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Abstract The homogeneous g-shift operator ﬁ(a7 b; D,,) is established. As a generaliza-
tion of the Al-Salam-Carlitz polynomials U, (x,y, a; q), new polynomials h,, (z, y, a, b|q) are de-
scribed. We present an operator proof of the generating function and its extension, Rogers for-
mula, and Mehler’s formula to the polynomials A, (x, y, a, b|q) by using the operator F(a, b; D).
By giving specific values to parameters of a new polynomial h.,,(x, y, a, blq), the generating func-
tion and its extension, Rogers formula and Mehler’s formula for Al-Salam-Carlitz polynomials
Un(z,y,a;q) are determined. The inverse linearization formula for h.,(x,y, a, blq) may be de-
duced from the Rogers formula for h,,(z, y, a, b|q), from which the inverse linearization formulas
for U, (z,y, a; ¢) may be deduced.

1 Introduction

The concepts and terminologies used in [13] are followed in this paper, and we assume that
|g| < 1. The ¢-shifted factorial is defined as [10, 13]

- 1, itk =0,
a, = .
PE=Y 1)1 —ag) (1 —ag™), ifk=1,2,3,--.

We also define

(1 —ag").

18

(a;9)o0 =

k=0

For the multiple g-shifted factorials, we will use the following notation:

(a1,a2,. . am; @n = (a1;0)n(a2; @) n - (@m3 On,

(ala Ay ...y Am; q)oo = (al;q)oo(aQ;q)oo T (amaq)oo

The generalized basic hypergeometric series ,.¢5 is defined by

aly...,a
r¢s(al;"'aar;blv"'abs;(Lx): bes " 54, T
bi,... b

ST R CRY R N L
;(QQQ)I@ (b1 @)k - (bs3 @)k [( 1 ] ; (1.1)
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where ¢ # 0 when r > s 4 1 . Note that [23]

oo

o100 ( A1y vy Qrgl ;q,x) :Z ((11,...7(1r+1,q)nwn7 |x| <1.

b],...,br (q,bl,~--,br§Q)n

n=0
The ¢-binomial coefficients are given by

m N C )

k] (@ k(@ )k

The g-analog of the Chu-Vandermonde summation is [5]

Ehi m [hT ]4;] g = [n Ji: m} '

k=0
The following identities will be used often in this paper [13]:

(¢/a;q)x = a—k(_l)kq(§)+k (agla_;z;)zz"c.

n+k n k
(57) = () () o
For basic concepts of g-calculus, see [16, 17, 18, 28].

The classical Rogers-Szeg6 polynomials are defined as follows [4, 6, 7]:

n

h“ﬂ@zE:EF@

k=0
The Cauchy polynomials P, (z, ) are defined by [14, 15]
Po(z,y) = (z—y)(z—qy)(z—q¢*y) - (x—q"'y), ifn>0;
e L if n = 0.

In 1965, Al-Salam and Carlitz [3] defined the following polynomials:

n —n —1
u® (2:9) = (—a)"q?) 29, < 1 (’)x ;q,q:v/a),

The polynomials ul® (z; ¢) can be rewritten as

) (x3q) = Z m (~1)*¢G)a* Pz, ).

k=0

The g-differential operator is defined as [9, 19]:

b f(ay - L@ = Se)

a

Theorem 1.1. [9, 19]. For n = 0, we have The Leibniz rule for D, is given by:

D {F(@ata)) = Y- |14} (@) Dy {a(ad®)}
k=0

In 1997, Chen and Liu [9] defined the g-exponential operator 7'(bD,) as follows:

T(D,) =3 <{;qu

n=0

(1.2)

(1.3)

(1.4)

(1.5)

(1.6)

(1.7)

(1.8)

(1.9)
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It is easy to prove that [9]
T(Dg){z"} = hn(z|q). (1.10)

In 2003, Chen et al. [8] gave the generating function for Cauchy polynomials P, (z,y) as,
also see [1, 24]

N " _ (W9
Py (z, - lat] < 1 (1.11)
nz;:) (@) (@a)n  (2t0) =t

and they introduced the homogenous g-difference operator D,,,, which is suitable for the study
of the Cauchy polynomials, acting on function in two variables = and y, also see [25, 2]:

f(z,q7y) — flgz,y)

— . (1.12)
z—qly

ny{f(x, Z/)} =

Based on the homogeneous g-difference operator, Chen et al. [8] built up the homogeneous
g-shift operator as follows:

E(Day) =2 (@:@)n

n=0

b

and they have the following results:

Theorem 1.2. [8]. Let D, be defined as in (1.12). Then

D’;y {Pu(z,y)} = MPn_k(x,y). (1.13)
P T N
Dmy { (a?t;q)oo} =1 (xt;q)oo' (1.14)

Chen et al. [8] also introduced the bivariate Rogers-Szego polynomials as follows:

n

ha(z,ylg) = m Py.(z,y).

k=0

In 2007, Chen et al. [11] provide an operator technique to construct Mehler’s formula and
the Rogers formula for the bivariate Rogers-Szegd polynomials h.,(z, y|q), also see [20, 21, 22].
These findings are proven by using the g-exponential operator 7'(D,) and the homogeneous
¢-shift operator E(D,,,).

In 2010, Chen et al. [12] extended the definition of Al-Salam-Carlitz polynomials as follows:

Un(z,y,a;q) = Z [Z} (fl)kq(};)akpn_k(x,y). (1.15)
k=0

Based on the operator D, Chen et al. [12] construct the following homogeneous g-shift oper-
ator:

= ("G @Dy)"

F(aD,,) = , (1.16)
! nzzo (¢:9)n
and they gave the following idetities for U, (z, y, a; q):
Theorem 1.3. [12]. Let U, (z,y, a; q) be defined as in (1.15), then
e The generating function for U, (z,y,a;q) is
iU (g, q) o = WV Do (1.17)
B (Y P CE Y

n=0
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e The Rogers-type formula for Uy, (z,y, a;q) is

nzomonmm Hone q)( ) (4 @)m
(45,53 @)oo = (=1)Fq() (s )i (at)* y/x,0
C (@sid)e = (ailas ysia) m( ysq® ’q’mt>’ (1.18)

provided that max{|zs|, |xt|} < 1.

e The inverse linearization formula for U, (x,y, a;q) is

Upim(z,y,050) = m (~1)%¢®) (ag™) P, 9) U (90" ¥ azq).  (1.19)
k=0

o The Mehler’s formula for U, (x,y, a;q) is

Z(—l)”q*@)Un(ﬂc,y,a;q)Un(wmb; q)( ,
n=0 ¢ q)n
abt, ybt, avt; q) oo x,v/u,q/abt
_ (ot avtia)oe y ( v/mvfuafabt (1.20)
(zbt, aut; q) oo q/aut, q/xbt

where y/x = q~" or v/u = ¢ " for a non-negative integer r and
max{|ztbq~"|, |lautq~"|} < 1.

In 2013, Saad and Sukhi [26] defined the g-exponential operator R(bD,) as follows:

o iyt
R(bD,) =3 <(2?q<wq>k,
k=0 ’

Q)

and they presented an operator approach for deriving Mehler’s formula for Cauchy polynomials
Po(z,y).

> " (zwt; q) oo w|z
an(xay)Pn(sz) = 101 et Y] |z2t] < 1. (1.21)

(©9)n  (2269)

Theorem 1.4. [27]. Let D, be defined as in (1.7), then

D(l;{(vz;(Dw} = o/t (v2¢": @)oo (122)

(t7;q) o (tz; Q) oo

. k
D§{1¢1<g;q,bx>} = (—l)kb’%a;q)kq(z)m(“g ;q,bqu>. (1.23)

2 The Generating Function for h,,(x, y, a, b|q) and its Extension

This section introduces the homogeneous g¢-shift operator ﬁ'(a,b; D,,) and the polynomials
I (z,y,a,b|q). The generating function and its extension for the polynomials &, (z,y, a, b|q)
are obtained by using the operator F(a, b; D,, ). We provide some specific values for the param-
eters in the generating function, as well as its extension for the polynomials h,(x,y, a,blq), to
deduce the generating function and its extensions for U, (x, y, a; q).

Definition 2.1. Let D,,, be defined as in (1.12). We establish the following homogeneous g-shift

operator:
o0

(a,b; Dyy) = Z ))k)’“(me,)’“. .1

=0
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e Setting a = 0 and then b = a in (2.1), we get the operator F(aD,, ), given in (1.16), defined
by Chen ef al. [12]. This means that the operator F(aD,, ) is a special case of the operator

F(a,b; D,y).
The following theorem is easy to verfy:

Theorem 2.2. Let the operator F(a, b; D, ) be defined as in (2.1), then

F(a,b; Dyy) { (zt;(q])‘”} = EZ’; Zg‘” 161 ( g ” bt) ,lxt] < 1. 2.2)

Definition 2.3. Let the polynomials P, (z,y) be defined as in (1.6). We introduce the generalized
Al-Salam—Carlitz polynomials h.,(x,y, a, blq) as follows:

n

I (@, y,a,blq) = Y m (~1)%4®) (a3 )" P (2, ). (2.3)

k=0

e Setting @ = 0 and then b = a, the polynomials h,(z,y,a,blq) reduce to the Al-Salam-
Carlitz polynomials U, (z, y, a; q), which were previously explored by Chen et al. [12].

The homogeneous ¢-shift operator ]?‘(a, b; D,,) can be used to describe the polynomials
I (2,9, a,blq). The following theorem is straightforward to prove:

Theorem 2.4. Let the operator IF‘(a, b; D) be defined as in (2.1), then
ha (2,9, a,blq) = F(a,b; Day) {Pa(, )} 2.4)
The following theorem is simple to demonstrate:

Theorem 2.5 (The generating function for h,,(z,y, a, b|q)). Let the polynomials hy(z,y, a,b|q)
be defined as in (2.3), then

> " (yt; @)oo a
hn(x,y,a,blg = ;q,bt |, |xt] < 1. 2.5)
nzzo (o PO 1y = Catg)e ' ( 0 ) =t

e Setting a = 0 and then b = « in the generating function for the polynomials A, (z,y, a, b|q)
(2.5), we recover the generating function for polynomials U, (z,y, a; q¢) obtained by Chen
et al. [12] (equation (1.17)).

Theorem 2.6. For |zt| < 1, we have

w . (yt;q)oc Pi(mvy) ytq q 00 j—ipi a;
(a5 Dey) { (wt:q)oo (yt:q); } - (@B z:: [ ] Yo/ s-ti)a ¥ )
5~ (=170 (ag's ) (btq')”
;) @, : (2.6)

Proof. Let us try to solve the following sum in two different ways:

n

Zh 2,0, blg)h (z|q>(t @.7)

G n

In the first way, we express h,,(z|q) as T'(Dy) {z"} by (1.10), the sum (2.7) equals

oo " tn
;hn(%y?aab‘Q)T(Dq) {z"} (@ Dn

{Zh z,y,a,blq) (( )) }

n=0




376 Husam L. Saad and Mahmood A. Arif

— T(D,) { Wt d)ee ( g ;q,bzt) } lzzt| <1 (by using (2.5))

(22t ¢)oc

o Di et a .
a ;;; (¢:9)n {(Izt 7)o 191 ( 0 q’b2t>} (by using (1.9))
— S 1 v | (Wt @)oo
_;(q;q)n H Dq{ (226, ¢) o0 }

x Dp~* {1 ( ?) 5q, bztq )} (by using (1.8))
Nyt (y=tg": 9)oc
- ,LZ::O,CZ:% (@ 0)k (g Q)n—k( 2" (/) (z2t;q) oo

x D78 <o ( g 3, bth’“)} (by using (1.22))
3y q_k” "y/r )k (y2td* 1 0)e 1n a i
a ];M;) W@ a)n  (22t5¢)0 D {1¢1 ( 0 Ha,b=tg

_ i i q*’“”(tﬂﬂ)’“(y/x; Ok (y2t4"; q)oo

== (@aean (22t q) 0o

x (=1)"q3) (a3 ) (btg")™ 16 ( agn ;q7bthk+”> (by using (1.23))

-\ i (t2)* (y/25 )k (1)) (a3 9) (00)" (y2t4"; @) 161 ( ag" ;q,bthk+n>

= (@ O)n(a: Dn (22t;q)oo
e )k (y /2 )k(1) () (a3 q)n (b1)
- kz:%;) (¢ (@ Dn
X Z hj(z,yq", aq", bg"*"|q) ((q tq))jj . (by using (2.3)) 2.8)

§=0
On the second way, by using (2.4), we express h,(z,y,a,b|q) as ﬁ‘(a, b; Dyy) {Pn(z,y)}, the
sum in (2.7) equals

oo

ZF(G b; Day) { P (,9)} hn(2]g)

n=

tTL
4 q)r

—~

3

n

P,(z,y) [k} " } (by using (1.5))
k=0 ”

M8

I
o

n

0 kin+k
2"t
§ Poir(z }

= (q; (e D

S

zt (ytd"; q) oo
Ok (2t;9)

abD
abD
abD
abD

x

. {z

k=0

o) o) . m
{ZP ! (ZP( )<>>}
y {z

k=0

}, |xt] <1 (by using (1.11))

:i (#1) ]F(a,b, Dmy){gyt’@“ P"’(_x’y)}. 2.9)
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Equating the coefficients of (2t)7 on equations (2.8) and (2.9), we get

F(a,b; D,,) { (yt:0)s Pj(@,y) }

(xt; Qoo (Yt:9);

ZZ (tx)*(y/=; Q( () quq) (a5 q)n(b1) by, yd*, aq™, ba"™|q)
k=0 n=0 v

L T "(2) n(6t)™
:ZZ( 2)* (y/x; )k (=1)"q'\> (a;¢) (1)

(& D)r(a: )

k=0 n=0

J . .
«3° H (~1)i¢®) (ag"; 0): (ba* ) P;_i(z,ya")  (by using (2.3)

_ ii Z [j] (71) @ )bZ (tzg")* (y/; @)k (*1)nq(2’) (@3 @)+ (btq")" (qu/l’;q)j—izjii

(6 9)k (6 9)n

et (¢:0)n

= i |:]:| (*1)iq(;)bi(y/x;q)j_i(a;q)ixjfi i (*1)"q(?) (aqi;Q)n(btqi)”
(

y i teg')* (yg’ 5 q)r

= (43 9)k

= (ytq’; @)oo zj: H (—1)iq®) b (y/x;q)j-i(a;q)in? ™ i (= 1)¢®) (ag'; )n (btq')"

(2tq; q)o ~ (¢:0)n

J < (—_1a(3) (adi: i\n
_ ytq q) OOZ |::| (y/z; Q)J J(xt; q)zl'] zbz(a q)ZZ( 1)"q\2) (aq"; q)n(btq") )

. (¢:@)n

=0 n=

O

e Setting ¢ = 0 and then b = a in equation (2.6), we recover Theorem 3.4 obtained by Chen
etal. [12].

Theorem 2.7 (Extended generating function for by, (z,y, a, b|q)). Let the polynomials h,,(z,y, a, blq)
be defined as in (2.3), then

tn (Yt¢7; @) oo H
hpyi(x,y,a,b = x; J(xt: )i T a;
nEO +i(2,y \q)(q D0 Gt~ ;0 Dy/e:q);-ilet: q); (a;9);
) (’;
q'\? (aq’; q)n(btq")"
x E et < 1 (2.10)
~ (4 90)n il
Proof.
t" — = " .
E hnyi(z,y,a, b|q)( ) E F(a, b; Dzy){Pnﬂ(m,y)}( ) (by using (2.4))
prt GO = 4 qn

(a,b; Day) {ZPW 29)¢ q) }

aszy{ZPwy (2,67 " }

= ﬁ‘(a, b; DTTJ) {Pj(x,y) <Z P7,,(177yqj)(qt
n=0
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= (ytqj;q)oo}
= F(a,b; Day) 3 P2, y) 42 Doe Ly g
(0.6:0,,) { P TED=

(Wt @) Pj(x,y) }

(zt;9)00 (yt:q);

= F(a,b; D,,) {
The proof of Theorem 2.7 is now completed using equation (2.6). O

e Setting j = 0 in (2.10), we get the generating function for the polynomials h,,(x,y, a, b|q)
(2.5).

e Letting a = 0 and then b = « in the extended generating function for the polynomials
hn(z,y,a,b|q) (2.10), we obtain the extended generating function for polynomials U, (z, y, a; q).

Corollary 2.8. For |zt| < 1, we have

> " (at, Yt q)e & H )iq®) (at; q)ia’ Py (2, )
E Unyi(z,y,a5q = E )
i ( @~ @b | (at;q);

3 The Rogers formula for h,,(z,y, a, b|q)

We want to offer an operator approach to Rogers formula for the generalized Al-Salam—Carlitz
polynomials h,,(z,y, a, b|q) in this section. The Rogers formula for the Al-Salam-Carlitz polyno-
mials U, (z,y, a; q) is obtained by incorporating special variable values in the Rogers formula for
b (2,9, a, blq). The Rogers formula for h,,(x,y, a, blq) allows us to deduce the inverse lineariza-
tion formula for h,(z,y, a, b|q), from which we can deduce the inverse linearization formulas
for U, (z,y,a; q).

Theorem 3.1 (Rogers formula for ., (z,y, a, b|q)). Let the polynomials hy,(z,y, a, b|q) be defined
as in (2.3), then

s™ o0 (ws3q)i(a; q)i(bt)’
h'll m b b =
ZZ +m(@ 0, |q>( )n(;q)m ooz qysq)
n=0m=0
aqg’ , x,0
X 1<Z51 ( Oq ;q>b3q1> 2¢1 ( yy/sqi ’q7$t> ’ max{\ms|,|xt\} < 1. (31)
Proof.
Z Z Bt (2,y, @, blq)
— = ( ) (q Qm
t"L m

plqg
Mg

F(a,b: Day) { P (@, y)}

0 0

3
I
3
I

t" s™m
Dey {ZZP P ) G @) }

n=0m=0

abey {ZP ch (ZP z,yq" (q:) )}

m

-yt F(a,b;Dmy>{Pn<x7y>M’°}, s < 1

(53¢) oo

- i Y F(a,b: Day) { (¥ @)oo Pu(2,) }

(25, ¢)o0 (Y85 Q)n
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From Theorem 2.6, we get

Z Z hn+7n z,Yy,a, b|Q)( ) (q q)

n=0m=0

= (@ )m
_ mg)e B fﬂ%m%mlewwww
(283 @)oc = (@ @)n(ys;@)n =5 L S T
o= (D7) (ag' ) (bsg')"
2::0 (@) m
*EZEZ ) . CV s 0P (o0
=0 =0
2L aq Q)M(bSQ)
8 mzo (@ Dm
- XX G i Vs e
—0 n— 0 > dmte

> (=1)m™ 2)ai; m(bsgt)™
XZ( )4\ 2/ (aq"; q)m(bsq’)

o (¢ q)m

B )oo (—1)q\¥ (zs; q);
3 ;

q,YSs;

;. OO

(a; q)ibt' > P, (z,y)t"

)Zl — (2 0)n(ysq’: q)n

n

<mwmmmwm
(@) m

qu

3
I
(=}

wi >m@wmw§@m%ww

= (¢, ys: q)lz (¢ )n(ysa's a)n
= ) aq Q)m(bsq )
X% (¢:0)m
(50 = (= 1)iq (ws39)i(a3 @) (01! ag' |
- (zs19)0 & (a,ys:q)i 191 ( 0 ’q’b8q>

X 21 v/ ,0 iq, ot |xt] < 1.
ysq"

O

e Placing a = 0 and then b = a in the Rogers-type formula for the polynomials 4, (z, y, a, b|q)
(3.1), we recover the Rogers-type formula for polynomials U, (z,y, a; q) obtained by Chen

et al. [12] (equation (1.18)).

Theorem 3.2 (The inverse linearization formula for h,,(x,y, a, b|q)). Let the polynomials
I (z,y, a,blq) be defined as in (2.3), then

n

Bt (,,0,bq) = M(l)iq(é)( Q)i(bg™)' Po—i(2,y)hun (2, y4" ", aq", blg).  (3.2)

=0
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Proof. Rewrite the Rogers-type formula (3.1) as follows:

ZZhme%a le)( ) (

n=0m=0

- ii (~1)ig®) (w51 q)i (a3 9)ib* Pu (2, )™+ (y5:9) o 61 ( a’ bsqi>
=0

m

G Dm

(60)i(6Dn(ys; @)isn (753 q) 00

_ ii (=1)'®) (a3 )b P (1, )" (54 "5 0)c é ( ag' ;q7bsqi>
=0

—te (4:9)i(a:0)n (25¢% )0 0
e (1)) (a3 0)ib P, )t & AL
_22 CORCTR mzoh 7yyg"aq' Ma) o (by using (2.5)
v (—l)iq(é)(a,q) VP, _i(x,y)t . (sg')™
a nZ:Oi:O (4:9)i(¢5 9)n— Zh 2.ya" ™ ad' bl (@:@)m

- Z Z Z {n] (*1)iq(§) <a;q)i(qu)ipn—i(xvy)hm(xqunii, aqi, b|‘1)( tn ( 5

Equating the coefficients of ¢"s™ in the above equation, we obtain the desired identity. O

e Setting a = 0 and b = a in the inverse linearization formula for the polynomials &, (z, y, a, b|q)
(3.2), we recover the inverse linearization formula for polynomials U,,(z, y, a; ¢) obtained
by Chen et al. [12] (equation (1.19)).

4 The Mehler’s formula for h,,(x, y, a, b|q)

In this section, we will demonstrate an operator approach to Mehler’s formula for the generalized
Al-Salam—Carlitz polynomials i, (x, y, a, b|q). Miller’s formula for Al-Salam—Carlitz polynomi-
als U, (z,y, a; q) is produced by substituting special values for variables in Mehler’s formula for
ha(2,y, a,blq).

Theorem 4.1 (The Mehler’s formula for h,,(z, y, a, b|q)). Let the polynomials h,(x,y, a,b|q) be
defined as in (2.4), then

oo

S (-1)"q O hn(,y, a,blq) b, v, ¢, dlg)

n=0

(©:q)n

(ydt; q) oo Z y/fv v/u;q)n uq/d ZP w0g") (a;q)i(tbg™")"

(zdt; q) o (q,q/xdt; q)n (¢:9):

Xi xdtq™" aq @)k (bedtq—™)kq K=k (1)) ()(yq Jx:q); (cadtq= k)i

wrt (4, ydt; @)x pars (¢, ydtq*: q);
oo
m (m)( i+k. —n+k\ym
X , 4.1)
Zo (4:9)m
where y/x = q~" orv/u = ¢ " for a non-negative integer r and |xdtq""| < 1.
Proof. By using (2.3) and (2.4), we get
S E RO "
Y (1" (2, y, a,blq) b (u, v, ¢, dla)
"0 (q; Q)n
" [n k t"
- Z (a,b; Dygy) { P (x, y)}z [k} (71>kq(z)(c; q)kdkPn—k(u,v) @9

n=0 k=0
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. o n (_l)nJrkq—(g)Jr(l;) (C, q)kdktn }
=F(a,b;D,y) { - - Po(z,y)Pr—r(u,v)
nz:% — (42 )kl @)n—r Y
- 2 ()2 ()G (¢ g)ben
=TF(a,b; Dyy) {;) HZ:O CORCTN Pk (z,y)Py(u,v)

— F(a,b: D) {i 0 P ) Pog)t” Pk<17c>Pk<x,yq">W}-

(¢ @)n ‘ (¢ D)
4.2)

>
Il

n=0

The terminating condition v/u = ¢~ " or y/x = ¢~ " implies that the first sum in (4.2) is finite.
Also, we observe that when n approaches infinity, the second sums in (4.2) do not converge. To
avoid this issue, we can focus on the scenario when v/u = ¢~" or y/x = ¢~ ", where r is a
positive integer.

Using equation (1.21), equation (4.2) is equal

o0

S (1) Oy, y, a,blq) b (u, v, ¢, dlq)
o, (:q)n

= F(a,b: Dmy){ i (=1)7g~ )Py (u,0) Pz, )t"  (ydt; q)o

(& @)n (xdtq=;q) 0

n=0

X 161 ( yqdix ;q,cxdtq") } (by using (1.21))
Yy

T = (=1)"g G P, 0) P, )t (ydts q)o
=Flab Dmy){ ; (¢ On (zdtq=":q)oo
i (—1)7¢®) (yg" /3 ) (cadtq™ "w}

(g, ydt; q),

_ - (*l)nq_(g)Pn(u,v)t” > (71)jq(g)(6zdtq7n>j
"% ; (¢:9);
(ydt; @)oo Pulz,y)(yq"/z;0);27 }

xdtq™"; q) (ydt' q);

L

—~ qq)

ﬁlg (z,9)Pj(x,q y)}

& (1) G P, (w0t & (—1)7qB) (cadtg—m)
B HZ:O (@ 0)n ; (¢:9);

(ydtqg "¢’ "™ q) o
(zdtq=;q) oo
=5 0 R 5 (17e ey

(¢
n=0

;Q)n 0 (q; Q)j

x F(a,b; D,,) { Pn+j(337y)}

(ydtg ;@)oo Pntj(z,y) }
(zdtqg="; @)oo (Ydtq™;q)n+;
)

> ()¢ )P, U, v cxdtq™™)7 (ydtq "q"";q) o
:2‘3( )CI(. ( )tz( 1)/q\*) (cadtq™™)7 (ydtq—"q"*7;q)

4% 9)n = :9); (zdtqg™":q)oo

x F(a, b; D,y) {

(;
(
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[T 1O s i a0

= (=1)"q(3) (agi; q)m (bdtq=+)™

x — (@ D) (by using (2.6))

n=0 (q; q)" =0 (q; Q)j (xdtq—”; q)oo

> m L fk} QTR (110 (2dtq™; q)i (a3 q)ib Pos i (2, )
i=0 k=0

- 2::0 — (a(i;;j)): (bt )" by using (1.2)

= (¢:0)n = (:9); (zdtq";q) o

7

X Ej: 'n H mq(j"“”(—l)”’“q(i;k)(xdtq " q)irk (a3 Q)iskb™ Py i k(2 y)

(by setting i — @ + k)

S EE g P
_Zzgz (3 0)i(@: )il @)n(a:9);

+k

. j L. .. . itk
X (_])JJrkq 2 )(Cdtq_n_z)j+kqu(_1)Z+kq( 2 )(CL Q)z+kb n+z+]+k i— k(m y)

(ydtg’ "5 q) oo i (fl)mq(?)(aqi+k;q)m(bdtqfn—wwk)m
(zdtq——i+itk; q) @O

* m=0
q -(" 2+i)PnJri(u,U)t””
— (@i k(@ Dn(a:9);

oo oo oo o0 _1 n+z

= Z
x (—1)”’“61(12 Vedtq )77 (—1)7(2) (a1 )i b ™ Py (2, )

(ydtqj+k§ Q)oo > (—l)mq(?) (aqi+k; q)m(bdtq—n+k)m

(zdtq=""*:q)o0 = (¢:@)m
& 1" —(?)p P n ). —n\i
o (¢ D)n pre (¢:9)i
o i (aq’; @)k (bedtq=)eqH =+ & (=1)7¢(3) Py (2, yg™ ) (cdtq—n+F)i
— (% 9)x = (¢:9);

(ydtg”"; g)oo f: (=1)"q(%) (ag'**; @) (bdtg—+F)™

(by using(1.4))
(q; Q)m

_ (ydtiq)s Z y/fv v/U5q)n UQ/d ZP u, wg) @ Diba ")’
(zdt; ) oo (¢, q/xdt; q)n (¢:9)s

X f: wdta aq Q)i (bedtq")*q¥ ~+ S (=1)7qW) (yg" [ ) (cadtq )
k=0

(4, ydt; )i = (¢, ydtq*; q);
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X i (_l)mq(?) (ag"™™*; @) (bdtg=" k)™

(¢ D)m (by using (1.3) and (1.6))  (4.3)

m=0
O
e Setting a = ¢ = 0 and then b = a and then d = b in Mehler’s formula for the polyno-

mials hy,(z,y, a, blq) (4.1), we recover Mehler’s formula for Al-Salam-Carlitz polynomials
Un(z,y,a;q) obtained by Chen et al. [12] (equation (1.20)).

Proof.
- (2) . oyt
Z(_l) q \? Un($,y,a,q)Un(U,U,c,q)7
ot (¢:D)n
(abt, ybt; q) oo ) (y/z,v/u, q/abt; q),(aut)” o= (atqg™")?
(@bt q)oo nzo (4,9/xbt; q)n ; () o
(abt, ybt, avt; q) o Lq (y/x v/u, q/abt Qn n o
= t tq~" 1
(xbt, aut; q)oo Z (g, q/xbt, autq=—";q)p ~(aut)”, - Jautq™"| <
_ (abt, ybt, avt; q) o Z (y/x,v/u,q/abt;q)n .,
— (abt,aut; q)o ,q/zbt, q/aut; q)n
_ (abt,ybt, avt; q) o s y/z,v/u,q/abt
T @b aukge 7\ gfabt gfaut D7)
where y/x = ¢~" or v/u = ¢~" for a nonnegative integer r, and
max{|xbtq "], |autg~"|} < 1. ]

5 Conclusion remarks

The homogeneous g-shift operator ?(a, b; D,,) and the generalized Al-Salam-Carlitz polynomi-
als hy(x,y,a,b|q) are an extension of the operator F(aD,,) and the Al-Salam-Carlitz polyno-
mials U, (z,y, a; q) defined by Chen et al. [12], respectively. The identities for the generalized
Al-Salam-Carlitz polynomials h,,(z,y, a, b|q) are an extension of the identities of the Al-Salam-
Carlitz polynomials U, (x, y, a; q).
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