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ABSTRACT
This paper surveyed the components of Riemannian curvature tensor over
the associated space of G-structure for certain classes of almost contact metric

manifolds. These classes under consideration are only twelve and known as
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Introduction

The Riemannian curvature tensor (RC-tensor) is
one of the interesting fields in the studying differential
geometry. The Riemannian manifold of flat RC-tensor is
locally isometric to the Euclidean space. Also, RC-
tensor win its importance in the gravity theory and
general relativity theory because its contraction is the
Ricci tensor that a central mathematical tool in
Einstein’s theory. Based on the above, many authors
studied RC-tensor of the manifolds and specially the
almost contact metric manifolds that classified by D.
Chinea and C. Gonzalez [1]. Especially among them, E.
S. Volkova [2] determined the components of RC-tensor
of CNK-manifolds. S. V. Umnova [3] established the
components of RC-tensor of Kenmotsu manifolds and
generalized Kenmotsu manifolds (nearly Kenmotsu
manifolds). V. F. Kirichenko and A. R. Rustanov [4]
deduced the components of RC-tensor of quasi-Sasakian
manifolds. N. N. Dondukova [5].
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found the components of RC-tensor of
cosymplectic manifolds and Sasakian manifolds. S. V.
Kharitonova [6].

Concluded the components of RC-tensor of
LCAC-manifolds. V. F. Kirichenko and E. V. Kusova
[7] studied the components of RC-tensor of weakly
cosymplectic ~ manifolds  (nearly  cosymplectic
manifolds).

So, according to the previous, we summarize these
results in this paper and more than ones to have a survey
about the RC-tensor of almost contact metric manifolds.

Preliminaries

Definition 1. [8] A topological space M is said to be a
smooth manifold of dimension n and denoted by M™, if
M is T, —space, second countable, locally
homeomorphic to R™, and has a smooth structure.

The symbol X (M) denotes to the module of
whole vector fields on M™.
Definition 2. [8] A bilinearmap g : X(M) x X(M) —
R is said to be a metric tensor on M™, if g is symmetric
and positive definite.
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Definition 3. [1] If a Riemannian manifold (M?"*1, g)
is provided by triple of a structure tensor (®, 7, &), where
n,&,® are tensors over M of types (1, 0), (0, 1), and (1,
1) respectively, such that V Z;,Z, € X(M), the
following achieved:

nE)=1 ne®@=0; ¢¢)=0; id+P*=nQ%;
9(PZy, PZy) + n(Z1In(Zy) = g(Z1,Z,), then it is

known an almost contact metric (ACM-) manifold and
denoted by (M?"*1,&,n, @, g).

Definition 4. [8] A connection on a smooth manifold M
is a mapping V : X (M) x X (M) - X (M) defined by
V(Zy, Z;)=VzZ, and it attains the subsequent
properties:

(1) Viizii£,2,23 = [1V2,Z3 + [3V4,Z3;
Q) Vz,(f1Z1 + f222) = f1V 7,21+ [2V 2,2,
+Z3(f1)Z1+Z3(f2)Z,,

forall fi,f, € C*(M) and Z,,Z,,Z3 € X (M).

Lemma 1. [8] Suppose that ¥ is a connection over M
and U,V e X(M).If U=0,0r V=0 then V;V = 0.

Definition 5. [8] A Riemannian connection over the
Riemannian manifold (M, g) is a connection ¥ on M that
possess the following properties:

(l) V21Z2 - szzl = [le Zz], Whel’e
(Z1,Z3] =Z10Zy —Z50Zy;
(i) 21(9(Z2,23)) = 9g(V2,22,Z3) + 9(Z2,V2,Z3),

forall Z,,Z,,Z; € X(M).

There are several classes of ACM-manifolds
(M?2+1 & n, @, g). We define some of these classes
according to their Riemannian connection as the
following:

Table 1. Some defining classes

Classes Defining conditions

Cosymplectic [9] V7, (®)Z, =0

Nearly cosymplectic

[10] Vz, (@)Z, + Vz, (@z,=0

V7, (@)Zy + g(Z1, PZy)§

Kenmotsu [11] = -n(Z,)PZ
= 2 1

Sasakian [12] V2, (®VZy +0(Z)Z1 = 9(Z1,Z,)¢

V7, (@)Z =n(Z3)V 7,8

Co [13] — g(®2,V,,8)E
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Classes Defining conditions
-nZ){N(Z)P(V:£)
C1z [14] +9(V:§ 9Z,)¢}
=Vz,(®)Z,
Normal and
CNK [2]

Vi (MZy +Vz,()Z =0

Vz,(®P)Z; + Vg, (P)Z,
= -n(Z)PZ,
-n(Z))PZ,

Nearly Kenmotsu
[15]

V7, (@)Zy + n(Z3)PZ4

Kenmotsu type [16] = Voy. (®)DZ,
1

for all Z;,Z, € X (M), where V refer to Riemannian
connection. Moreover, an ACM-manifold
(M2t 8, @, g) is called normal if 2N + & ® dn =
0, where for all U,V € X(M):

N, V) = %([qbu, dV] + ¢2[U, V] — P[OU, V]
— ®[U, dV)),

is the Nijenhuis tensor of the structure tensor @ (see

[2]).

Definition 6. [6] An ACM-manifold (M2"*1,¢&,n,®, g)
is bearing an almost cosymplectic manifold if d =0
and dn = 0, where

N(Z1,Z,) = g(Z1,PZ,)

2dn(Zy,Z,) = Vz,(MZ; — VZZ(TI)Zli
3d0(Z4,7Z3,23) =Vy,(2)(Z3,Z3) + V7, (2)(Z3,Z4)

and

+V5,(2)(Z1,Z,), forall Zy,Z,,Z3 € X(M).

Definition 7. [6] An ACM-manifold (M2™*1,&,n,®, g)
is bearing a LCAC-manifold if the ACM-manifold
(M1 & 7, @, §) is an almost cosymplectic manifold,
where E=exp(a)§; f=exp(-a)y; §=
exp(—2a)g, and a is a smooth function.

Definition 8. [17] An ACM-manifold M?"*1 is known
as quasi-Sasakian manifold if dR2 =0 and M is
normal.

Definition 9. [8] An RC-tensor of type (3, 1) on a
Riemannian manifold (N,g) is a tensor R : X(N) X
X(N) X X(N) - X(N) that defined by R(Z;,Z,)Z; =
([Vz2,, V2] = Viz,2,1)Zs, for all Z;,Z, Z5 € X(N),
where V is Riemannian connection over N. Furthermore,
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the RC-tensor R of type (4, 0) is given by the formula
R(Z,,Z5,73,24) = g(R(Z5,24)Z5,Z;), with  Z, €
X (N).

Definition 10. [18] The associated space of G-structure
for an ACM-manifold (M2"*1,&,n,®, g) is a set of all
A-frame (x;Y, =&, Y;,..., Y, Y5,..., Y4), where x € M,

Yy =% (% —V=10(x)), Ya =7

et
v—1 cD()(a)), a=12,....,n,a=a+n and {y,=¢,
Xt X X7 - Xa } 1S a basis of

X (M) which
satisfies g()(p,)(q ) = 6pq, forall p,g =0,1,...,2n.

Lemma 2. [19] Suppose that (M?"*1 & n,@,g) is an
ACM-manifold and R its RC-tensor of kind (4, 0) with
components Ryqs on the associated space of G-
structure. Then the subsequent relations are satisfied:

(1) R ~R

pars = ~Rgprs:
2 qurs = _qusr;
3) qurs = Rrqu;

(4) qurs + Rpsqr + Rprsq =0,
where p,q,7,s =0,1,...,2n

Definition 11. [20] An ACM-manifold
(M?2"+1 & 0, @, g) is said to be an almost € (1)-manifold
if its RC-tensor R fulfill the following identity:

9R(Z3,24)Z,,Z1)
=9g(R(PZ3,9Z4)Z5,7Zy)
—AM9(Z1,2)9(Z, Z5)
= 9(Z1,23)9(Z2,Z4)
—9(Z1,92,)9(Z,, PZ3)
+ 9(Zy,@Z3)g(Z,, PZ4)},

where  Z,,Z,,7Z5,Z, € X(M), and A€R.
Moreover, a normal almost C(A)-manifold is said to be
C (A)-manifold.

The Components of Riemannian Curvature Tensor
on the Associated Space of G-Structure

In this section, we review the ingredients of RC-
tensor on the associated space of G-structure for certain
classes of ACM-manifolds.
Theorem 1. [5] The components of RC-tensor of
cosymplectic manifolds are given by: R;,.5 = A%%, and
the other components are vanish or given by Lemma 2,

Journal of University of Anbar for Pure Science (JUAPS)

248

Open Access

or their conjugates, where A%¢ are smooth functions

satisfy A" = A%, = 0.

Theorem 2. [5] The components of RC-tensor of
Sasakian manifolds are given by:

1.Rspeq = A%2 — 252688 — 586,
2.Rgpca = 5cd = 5553 - 5&155;
3'Rd0b0 - 6ba

and the other components are vanish or given by
Lemma 2, or their conjugates, where A%¢ are smooth
functions satisfy A2 = A%, = 0.
Theorem 3. [5] The components of RC-tensor of
Kenmotsu manifolds are given by:

1. Rapca = Aag - 5;‘6{,1;
2.Rgpca = 53? = 6362 — 5g5clz)§
3.Raopo = =6,

and the other components are vanish or given by
Lemma 2, or their conjugates where A%% are smooth
functions satisfy Ao = A%, = 0,

Theorem 4. [20] The components of RC-tensor of
almost C (1)-manifolds are given by:

1. RAbcd - /15(:11 )
2.Raopo = Ay,
3. Rapca — Racpa = /16bc )

and the other components are vanish or given by
Lemma 2, or their conjugates.
Theorem 5. [13] The components of RC-tensor of Co-
manifolds are given by:

1.Roapo = FacFCb;

2.Roapo = —Fapo:

3.Roape = _Fabc;
4. Rdbcd = Ag(cl + Fadec;
S.Rapea = _ZFa[cFlbId]1
and the other components are vanish or given by
Lemma 2, or their conjugates, where A%¢ are smooth

functions satisfy A% = = A%, =0,and F,

F,,¢ are components of Kirichenko’s fifth structure
tensor F (see [16]) and their covariant derivatives
respectively.

Theorem 6. [14] The components of RC-tensor of C,,-
manifolds are given by:

Fabv FabO:

1.C% — €% Cp = Raopo;
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2.CeP—cach =
3"4%? = Rapca
and the disappeared components are vanish or
given by Lemma 2, or their conjugates, where A%% are

smooth functions satisfy A[ad] = A[bc] =0,and C% C,,

ceb ¢ ¢ are components of Kirichenko’s sixth structure
tensor G (see [16]) and their covariant derivatives
respectively.
Theorem 7. [16] The components of RC-tensor over the
manifolds of Kenmotsu type are seemed as follow:

1-_65 = RdOcO;

2'2Agcd = Rapcas

3.45¢ = 8¢ 8 — B Byy? = Rapea;

4. 2( 8¢ 5d] + B¢ [cd]) = Rapea s

5.—B%, B"¢ + B = Rajea

and the other components are vanish or given by

Lemma 2, or their conjugates, where A%% and A%, are
suitable smooth functions and B2, B,,°, B*.,, B4
are components of Kirichenko’s first structure tensor B
(see [16]) and their covariant derivatives respectively.
Theorem 8. [6] The components of RC-tensor of LCAC-
manifolds are appeared as follow:

Ra050;

h .

1. 2 (Azcd - aoBb[daa + 40([a5 ]Bd]hb) = Rdde1
b .

2. ( 8[ a] 8[C8d]0£0 + ZBhathdc) = RCAlECd’

3. A% — 4Bdathhb + 4qlag™ apnbp) — 6865 +
B%Byc = Rapea;

4. 2(2Bciabja) + BajeBap — 241aBpica) = Ravea;

5. 2 (o0 — 218/ Bay + B Byca) = Raocas

6. A% — §faga® + a,B = Rapeo:

7. 2Bcap@o + 2Bcapo = Rapco;

8. —8fagy — BopB% — 6fai — aay — al +

Za[“5;]ac = Rzopo;
9. 2ayB% + 2Bbacq,
Raoso:
and the other components are vanish or given by
Lemma 2, or their conjugates, where A%4, A% and
a 4 are suitable smooth functions, B*’°, Bupc, Bapeas
Bapco are components of Kirichenko’s second structure
tensor C (see [16]) and their covariant derivatives
respectively, B*, B,,, D%? are the components of
Kirichenko’s third structure tensor D (see [21]) and their
covariant derivatives respectively, a%, a,, a, are the

_ DabO _ aab aaab
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components of da, a?, a®” are the components of da*?,
and ayg, @y, are the components of da,.

Theorem 9. [4] The components of RC-tensor of quasi-
Sasakian manifolds are given by:

1.Rgpea = Ape — 2By B — BEBE;
2-RdbOC = Bgc;

3. Rapoe = Bp*;

4. Raopo = Bng;

5.Rapca = 2BLBY),

and the other components are vanish or given by
Lemma 2, or their conjugates, where A%¢ are smooth
ol = A8l =0, and Bf, BE, B,
are components of K1r1chenk0 s fourth structure tensor
E (see [16]) and their covariant derivatives respectively.
Theorem 10. [2] The components of RC-tensor of CNK-
manifolds are given by:

functions satisfy A,

L. Rapca = 24A5ca;
2.Rapeq = ARE — 2BSB2 — BBy + BBy, %,
3.Rapeo = _Cl()lc - B[ZBC];I,I;

4.Raopo = Bthha;

5.Rapea = 2(Bqe) + B[ch])

6.Rapc0 = 2BL°B"E,

and the other components are vanish or given by

Lemma2, or their conjugates, where A%%, A%, are
suitable smooth functions, B,*, Cj. are the components
of Kirichenko’s fourth structure tensor E and their
covariant derivatives respectively, and B%2, B¢, B2,
are the components of Kirichenko’s first structure tensor
B and their covariant derivatives respectively.
Theorem 11. [15] The components of RC-tensor of
nearly Kenmotsu manifolds are given by:

2 1 1
1. Rapea = —551?ch + §5caFab +§53Fbci

2. Rapea = A3E — C*Crpe — lFadec — 8885
3. Rapeqg = 2™ Cpeq + FPFq — 26(80);
4

L — Cacdb (Fachd + Fachb

Rdbcd -
FadeC)-
5. RdOOb = FaCFCb + 6;)1,

and the other components are vanish or given by
Lemma 2, or their conjugates, where A%¢ are suitable
smooth functions, F*, F,, are the components of
Kirichenko’s fifth structure tensor F, and C%¢, C,.,
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C%¢d are the components of Kirichenko’s second
structure tensor C and their covariant derivatives
respectively.

Theorem 12. [7] The components of RC-tensor of nearly
cosymplectic manifolds are given by:

1. Rapea = _ZBab[cd];

2. Rapea = _ZBathhcd;

3. Raopo = C*Ce;

4. Rapeq = Agg - Bathhbc - gcadcbc’

and the other components are vanish or given by
Lemma 2, or their conjugates, where A%¢ are suitable
smooth functions, €%?, C,, are the components of
Kirichenko’s third structure tensor D, and B%’¢, B,,.,
Bapcq are the components of Kirichenko’s second
structure tensor C and their covariant derivatives
respectively.

Conclusions

This paper collected the theories that determined
the components of RC-tensors for 12 different classes of
ACM-manifolds. So, the readers can be recognized the
difference among these classes from the theorems in this
paper. Then we concluded that the RC-tensor distinct
according to its class.
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