v,0;zp° >dﬂ =oSM7"| (j.0.0.0:2). 24)
0 0 ’

Proof. We have the left side for Eq. (24) that

1 < 9
;_1 w.n . =
pue (1—/4)" 'sm (J,o,v,o;Zﬂ")dﬂ
rg(m/o w6

i et )1 ine? / Wi =t e du,
F<'< =T, (@), 0,0+t Jo

By (4), we obtain

3

! i 2—(24E4K

) Hn=1 (wn)j,v('l)jmozjo (n 0 a) 1 7”_ . k_y
- 5 ue (I—we d

A G (e b

o (24E4K
i HL:] (@,);5)j5. 07’0 ((’+0+0) 3(19 " K)
=0 —j+ ==
4 k 9. .
B T(E) I, @ r(Zi+)r N e
We get the following result by applying the well-known relationships between the ¢-Gamma and o-Beta functions:

! 1 (f4s4x
n=1 (w")j,v(rl)jo‘,psz ((1 0 p)

k 9 . I .
Mims ol (74 5+ )0t

1 . )
1 / €1 L] —_— 2
ue (I—pe SM_ (JJLU,(?;Z#" du=o
Lox) Jo 7.9 Z:a)

o) (@);.000);6,7

(s
=0 =oSM”" (j,0,0,0;2).
,; 15, (@), To() +c+)j! i

Theorem 9. Let 5,6,9,¢ € C, min{R(®9), R(5), R(n), R(x), R()} >0 and o € R. Then

Fygo—x)a+ Z)

WF"(SMZ”& (j.o.0,05C +a)” )) <o M7 (.o 0. 0:(a+2)7). (25)
Proof. We have the left side for Eq. (25) that
V\?T"((‘S'Mﬁ”7 (j 0,0,0,({ +a)” ))
’ .
_ 1 © .| > Hn:l (w'n)jvv(rl)jo—o(C"'a) ¢
Sww ) T ‘

ST, @), L85 + 6!

)

Ly | R CATROI
OTo() 155 TIEL, (1), T,(8) + )

/ € -2 ¢ +ayde.
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Let)(—' weget(—”"* g = _atz 5 dy and

WS (SMT (j.0,0.0:C + @) ))

-1 i Mo @) Mjelat e /1 o =T ay
L) & T, 0, 0,05+t @Jo
o i M) (@), 0la+ 20"
L N= | MERCHIR TRV

where B, is the o-Beta function.

B,y(x,60 — k),

[

LS o) (@), 0lat e
Lo & TIE, (1), 0,85 + <)J!

WFK(SMrg B0 ”"’;(C+a)_g)) = B,(k,80— k)

_ 1 i Ty (@), 00 0la+ 20 Ty, (o — k) i - (w )0 yool@+ 25 T (o= x)
o) S Ty (1);,T, 05 + ) Folco) = 1 (02T, + ! T,(0)

FQ(GO —Kk)a+ z)%
_TSMTM)(/ o,v,0;(a+z)” )

Theorem 10. Let w,7,7,9,¢ € C, min{R(9), R(¢), R(n), R(k), R()} > 0and o € R, then
_Kk_¢ _9 _9
WF(’)‘(C 0 05Mfg‘$<j,a,v,g;u§ 0>> =z 0SMZ1K8<j,6,U,Q;MZ 0>. (26)

Proof. Consider

9.
-2 —K—* d H;= (wn)'v(’l)'g MjC_EJ

= | R CH IR CTERSV:

© 1 . . J © p c 9.

- 2 I}"=l O Wi / -2 Va,
oLo() 125 Ty (1.0 (95 + €)J!

Put y = %, we obtain

WF;(g ° oSM <javo,u§ 9))

1 i Hn 1(wn)jv('1)ﬂ,0u/z e
Qrg(K) j=0 Hu:l (Tll)jv 0(19j +g)j'

/(;{)0 (1—)()0 Ry dy

<

LS T @), e
L) & TIE, ();,0,9) + !

By(k, 9] +¢)

0
=z pSMr§+KS<j7°_’U,0§uZ v>.

Theorem 11. Let w,n,7,9,6 € C, min{R(&), R(), R(), R(k), R&)} > 0and ¢ € R, then

9(/ 0,0, 0;€e ) 27)

WF’((SMZ”()(j, 0,0,0; e““z)> =

0’0

Proof. Consider

o ! —wtj
Hn=1 (wn)j o(Mjg.0€ @l dc

1 © £
W =WFs(SM™" (. %)) = _ e
( 8(] 0,0,0;€ )) OFo(K)/z €-2 g‘) H:j:l (5,07 (8] +©)j!

0 1 o .
__1 an=1 (@,);.0(Mjo, / - z);—le_ngdc
ol (x) 720 Tey (00 To8) + 0!
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Putting y = ¢ — z, we get

00 1 N
_ 1 Pn:l (w")/,v(”)jﬁsg /oo %—le—w(1+z)jd/},'
OLo(6) 130 Ty (@), 068 + )it Jo

Let wy = @, therefore

o ! —wzj )
_ @,):, ; e K_ )
I — Lot @)oo / @ e vidg.
0

K k . .
ol we =0 [l=y @), +)j!

From (4), we obtain
1

= SM (0,0, 0567,

o ¢

K wN . . p,—OZ —_
WES(SMT.0,0.0:67) ) =
Conclusion

Within the extension of fractional integral and differential operators, we have established some novel findings of ¢-fractional
integral operators involving new extension of S-function in this paper. Furthermore, we discovered some unique instances of functions
such as the M-series, R-function, and k-Mittag-Leffler function. The generalized k-Mittag-Leffler function findings given by [15] were
obtained if we set n=u=0c=1, n=u=0, w =y, and v = 1. We reached good results about the ¢-Weyl fractional operator and
other fractional calculus operators. The investigated results are indicated by the generalized k-hypergeometric function, k-MLF and
R-function. To demonstrate the probably enforcement of SM-type function, the investigations of fractional kinetic equations (FKEs)
may be derived with the axuilary of Sumudu transform. The findings are also have considerable consequence as the solution of

FKEs association variaty of other special functions. Moreover, numerous transforms such as Whittaker, Laplace and Fourier can be
evaluated employing the SM-function.

Limitations

Not applicable.
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