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ABSTRACT. In this paper we define a Bernardi type quantum integral operator. It
transforms the starlike univalent in the unit disk into a starlike region in it. We show
that the upper-bound of the third-order Hankel determinant for classes of g-starlike
functions is connected with a g-analogue integral operator, defined by a modified
g-Bernardi integral operator. The Fekete-Szegd inequality of these classes is also
investigated. Numerous well-known specific instances, examples and graphics are
listed in the paper. The computations are done by Mathematica 13.3.
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1. Introduction. Quantum calculus, often known as g-calculus, is a method
for studying calculus that is similar to traditional calculus but is focused on find-
ing g-analogous conclusions without the need for limits. The g-derivative is the
primary tool. In 1908, Jackson ([20, 21]) introduced and developed the notions
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of g-derivative and ¢-integral. Lately, many authors have focused on the field of
g-calculus. This interest is due to the importance of its applications in various
mathematics and quantum physics fields. Also, the geometries for g-analysis have
been found in many studies presented on quantum groups. It has also been iden-
tified that there is a relationship between g-integral and g-derivative. In addition,
certain studies of the fractional g-calculus operators have been investigated by
many researchers (for example, see [9, 14, 11, 12, 13, 25, 38, 39, 44]).

The structure of quantum calculus (g-calculus) organizes various classes of op-
erators and particular transformations while developing an intriguing method for
calculations. Numerous applications, including physical issues, demonstrated the
importance of g-calculus. In the context of geometric function theory, Ismail et
al. [19] proposed g-calculus. This work has led to the development of several Ma
and Minda classes of analytic functions on the open unit disk, which is associated
with the subordination concept. For instance, Seoudy and Aouf’s effort [37] to
define quantum star-like function sub-classes made use of the idea of g-derivatives.
Using a special curve, Zainab et al. [46] newly proposed a sufficient criterion for
g-starlikeness. This work is generalized by special functions in [1, 15, 18, 4].

In the study of geometric functions, there are different operators that are used
to enhance the class of analytic functions. These operators can be realized as func-
tional expressions, including the differentiation, integration and convolution opera-
tors. Most of these operators are generalized by using fractional calculus, quantum
calculus of one-dimensional and two-dimensional fractional power parameters, and
K-symbol calculus depending on the applications. In this effort, we continue to in-
vestigate on the quantum inequalities. For a class of ¢g-starlike functions combined
with a g-analogue integral operator, defined by a modified g-Bernardi integral op-
erator (¢-BIO), we examine and explore the upper bound of the third-order Hankel
determinants (TOHD) in this paper. The study’s discussion of several well-known
unique examples serves as the inspiration for our work.

2. Methods. This section deals with the following concepts.

2.1. Geometric concepts. Suppose that A is the class of analytic and univalent
functions f(z) in the open unit disk U = {z € C : |z| < 1} with the normalized form:

o]
FR) =2+ a2, (1)
j=2
Two functions in A are convoluted if they satisfy the following product:

(f*F)(2) =2+ ) a;diz! =(F*f)(2), (2)

Jj=2

where F (2) = z + Z;’;2 djz7. Moreover, they are subordinated (<) if they satisfy
the following inequality:

f(z) < F(z) < f(0) = F(0) and f(U) Cc F(U), (z € U).
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2.2. Quantum calculus.

DEFINITION 2.1. ([20]) For 0 < ¢ < 1, the g-derivative operator is formulated by

flgz) = f(2)

-1z ~ (z#0).

qu (z) =

From above, for the function f(z) in (1), we obtain

P z—i—Zajzj :1+Z[j]qajzj_17
j=2 j=2

where the g-number [j], is expressed by

1—¢7 .

C
- (j€C)
- R n—1 .
=y 'S¢ G=nen
§=0
0 (j = 0),

and [j],! denotes the g-factorial, which is defined as follows:

[7l,! _{ [ilali — 11]’q...[2]q[1}q, 372:01-,2,3,...

Then

L) L)
f/(z) :limq_>1_©q Z+Z[j]qajzj*1 — 1—|—Zjajzj*1.
Jj=2 j=2

DEFINITION 2.2. ([20]) Let v € R and j € N be positive integers. The symbol for
the ¢-generalized Pochhammer is given by

[v; lg = [Wlglv + gl + 2Jge .. [v+ 7 — 1.
Also, the g-gamma function is defined for ¢ > 0,
Iy(v+1) =[v]y[y(v) and Ty (1) = 1.

Jackson [21] provided the g-integral of a function f(z) as below:

/Ou fw)dr = (1 —Q)qujf (ug’) .
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DEFINITION 2.3. ([19]) The function f(z) in (1) belongs to the class S*(q) if it
satisfies the inequality

z 1 1
|%(©qf)(z)*iq|§iq7 (z € D). (3)
When g — 1—, we observe that
21 (2) 1 1

) 14 1-¢

Now, the class S*(¢) reduced to S*. Alternatively, one can consider the principle
of analytic function subordination to obtain

z

f(z)

(D) (2) < Q(2),

where Q(z) = fj—;z.

DEFINITION 2.4. For 0 <n <1and 0 < A <1, we define the following subclass of
uniformly starlike S;(n, A) of order A of analytic functions

2Dq/(2) 1294 f(2)

T 7(2)

=1l < Al +1.

Equivalently,

where Q(z) = 11_+77)‘)\Zz.

By taking ¢ — 1—, we obtain the class S*(n, \) investigated by Liu et al. [30].

The classical integral operator is generalized in complex analysis as the ¢-
analogue integral operator. It is superior to the classical operator in a number
of ways. There are uses for the g-analog integral operator in physics, especially
in quantum field theory and statistical mechanics studies. Furthermore, we can
propose general families of first-order differential superordination by employing
the ¢g-Bernardi integral operator that superordination-preserving angle, following
the methods previously described in the works examined by Bulboaci [6]. Based
on these discoveries and motivated by earlier outcomes achieved through the use
of g-calculus, our study aims to introduce a new g-analogue integral operator
Kk . .f(2) related to the g-derivative of the g-Bernardi integral operator (¢-BIO).
Then, we employ the operator K, f(z) to establish the classes KS* (¢; 7, 1) and
US*(gq;m, A). Moreover, we investigate the Hankel determinants of second and third
orders for these classes. Additionally, we determine the upper-bound |as — va3| of
Fekete-Szegd type inequality.

The modified ¢-Bernardi integral operator for univalent functions is defined by
Definition 2.5 below:
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DEFINITION 2.5. For f(z) € A, the modified ¢g-Bernardi integral operator
Jlffq f(2) : A — A for univalent functions is defined by

TL(TER)  (keN)
Thof(2) = (4)
f(2) (k=0),

where J , is given by (see, [36])

T of(2) ] / Zt”*lf(t)dqt
0

Zl/
< (1 +1] ‘ (5)
:z—i-z - La;27, (v e N,z € ).

For 7 ,f(z), we consider

T2l (2) = T0o(T0f (2 z+Z ) (WeNzED)  (6)
j=2 q
and

j’fq a;z7, (k€ Ng,v e N,z e U). (7)

Jj=

Now, we define the g-derivative of the generalized ¢-BIO Jlffq f(2), as follows:

T flqz) = Tk f(2)

k .f
Q‘Ijv,qf(z) T (q . 1)2’ ’ (Z € U)
Hence, we obtain
> .
D jk g ajz 7t (8)
:2
Consequently, we have
z9 jk a]zj.

=2

For pn > —1, we introduce a g-analogue integral operator K’q‘,y)kf(z) A — Aas
follows:

Kl f(2) Fht(2) = 20,77 f(2),
where

oo 1. o )
fé].-‘rl (Z)ZZ—FZ [N-‘F 7.7]112,37 (ZGU).



6 S.H. Hapi, M. DARUS AND R.W. IBRAHIM

From the above operator, we conclude that

) e g kel = 10
Kowad(2) =2+ Z G e,

o )
=z+ Z Xjajzj,
j=2
where ‘
= ([1 +1/]q)k lg! .
T+l e+l (10)
(k€ No,v e N> -1, and z € U).
We note from (9) that
2D KL Lf(2) = [+ 1, gy, o f (2) = [ AL £ (2)- (11)

Next, we present the next classes KS*(q; k, 1) and US™(q;n, \) of g-starlike func-
tions using the g-analogue integral operator ICZ’V) Wf(2).

DEFINITION 2.6. We call f(z) in KS8*(¢; k, p), if and only if

|Z©q(lcl;,y,kf(z)) 1 < 1
Ko f(2) l-q¢ ~1-¢
or equivalently
qu(lq;y wf(2)) 142
—r—— < Q(2), Q(z) = . 12
T <E, e =11 (12

(ke No,v e Ny > -1, and z € U).

DEFINITION 2.7. For 0 <np<1land 0 <\ <1, wecall f(z) in US*(g; 1, ), if and
only if

ZQq(’CZV wf(2)) 14+ Az
— = < Q(2), Q(z) = . 13
TR0, @ =) (13)
This subordination class is equivalent to
20Kl f(z nzDq (Kt f(z
TG L)
ICq,V,kf(Z) ICqJ,,kf(Z)

where k € Ng,v e N,y > —1, and z € U.

REMARK 1. We note from (12) and (13) that

(1) If k =0 and p = 1, then the class KS* (¢; k, 1) would reduce the class $*(q)
defined by Ismail et al. [19].
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(2) If ¢ = 1—,k = 0, and u = 1, then the class US™(¢; 7, A) would reduce the
class US™(n, \) defined by Liu et al. [30].

The I*" Hankel determinant for integers j,! € N was studied and investigated by
Noonan and Thomas [33] in 1976, which is given by

aj 541 N Aj41-1
Qa; a; ce a;
. J+1 J+2 j+1
Hi(j) = . . .
Aj+i—1 A+l -+ Gj42(1-1)

We find that

7—[2(1):[

ap a2 2 2
] =aia3 —a; = a3z —ay, (a1 =1),
as as

as a
Ho (2) = { az ai } = agay — a3

and the TOHD is given as:
Hs (1) = a3 (a2a4 — ag) — a4 (ag — asas) + as (ag — ag) .

Researching the sharp boundaries of Hankel determinants for a certain class of
complex valued functions has attracted the attention of several experts in the area;
for example, the function f(z) given by (1), the average of growth of H, (j) as j —
0, was determined by Noor [34]. In particular, the second order (SOHD) introduced
by many authors (see, [3, 23, 17, 7, 28, 40]). Janteng et al. [22] studied the
functional |agas — a2| and discovered a sharp bound for functions in S and C. It is
known that the Fekete-Szego inequality is a special case of the Hankel determinant
when Hs (1) = |ag — a3|. For bi-univalent functions engaging the symmetric ¢-
derivative operator, Srivastava et al. [43] recently found the estimate of the SOHD
(similarly in [42]). In 2010, Babalola [5] released the effort on #Hs3(1), in which
the upper bound on H3(1) for §*,C and K is calculated. Subsequently, numerous
studies presented this determinant (see, [32, 27, 35, 26]).

3. Main lemmas. Assume that w(z) =1+>7, w; 27, is an analytic function
in U such that R(w (z)) > 0. The class of function w (2) is denoted by P. To obtain
our main results, we need the following lemmas:

LEMMA 3.1. ([8]) If the function w(z) € P, then
wil <2, (5 >2).
LEMMA 3.2. ([29]) If the function w(z) € P, then
2wa :w%—l—f(él—wf)
and
dwg =wi+2(4—w)wif— (4 —wl)w&®+2(4—wi) (1-¢P) 2

with €] <1 and |z| < 1, for some £ and z.



8 S.H. Hapi, M. DARUS AND R.W. IBRAHIM

LeMMA 3.3. ([31]) Ifw(z) € P then

—dx+2,  if x<0,
lwo — 2w < {2, if 0<sx<1, (14)
4c—2 if 22>1.

(1) When 3< 0 or s> 1, the equality in (14) is true if and only if w (z) =1
one of its rotations.

(2) When 0 < 3< 1, the equality in (14) is true if and only if w (z) = }J_riz or one

of its rotations.

(3) When »= 0, the equality in (14) is true if and only if

1 7\ 14z 1 7\1—-2z
(1.7 1T ith 0<7<1
w(2) (2+2)1—z+<2 2>1+z’ with 0= 7=

or one of its rotations.

(4) When »= 1, the equality in (14) is true if and only if

1 1 7\1+z 1 7\1—-=2
(1L =_I ith 0<7<1.
w(2) <2+2>1—z+<2 2>1+/ b =T=

Although the above upper bound in (2) is sharp, as mentioned in [31], the interval

can be partitioned into two regions 0 < > < 1 and 3 < » < 1, as follows

|wa — sew?| 4 sewn|® < 2, if 0 < 2 <

N =

and .
|wy — 22| + (1 — 2) | |? < 2, if g <x<l

In the following section, we investigate initial coefficient estimates |a;| (j =
2,3,4), Hankel determinants and Fekete-Szegé type inequality.

4. Main results. To determine the upper-bound of the TOHD #H3(1), we must
begin by solving the second-order Hankel determinant problem (1) of first kind
for the classes KS™ (¢; k, ) and US™(q;n, A).

THEOREM 4.1. If f (z) € K8 (¢; k, 1), where f(z) in (1) then for some k € Ny, pu >
0,v € Ng (or k € Nyu > —1,v € Ny) and ¢ € (0,1), the following coefficients
inequality is valid

1
Ha(1) = |ag — a3] < —,

where x5 have been included in (10) with j = 3.
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Proof. In view of the subordination condition (12), we get

2D, (Kb, 0 (2)
]Cg,y)kf(z)

We proceed to illustrate the function w(z), as follows:

=2 (v (2)). (15)

_1+w(z)
w(z) = 1—-v(2)

:1+w12—|—w2z2+w3z3—|—w4z4—|—..._

Clearly, w € P, then we obtain

and

2w(z
l—q

Qv (2) = 7 RO

+

A computation yields

1+(1 Eo;)(fu)(z) taq 1 +2q)W1’z * { - +QQ)W2 = _?12) = } &

N { (1 +2q>w3 (- qZ) wiws | (L4 ‘”(; — g%} } s

. { (o, (-a)ef Q=)o , 30+ Dk
L+ q)(116— q)*wi } A

From the left-hand side of equation (15), we obtain

29, (’Cg,u,kf(z))
’CZ,V,kf(Z)
=1+ gxaa2z + {q (1 +q) x3a3 — qx3a3 } 2* »
+{a (1 +q+¢°) xaas —q (2 + q) xoxsaza3 + gx3a3} 2°
+ {q (1 +q+q¢°+ q3) X505 — ¢ (2 +q+ q2) Xoxaasa1 — ¢ (1+q) X%ag
+q (3 + q) x3xsa3a3 — qxgaé} A,

By comparison, we get

(1+q)
— 1
T e (a7
1 1+ ¢?
as wa + (1t )wf (18)

 2qx3 4¢%x3
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and
0y = U+q) - 0+d=-22+1
2¢(1+q+¢%) xa 4 (1+ g+ ¢*) xa
(140 (1+d) (1—a+7)
8¢ (14 ¢+ ¢) xa :
Put the values of as and a3 from above in the functional |a3 — a3|, we obtain
1 B <(1+q)2X3—(1+q2)X§>w%|'

las — a3| = ——|ws
2 2gxs 2qx3

(19)

Making use of Lemma 3.2 with w; < 2, then we have

1 |£(4—w§)7 (1+9)°xs— (1+q+¢%) x5 )
2qx3 2 2qx3 !

lag — a3 =

If we take wy = w, where 0 < w < 2 with [¢| = 4§, we have

a5 — 2| < 2 (5(4_w2)+((1+q)2x3—(1+q+q2)x3>w2>:Fl(ws)_

2 29x3

(20)
Now, by the partially differentiating of the function F} (w,d) with respect to §, we

observe
8F1 (w7 5)

06
This leads to the fact that the function F; (w, d) is an increasing function of §, when
0 € [0,1]. Thus, the maximum value of F} (w,d) at 6 = 1 achieves the relation

max {F} (w,d)} = F1 (w,1) = G; (w),

Gh (w) 1 <2+((1+Q)2X3—(1+Q)2X§>w2>_

 2qx3 293

> 0.

where

Obviously, G1 (w) admits a maximum record at w = 0, which implies that
1
lag —a3] < Gy (W) = —. a
? axs

EXAMPLE 4.2. Consider the normalized analytic function f(z). Then it has the
following coefficients inequality

i _ 1
s q (( )" [uz]ﬁi‘}q)
1
1— g +\" (1-¢)A-¢})(1—q)
! ((1 - q3+”> <(1 =@t (1 = ¢*t)(1 - q1+“)>>
1=\ (=B = (1 gt
T q (1 - ql*”) < (1-¢*)1—¢*)(1-9q) > '

las — a3| <
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It is well known that |as — a3| < 1. Thus, it is sufficient to show that

1—g3tv k (1= 3T (1 — 21 (1 — ¢ +r)
<1 —q””> ( -1 -¢®)(1—q) ) ¢ (21)

Figure 1: Inequality plot of (21) shows the relation between ¢ € (0,1) and p some
(k,v)=(1,2),(2,3),(3,1) and (4,1) respectively.

Figure 1 shows the relation between g and p. It indicates that inequality is valid
whenever ¢ — 1—. The quantum number represents to the history of the move-
ment of the coefficients towards the normal case (maximum value). The quantum
inequalities that display quantum behavior are best described and modeled using
quantum calculus. Quantum calculus offers a superior mathematical structure in
circumstances where classical calculus is unable to adequately convey the complex-
ities of quantum processes. These non-commutative forms may be represented in a
manner that is more natural thanks to quantum calculus. There are restrictions on
how accurately some combinations of attributes, like as location and momentum,
may be known at the same time, according to the principle of quantum calcu-
lus. One may recognize a property less closely dependent on how precisely one is
measured.
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THEOREM 4.3. If f(z) € US™(¢;m, A), where f(z) in (1) then

A1 +1n)
H(1) = lag — af| < S0
2(1) = las az"q(1+Q)X3

where x3 have been included in (10) with j = 3.

Proof. In view of the subordination condition (13), we obtain

qu(’q;%kf(z))
’CZ,%kf(Z)

After making a simplification of Q(z), we obtain

< Q(v(z)). (22)

Q) =1+ AL+ 0z +n 21+ )22 + 231+ )22 +-- - (23)

We proceed to illustrate the function w(z), as follows:

1
w(Z)=L(Z)=1+W12+w2z2+w323+w4z4+...v
1-v(z)
Clearly, w € P then
w(z)—1
U(Z)_w(z)—i—l
1 1 15\ o 1 13\
:§w12+§ w2—§w1 z —|—§ wg—w1w2+1w1 2% 4.

In view of Q(z) and v(z), we deduce that

Qu(z)) =1+ wwlz + {(M) <w2 - 1w5) N wa} 2

2 2 4
A1+ 1 nA n2\2
+ M w3 + NAwwe — wiws + fwﬁ — ]—wf + ! wi)’ 23,
2 4 2 4
(24)
Similarly, from (16), we have
2D, (K0 ()
’Cg’y’kf(z)
= 1+ gx2a02 + {q (1 + q) x3a3 — qx3a3} 2*
+{q (1 + g+ ¢*) xaas —q (2 + q) x2x302a3 + qx3a3 } 2°
+{a(1+q+a+7*) xsas — g (2+ ¢+ ¢°) xoxaa2as — ¢ (1 + q) X303
+q (34 q) x3xaa3as — qx3a3} 2" + - .
By comparison, we have
Al
ay = AQ A nwr (25)

2qx2
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A1 +n) { <n)\—1 )\(1+77)> 2}
=——"Jws + + w 26
2q(1+ q)xs | 2 2 ' (26)
and A )
+n
= +A +A 27
aq = 2(1+q—|—q —l—q {ws 1WiW2 2w1} (27)
where N )
Mega_ 14 AL @)
2 q(l+q)
and 2
1_ /\77 n2A? >\ Al+n) (24+q)
Ay = 4 + T3 q(1+q)
27y « (n/\ Ly 1+n)) _ A(14m)°
4q2
By the similar way of Theorem 4.1, we obtain the required outcome. O

If k=0 and p = 1, we obtain the following corollary

EXAMPLE 4.4. Consider the normalized analytic function f(z). Then in view of
Theorem 4.3, we have

las — a3] < AMl+n) alCha))
=7 [14+v]g\k  [lg!
al+a)xs g1+ )(([j+u]q) T, )
A1+ 1)

q(1+q) (( 3+1/> ((1 _ qls:uq)i)l 24-2/3)((11 )1+;L)>>
(

Ml +n) 1—tm)(1 = ) (1 - ¢
q(1+Q)(1—q1+”)< (1-¢*)(1—¢*)(1—gq) >

AL4n) (1= \" (1= M) — > (1 — g tr)
(1ql+v> ( -1 P10 )51’

Then

whenever

1\ (1= @)1= ) (1 — gt q(1+q)
(=) ) o

1—qgitv (1-¢*)(1-¢*)(1~-q)
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Figure 2: Inequality plot of (28) shows the relation between ¢ € (0,1) and u some
(k,v) =(1,2),(2,3),(3,1) and (4,1) respectively for A=n = 1/2.

Figure 2 shows the relation between ¢ and g when A = n = 1/2. Tt indicates
that inequality is valid whenever ¢ — 1—. Again, the quantum number shows the
history of the movement of the coefficients towards the maximum case. Moreover,
when n = X and 4 =0,k = 2, we obtain ¢ = 0.7446.

COROLLARY 4.5. If f(z) € US*(¢;n, \), where f(z) in (1) then

A +m)
q1+q)°

COROLLARY 4.6. [24] If f (2) € 8*, where f(z) in (1) then

Ha(1) = |ag — a3| <

lag —a3| < 1. (29)
THEOREM 4.7. If f (z) € KS8* (q; k, 1), where f(z) in (1) then
1

2.2
X3

Hy (2) = |azas — a3| <

b

q

where x5 have been included in (10) with j = 3.
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Proof. From the values as, a3, and a4 of Theorem 4.1, the result is

asas — a3 = ( (1+29+¢°) ) wiws
s 4¢° (14 g+ ¢2) x2xa

(042946 (@-2)(1+29)  (1+¢*)) » 1 2

+ 2 2 w

- wiwo — —
8¢% (14 q + ¢2) x2x4 43x3 ) 42x% ) ?
2
N 1+2¢+¢*)(1+¢) (1-g+¢*) (1+¢) n
16¢3 (1 + ¢ + ¢2) X2X4 16g*x3 | !

By Lemma 3.2, it follows that

2
ws—a = (14 2q+ ¢?) (1+q)(1—q+q)_(q2+1) o
16¢° (1 + g + ¢2) x2x4 16¢*x3

(1+2q+¢?) )
wi{wy + 2wy (4 — w
(16q 2(14q+¢%) X2X4 i + 20 (4 - wi) ¢

—wi (4—wi) € +2(4—wi) (1-¢P?) 2}

(14204 ¢*) (g-2)(1+29)  (1+7)
16¢° (1 4+ q + ¢?) x2x4 8¢°x3

)w%{(w$+£(4—wf))}

1
- (16(]2X:23> {wl + 2¢ (4 wl) wl (4 w%)sz}.

If we take wy = w with || = § then

lagay — a3| < [g(q)w4 +2¢(1 + 29 + ¢*)x3w (4 — w?)

1
N1 (q)
Ry (g) (4 - w?) w5 + (q(q +1)°x5w? +q (4 - w?)
1+ g+ xoxa — 29 (1 + 29+ ¢°) X3w) (4 — w?) 6%] = Fy (w,6),

where
Ry (q) := 16¢° (1 + ¢+ ¢°) x2X3 X4
9(@) =] (¢* —*+3q+3) (1 +2¢+¢*) x3 — (14 3q+2¢* +2¢> + ¢*)
(14+q+4? )X2X4 \
and

Rz (q) = [(1+9)* (2¢° = 5g — 2) x5 +2¢ (2 +¢°) (1 + q + ¢°) xaxal-
Now, by the partially differentiating of F5 (w,d) with respect to §, we have

e c(‘a? L - (Nll(q)> [Ra (q) (4 — w?) w? +2 (q(1 + 20+ ¢2)x2w? + ¢ (4 — w?)

(14 ¢+ ¢*) xaxa — 2¢(1 + 20 + ¢°)x3w) (4 —w?) 6] > 0.
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This leads to the fact that the function Fs (w,d) is an increasing function of 4,
(6 €10,1]), then we get

max {Fs (w,d)} = Fs (w,1) = G2 (w),

where
Galt) = (- [l0(0) —Na(a) = a1+ 20+ 42 + (4 +4° + ¢ prova)e!
+ (4R2(q) + 49(1 +2q + ¢*)x3 — 8(q + ¢* + ¢*)xaxa)w”
+16¢(1 + g+ ¢*)xa x4l (30)
and
Gh(w) = (Nll(q) 4(g(q) — R2(q) — q(1 + 2 + ¢*)x3 + (a4 ¢ + ¢*)xaxa)w®

+2(4R2(q) + 4q(1 + 29 + ¢*)x3 — 8(g + ¢* + ¢*) x2xa)w].

We can get the following result by differentiating the function G%(w) with respect
to w

Gy (w) = (777 [12(9(0) = Ra(9) — a(1 420+ ¢*)x5 + (g + ¢° + ¢ )xaxa)”

1(Q)
+2(4R5(q) + 4q(1 +2¢ + ¢*)x3 — 8(a + ¢* + ¢*)x2x4)]-

Hence, we have the following inequality:

1
|azas — aj| < v O

THEOREM 4.8. If f (z) €e US™(q;n, \), where f(z) in (1) then

A2(1 +n)?
(14 q)%x3’

where x3 have been included in (10) with j = 3.

Hy (2) = |azas — a3| <

Proof. 'With the aid of (25), (26) and (27), we have

ota — CL2 _ )\2(1 + 77)2 T1w1w3 + (TlAl — 2T2A3) CL)%LUQ (31)
204 — O3 4 —Yow3 + (T1A2 - TgA%) wt ’
where
T L T !
= o= ———5—
Tl gt @ e (1193
and
=1 A1+n)
As = .
2 2qx2
Also, by the similar way of Theorem 4.7, we obtain the required outcome. a

If k=0 and pu = 1, the following corollary is obtained.
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COROLLARY 4.9. ([2]) If f (2) € US™(g;n, A), where f(z) in (1) then
(1 +n)?
(1 +q)*

According to the values of ¢, k, u; A, and 7 of the classes KS* (¢; k, p)
and US™(q;n, \), we get the obtained estimates of [22]-Theorem 3.1, as follows:

COROLLARY 4.10. ([22]) If f(z) € KS8*(1;0,1) = S* or f(z) € US* (¢ —
1—;1,1) = 8*, where f(z) in (1) then

Ho (2) = |agay — a§| <

Ho (2) = |agay — a3| < 1.
THEOREM 4.11. If f (z) € K8* (¢; k, 1), where f(z) in (1) then

(1+q) 7,
q(q+ ¢+ ¢3) xaxsxa’

lasaz — aq] <

where 9
Ty:=[(14+q+¢°) xa— (¢" =3¢ +6¢> + ¢ + 1) xax3] (32)
and X2, X3, x4 have been included in (10) with j = 2,3, 4.

Proof.  From (17) - (19) of Theorem 4.1 and by simplification, we get

anas — a4 = <(1+q)(1+q2> (144q) (1+4¢%) (1_q+q2)>w3

8¢dxaxs 83 (1 +q+¢%) x4 !

(I+4q) (I+qg) (1+9@—2)(2¢+1)

- 5 w3 + 5 - 3 3 wiwsa.

2q(1+q+¢%) x4 A¢*x2xs 4P (1+q+¢*)xa :

33

Making use of Lemma 3.2 with wy; < 2. Also, by Lemma 3.1, if we take w; = w

when 0 < w < 2. Then, by applying the trigonometric inequality on (33) and
|€] = 6, we have

|CL2(13 — a4| S A(w, 5) y
where

(1+9q)
A(w,d) :=
(w,9) (8q3 (14 ¢+ q?) x2x3x4
+2¢%x2x3 (4- w2) + ¢*xaxs (w — 2) (4- W2) 52] J

) [Tow® + Aqw (4 —w?) §

with Ay == |g(1 4+ ¢+ ¢*)xa + ¢(2¢* — ¢ — 2)x2x3| and Y, well-known in (32).
Now, if we differentiate the function A(w,d) with respect to 4, we get

(1+9)

A'(w,d) =
(.9) (8q3(1+q+q2)><2><3><4

A w(4 — w?) 4+ 2¢*xax3(w — 2)(4 — w?)d] > 0.

This leads to the fact that the function A (w, d) is an increasing function of § when
0 € [0,1]. That means the maximum value is achieved at § = 1, then

A(w, ) < Alw, 1).
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Therefore,
max {A(w,d)} =A(w,1) <B(w),
where
1+
Blu) = (g o D )[(T, — Ay — Praxale’ + (4 + dgxaxs)e]

8¢3(1 + q + q?)x2X3X4

Since 0 < w < 2, that means the maximum point is w = 2, hence

(1+Q)Tq
B(w) < ,
@) < ¢ (1+q+q¢?) xaxsxa

this corresponds to w = 2 and § = 1 and the desired limit. O

Similarly, we obtain the upper bound of the inequality |azas — a4| of the class
US*(g;m, A) as follows:

THEOREM 4.12. If f (2) € US*(¢;n, \), where f(z) in (1) then

A1+ 17)®,
Cl+a)?(1+) 1+q+¢+¢) xaxsxa’

lazaz — as] <

where

<I> :{ AM1+q++¢) (149 (1+¢) L+ a)(A+nX+ qnA)xa } (34)
I —q(@2+ A+ A+ A+n(2+ (1+¢*+¢%)n) A) x2x3)

and X2, X3, xa have been included in (10) with j = 2,3, 4.

According to the values of ¢, k, u; A and 7 of the classes XS™ (¢; k, 1) and
US*(g;1,A), we get the obtained estimates of [[5], Theorem 3.1].

COROLLARY 4.13. ([5]) If f(2) € K§" (1;0,1) =S* or f(2) e US™ (¢ — 1—;1,1)
= S§*, where f(z) in (1) then

‘agag — a4\ S 2.
THEOREM 4.14. If f(z) € KS8*(¢; k, 1), where f(z) in (1) then

(1+q+4q%) T,Z,

Hz (1) < +
a*x3 @1+ q+¢®)°x2x3X3

+ %q
PA+q+¢+¢)(1+q+4¢%) xsxs

where Y is defined by (32) and
Eq= 010497 (¢" =3¢ +6¢° +q+1), (35)

dg=(1+q) (4¢" +2¢° +6¢° + T¢" +13¢° —q—1). (36)
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Proof. From the TOHD
Hs (1) < las|H2 (2) + |asllazas — as| + |as|Hz (1) .
Using Lemma 3.1, we show that

(1+4q) (14 q+6¢*> —3¢° +¢*)
@ (1+q+¢*)xa '

laq] <

Also, we have

bq
(I+q+@+¢)(L+q+¢*)xs’
where ¢, is defined in (36).

las| <

To obtain the TOHD, we must apply all the results obtained in the Theorems
4.1-4.11. Thus Theorem 4.14 is complete. O

5. Fekete-Szegod type inequality. In the following section , we will investi-
gate the Fekete-Szegd type inequality |az — va3| for the classes KS* (q; k, ) and
US*(q;n, \) of g-starlike functions.

THEOREM 5.1. If f (2) € KS8™ (¢; k, ), where f(z) in (1) then

(14+a+4°)x3—v(1+9)°x3 < (*+1)x3
®x3x3 (1+9)%xs
2 24+1)x3 2
as —va2| < { 1 (@®+1)x3 3
s = ya3] < axs (1+9)%x3 s7s X3
7(149)*xs—(1+9+4°)x3 S X3
?x3X3 T

where x; defined in (10).

Proof.  In view of ay and a3 in (15) and (17) of Theorem 4.1, we obtain the
required result. O

THEOREM 5.2. If f (2) € US™(q;n, \), where f(z) in (1), then

A(1+n)
=L+
A(14m) q . 1
Wroxs | _Mmgy, (0 TFSTS 3
X3 7
A .
las — a3 < q<1(+§)n>33’ if § <7 < K, (37)
AQtn)(I+a)xs
A(1+n) X .
a1+axs | _ (W\:w) ; if v > Ko,
where ,
Ky = qnAx3 + A1 +n)
q(1+ @)A1 +n)xs’
ey — q(nA = 1)x3 + A1 +n)

q(1+q)xs
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Proof. In view of as and ag in (25) and (26) of Theorem 4.3, we have

A1+1n)

AT @y = ) w? 4w,
QQ(1+Q)X3|( 1= %) 2

lag — W§| =

where
A—1 A1
_n LMt
2 2q
AL +n)(A+q)
2x3 '

vy

U, =

Making use of Lemma 3.2 and after some of simplifications, we get the desired
outcome. u

COROLLARY 5.3. ([16]) If f(z) € KS§*(1;0,1) =S8* or f(2) e US™ (¢ — 1—;1,1)
= S§*, where f(z) in (1) then

34y, ifp<}
lag — ya3] < <1 ifl<y<i
4y -3, ify>1.

6. Conclusion. Using the notion of quantum calculus (or g-analysis), we have
presented the g-analogue integral operator ICZM o f(2) defined by the g-derivative of
a modified ¢-BIO. In the unit disc U, this operator has been applied to define the
classes K8 (¢; k, u) and US™(q;m, \) of g-starlike functions. For these classes, we
have attractively attained the upper bounds of SOHD H3(1) and TOHD Hj3(1).
Theorems 4.1-4.14 state and prove our main findings, as well as the Fekete-Szego
type inequality. These main outcomes are enhanced basically by their several spe-
cial cases, some of which have been discussed in Corollaries 4.5, 4.6, 4.9, 4.10, 4.13,
and 5.3. All these findings and generalizations lead to the important cases and also
new works, such as finding the Hankel and Toeplitz determinants for the g-convex
and g-close-to-convex analytic functions and their inverses. This issue is still on-
going and relates to findings examined by Wang and Jiang [45].

Acknowledgments. The authors express many thanks to the Editor-in-Chief, han-
dling editor, and the reviewers for their outstanding comments that improve our

paper.
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