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Abstract:The purpose of this paper is to introduce and study a new sequence of 

linear positive operators ℬ̅𝑛,𝑟  which represent a generalization of Bernstein – type 

operators to approximate a function belong to the space 𝐶[0,1]. Our goal is to study 

approximation properties of this sequence and study the uniformly convergence of it 

on some continous functions on a compact set [0,1] . We find a rate of this 

covnvergence using a modulus of continuity. Finaly we establish a formula of a 

Voronoviskaja- type asymptotic formula on ℬ̅𝑛,𝑟 .  

MSC: Primary41A25; 41A35; 41A36. 

Key words: Bernstein operators, Korovkin theorem, Modified Bernstein basis polynomial,  Linear 

positive operators, 𝑝-th order moment, Modulus of continuity, Voronovikaja theorem.  

1. INTRODUCTION 

 In 1885[14], Weierstrassintroduced his famous theorem ( the fandemantal 

theorem in approximation ). There are some proofs of it one of them which simple 

and important is Bernstein proof, in 1912 [2] the Russian mathematician S. N. 

Bernstein gave his proof on a compact set when he defined a sequence of polynomials 

that approximate all the function 𝑓 ∈ 𝐶[0,1]. The standard Bernstein operators are 

defined as follow [1],[5]:  

ℬ𝑛: 𝐶[0,1] → 𝐶[0,1], 

ℬ𝑛(𝑓(𝑥); 𝑥) = ∑ 𝔟𝑛,𝑘(𝑥) 𝑓(𝑥)

𝑛

𝑘=0

 

𝔟𝑛,𝑘(𝑥) = (
𝑛
𝑘

) 𝑥𝑘(1 − 𝑥)𝑛−𝑘 𝑓(𝑥) 
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where 𝑥 ∈ [0,1] and 𝑛 some integer. There are some known facts on this operators we 

need them in our work we review in the next lemmas and theorems: 

Lemma 1.1[4], [8],[6], [10]: Suppose𝑓 ∈ 𝐶[0,1]for every 𝑥 ∈ [0,1]; for Bernstein 

operators 

ℬ𝑛(𝑓(𝑥); 𝑥) = ∑ 𝔟𝑛,𝑘(𝑥) 𝑓(𝑥)

𝑛

𝑘=0

 

𝔟𝑛,𝑘(𝑥) = (
𝑛
𝑘

) 𝑥𝑘(1 − 𝑥)𝑛−𝑘 𝑓(𝑥) 

Then Korovkinʼs conditions and the𝑝-th order momentcan be obtained as bellow 

1- ℬ𝑛(1; 𝑥) = 1 

2- ℬ𝑛(𝑡; 𝑥) = 𝑥;  

3- ℬ𝑛(𝑡2; 𝑥) = (1 −
1

𝑛
) 𝑥2 +

𝑥

𝑛
 

4- ℬ𝑛(𝑡3; 𝑥) = (
𝑛2−3𝑛+2

𝑛2 ) 𝑥3 + (
𝑛+1

𝑛2 ) 𝑥2 +
𝑥

𝑛2 

5- 𝒯𝑛,0(𝑥) = 1, 𝒯𝑛,1(𝑥) = 0 

6- 𝑛𝒯𝑛,𝑝+1(𝑥) = 𝑥(1 − 𝑥)[𝒯′
𝑛,𝑝(𝑥) + 𝑝𝒯𝑛,𝑝−1(𝑥)], where 𝒯𝑛,𝑝(𝑥) ≡

ℬ𝑛((𝑡 − 𝑥)𝑝; 𝑥) represent the 𝑝-th order moment for the operators ℬ𝑛(𝑓; 𝑥). 

We interest always to discussing a Voronoviskaja theorem for approximation [12], 

so we must to offer the next lemma. 

Lemma 1.2:[12] Let  𝔟𝑛,𝑘(𝑥) =  (
𝑛
𝑘

) 𝑥𝑘(1 − 𝑥)𝑛−𝑘 , 𝑥 ∈ [0,1]  the weight of  

Bernstein Polynomials[2],then we have:  

for𝛿 > 0 and 𝑥 ∈ [0,1]. If |
𝑘

𝑛
− 𝑥| ≥ 𝛿then ∑ 𝔟𝑛,𝑘(𝑥)

|
𝑘

𝑛
−𝑥|≥𝛿

≤
1

4𝑛𝛿2.    

Voronoviskaja Theorem 1.1[12], [10]: Let   𝑓 ∈ 𝐶[0,1] and suppose that 𝑓′′(𝑥) 

exists and continuous at a point  𝑥 ∈ (0,1)  then lim𝑛→∞ 𝑛{ℬ𝑛(𝑓; 𝑥) − 𝑓(𝑥)} =
𝑥(1−𝑥)

2
𝑓′′(𝑥). 

 

2.   APPROXIMATION OF NEW GENERALIZATION OF BERNSTEIN 

POLYNOMIAL: MAIN RESULTS  

In the previous part of our work we discuss the operators;  

ℬ𝑛(𝑓(𝑡); 𝑥) = ∑ (
𝑛
𝑘

) 𝑥𝑘(1 − 𝑥)𝑛−𝑘

𝑛

𝑘=0
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In this paper, we introduce a new sequence of linear positive operators 

ℬ̅𝑛,𝑟(𝑓; 𝑥) of Bernstein – type operators to approximate a function 𝑓 belong to the 

space 𝐶[0,1], as follows for 𝑥 belong to a compact set [0,1] and 𝑟 ∈ ℕ0: = {0,1,2, … } 

ℬ̅𝑛,𝑟(𝑓; 𝑥) = (𝑛 + 1)𝑟 ∑ 𝛽𝑛,𝑘,𝑟(𝑥)𝑓(𝑡)𝑛+𝑟
𝑘=0  , 

where  𝛽𝑛,𝑘,𝑟(𝑥) =
(1−𝑥)𝑟

(𝑛−𝑘+1)𝑟
𝔟𝑛,𝑘(𝑥), 

𝔟𝑛,𝑘(𝑥) = (
𝑛
𝑘

) 𝑥𝑘(1 − 𝑥)𝑛−𝑘, 

and (𝑥)𝑟 = 𝑥(𝑥 + 1)(𝑥 + 2) … (𝑥 + 𝑟 − 1), 

clearly when 𝑟 = 0, then ℬ̅𝑛,𝑟(𝑓; 𝑥) = ℬ𝑛(𝑓; 𝑥). 

Definition 2.1[9](Modified Bernstein Basis Polynomial): 

The modified Bernstein basis polynomials of degree (𝑛 + 𝑟) on the interval [0,1] are 

defined by; 

ℬ̅𝑛,𝑟,𝑘(𝑓; 𝑥) ≡ ℬ̅𝑛+𝑟,𝑘(𝑓; 𝑥) 

Take (𝑛 + 𝑟) = 6, for example 

ℬ̅6,0(𝑓; 𝑥) = (1 − 𝑥)6 

ℬ̅6,1(𝑓; 𝑥) = 6𝑥(1 − 𝑥)5 

ℬ̅6,2(𝑓; 𝑥) = 15𝑥2(1 − 𝑥)4 

ℬ̅6,3(𝑓; 𝑥) = 40𝑥3(1 − 𝑥)3 

ℬ̅6,4(𝑓; 𝑥) = 15𝑥4(1 − 𝑥)2 

ℬ̅6,5(𝑓; 𝑥) = 6𝑥5(1 − 𝑥) 

ℬ̅6,6(𝑓; 𝑥) = 𝑥6 

In the next lemma we study Korovkinʼs conditions for the operators 

ℬ̅𝑛,𝑟(𝑓; 𝑥);  

Lemma2.1: 

For the operators ℬ̅𝑛,𝑟(𝑓; 𝑥), we have; 

1) ℬ̅𝑛,𝑟(1; 𝑥) = 1. 

2) ℬ̅𝑛,𝑟(𝑡; 𝑥) = 𝑥. 

3) ℬ̅𝑛,𝑟(𝑡2; 𝑥) = 𝑥2 {1 −
1

(𝑛+𝑟)
} + 𝑥

1

(𝑛+𝑟)
. 
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4) ℬ̅𝑛,𝑟(𝑡3; 𝑥) = 𝑥3 {
(𝑛+𝑟)2−3(𝑛+𝑟)+2

(𝑛+𝑟)2 } + 3𝑥2 {
(𝑛+𝑟)−1

(𝑛+𝑟)2 } +
𝑥

(𝑛+𝑟)2. 

Proof: 

1) ℬ̅𝑛,𝑟(1; 𝑥) = (𝑛 + 1)𝑟 ∑ 𝛽𝑛,𝑘,𝑟(𝑥)𝑛+𝑟
𝑘=0  

= (𝑛 + 1)𝑟 ∑
(1 − 𝑥)𝑟

(𝑛 − 𝑘 + 1)𝑟

𝑛+𝑟

𝑘=0

(
𝑛
𝑘

) 𝑥𝑘(1 − 𝑥)𝑛−𝑘 

= ∑
(𝑛 + 1) … (𝑛 + 𝑟)

(𝑛 − 𝑘 + 1) … (𝑛 − 𝑘 + 𝑟)

𝑛+𝑟

𝑘=0

𝑛!

𝑘! (𝑛 − 𝑘)!
𝑥𝑘(1 − 𝑥)𝑛+𝑟−𝑘 

= ∑
(𝑛 + 𝑟)!

𝑘! (𝑛 − 𝑘 + 𝑟)!

𝑛+𝑟

𝑘=0

𝑥𝑘(1 − 𝑥)𝑛+𝑟−𝑘 

= ∑ (
𝑛 + 𝑟

𝑘
)

𝑛+𝑟

𝑘=0

𝑥𝑘(1 − 𝑥)𝑛+𝑟−𝑘 = 1 

2) ℬ̅𝑛,𝑟(𝑡; 𝑥) = (𝑛 + 1)𝑟 ∑ 𝛽𝑛,𝑘,𝑟(𝑥)𝑛+𝑟
𝑘=0 𝑡 

= (𝑛 + 1)𝑟 ∑
(1 − 𝑥)𝑟

(𝑛 − 𝑘 + 1)𝑟

𝑛+𝑟

𝑘=0

(
𝑛
𝑘

) 𝑥𝑘(1 − 𝑥)𝑛−𝑘
𝑘

𝑛 + 𝑟
 

= ∑
(𝑛 + 𝑟)!

(𝑛 + 𝑟)(𝑘 − 1)! (𝑛 − 𝑘 + 𝑟)!

𝑛+𝑟

𝑘=1

𝑥𝑘(1 − 𝑥)𝑛+𝑟−𝑘 

= 𝑥 ∑
(𝑛 + 𝑟 − 1)!

𝑘! (𝑛 + 𝑟 − 𝑘 − 1)!

𝑛+𝑟−1

𝑘=0

𝑥𝑘(1 − 𝑥)𝑛+𝑟−𝑘−1 

ℬ̅𝑛,𝑟(𝑡; 𝑥) = 𝑥 ∑ (
𝑛 + 𝑟 − 1

𝑘
)

𝑛+𝑟−1

𝑘=0

𝑥𝑘(1 − 𝑥)𝑛+𝑟−𝑘−1 = 𝑥 

3) ℬ̅𝑛,𝑟(𝑡2; 𝑥) = (𝑛 + 1)𝑟 ∑ 𝛽𝑛,𝑘,𝑟(𝑥)𝑛+𝑟
𝑘=0 𝑡2 

= (𝑛 + 1)𝑟 ∑
(1 − 𝑥)𝑟

(𝑛 − 𝑘 + 1)𝑟

𝑛+𝑟

𝑘=0

(
𝑛
𝑘

) 𝑥𝑘(1 − 𝑥)𝑛−𝑘 (
𝑘

𝑛 + 𝑟
)

2

 

=
1

(𝑛 + 𝑟)
∑

(𝑛 + 𝑟 − 1)!

(𝑘 − 1)! (𝑛 + 𝑟 − 𝑘)!

𝑛+𝑟

𝑘=1

𝑥𝑘(1 − 𝑥)𝑛+𝑟−𝑘𝑘 
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=
𝑥

(𝑛 + 𝑟)
∑

(𝑛 + 𝑟 − 1)!

𝑘! (𝑛 + 𝑟 − 1 − 𝑘)!

𝑛+𝑟−1

𝑘=0

𝑥𝑘(1 − 𝑥)𝑛+𝑟−1−𝑘(𝑘 + 1) 

=
𝑥

(𝑛 + 𝑟)
∑

(𝑛 + 𝑟 − 1)!

(𝑘 − 1)! (𝑛 + 𝑟 − 1 − 𝑘)!

𝑛+𝑟−1

𝑘=1

𝑥𝑘(1 − 𝑥)𝑛+𝑟−1−𝑘 

+
𝑥

(𝑛 + 𝑟)
∑ (

𝑛 + 𝑟 − 1
𝑘

)

𝑛+𝑟−1

𝑘=0

𝑥𝑘(1 − 𝑥)𝑛+𝑟−1−𝑘 

=
𝑥2(𝑛 + 𝑟 − 1)

(𝑛 + 𝑟)
∑

(𝑛 + 𝑟 − 2)!

(𝑘 − 1)! (𝑛 + 𝑟 − 2 − 𝑘)!

𝑛+𝑟−2

𝑘=0

𝑥𝑘(1 − 𝑥)𝑛+𝑟−2−𝑘 +
𝑥

(𝑛 + 𝑟)
 

ℬ̅𝑛,𝑟(𝑡2; 𝑥) = 𝑥2 {1 −
1

(𝑛 + 𝑟)
} + 𝑥

1

(𝑛 + 𝑟)
 

4) ℬ̅𝑛,𝑟(𝑡3; 𝑥) = (𝑛 + 1)𝑟 ∑ 𝛽𝑛,𝑘,𝑟(𝑥)𝑛+𝑟
𝑘=0 𝑡3 

= (𝑛 + 1)𝑟 ∑
(1 − 𝑥)𝑟

(𝑛 − 𝑘 + 1)𝑟

𝑛+𝑟

𝑘=0

(
𝑛
𝑘

) 𝑥𝑘(1 − 𝑥)𝑛−𝑘 (
𝑘

𝑛 + 𝑟
)

3

 

=
1

(𝑛 + 𝑟)3
∑

(𝑛 + 𝑟)!

(𝑛 + 𝑟 − 𝑘)! (𝑘 − 1)!

𝑛+𝑟

𝑘=1

𝑥𝑘(1 − 𝑥)𝑛+𝑟−𝑘−1𝑘2 

=
𝑥

(𝑛 + 𝑟)2
∑

(𝑛 + 𝑟 − 1)!

(𝑛 + 𝑟 − 𝑘 − 1)!  𝑘!

𝑛+𝑟−1

𝑘=0

𝑥𝑘(1 − 𝑥)𝑛+𝑟−𝑘−1(𝑘 + 1)2 

=
𝑥

(𝑛 + 𝑟)2
∑ (

𝑛 + 𝑟 − 1
𝑘

)

𝑛+𝑟−1

𝑘=1

𝑥𝑘(1 − 𝑥)𝑛+𝑟−1−𝑘𝑘2 

+
2𝑥

(𝑛 + 𝑟)2
∑ (

𝑛 + 𝑟 − 1
𝑘

)

𝑛+𝑟−1

𝑘=1

𝑥𝑘(1 − 𝑥)𝑛+𝑟−1−𝑘 𝑘 

+
𝑥

(𝑛 + 𝑟)2
∑ (

𝑛 + 𝑟 − 1
𝑘

)

𝑛+𝑟−1

𝑘=0

𝑥𝑘(1 − 𝑥)𝑛+𝑟−1−𝑘 

=
𝑥(𝑛 + 𝑟 − 1)

(𝑛 + 𝑟)2
∑

(𝑛 + 𝑟 − 2)!

𝑘! (𝑛 + 𝑟 − 2 − 𝑘)!

𝑛+𝑟−2

𝑘=0

𝑥𝑘+1(1 − 𝑥)𝑛+𝑟−2−𝑘 (𝑘 + 1) 

+
2𝑥(𝑛 + 𝑟 − 1)

(𝑛 + 𝑟)2
∑

(𝑛 + 𝑟 − 2)!

𝑘! (𝑛 + 𝑟 − 2 − 𝑘)!

𝑛+𝑟−2

𝑘=0

𝑥𝑘+1(1 − 𝑥)𝑛+𝑟−2−𝑘 +
𝑥

(𝑛 + 𝑟)2
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ℬ̅𝑛,𝑟(𝑡3; 𝑥) =
𝑥2(𝑛 + 𝑟 − 1)

(𝑛 + 𝑟)2
∑ (

𝑛 + 𝑟 − 2
𝑘

)

𝑛+𝑟−2

𝑘=1

𝑥𝑘(1 − 𝑥)𝑛+𝑟−2−𝑘 𝑘

+ 
𝑥2 (𝑛 + 𝑟 − 1)

(𝑛 + 𝑟)2
∑ (

𝑛 + 𝑟 − 2
𝑘

)

𝑛+𝑟−2

𝑘=0

𝑥𝑘(1 − 𝑥)𝑛+𝑟−2−𝑘

+ 
2𝑥2 (𝑛 + 𝑟 − 1)

(𝑛 + 𝑟)2
∑ (

𝑛 + 𝑟 − 2
𝑘

)

𝑛+𝑟−2

𝑘=0

𝑥𝑘(1 − 𝑥)𝑛+𝑟−2−𝑘 +
𝑥

(𝑛 + 𝑟)2
 

=
𝑥2(𝑛 + 𝑟 − 1)(𝑛 + 𝑟 − 2)

(𝑛 + 𝑟)2
∑

(𝑛 + 𝑟 − 3)!

𝑘! (𝑛 + 𝑟 − 3 − 𝑘)!

𝑛+𝑟−3

𝑘=0

𝑥𝑘(1 − 𝑥)𝑛+𝑟−3−𝑘  

+
3𝑥2(𝑛 + 𝑟 − 1)

(𝑛 + 𝑟)2
+

𝑥

(𝑛 + 𝑟)2
 

=
𝑥3(𝑛 + 𝑟 − 1)(𝑛 + 𝑟 − 2)

(𝑛 + 𝑟)2
+

3𝑥2(𝑛 + 𝑟 − 1)

(𝑛 + 𝑟)2
+

𝑥

(𝑛 + 𝑟)2 
 

= 𝑥3 {
(𝑛 + 𝑟)2 − 3(𝑛 + 𝑟) + 2

(𝑛 + 𝑟)2
} + 3𝑥2 {

(𝑛 + 𝑟) − 1

(𝑛 + 𝑟)2
} +

𝑥

(𝑛 + 𝑟)2
.                    ∎ 

Theorem:[3] 2.1: For 𝑓 ∈ 𝐶[0,1] then the sequence of modified Bernstein operators 

ℬ̅𝑛,𝑟 converge uniformly to 𝑓 ∈ 𝐶[0,1]. 

 

Proof: 

 From Bohman-Korovkin theorem [8], [4] we can see that lim𝑛→∞‖ℬ̅𝑛,𝑟(𝑡𝑗 −

𝑥𝑗)‖ = 0, for𝑗 = 0,1,2.We can be obtain that by lemma (2.1).∎ 

The next Lemma2.2 explains some properties of the 𝑝 -th order moment �̅�𝑛,𝑟,𝑝(𝑥) 

to the operators ℬ̅𝑛,𝑟(𝑓(𝑡); 𝑥)where �̅�𝑛,𝑟,𝑝(𝑥) ≡ ℬ̅𝑛,𝑟((𝑡 − 𝑥)𝑝; 𝑥).    

Lemma 2.2:Let 𝑟 ∈ ℝ+, then for all 𝑥 ∈ [0,1], we have 

1) �̅�𝑛,𝑟,0(𝑥) = 1, 

2) �̅�𝑛,𝑟,1(𝑥)=0, 

3) �̅�𝑛,𝑟,2(𝑥) =
𝑥(1−𝑥)

𝑛+𝑟
, 

4) �̅�𝑛,𝑟,3(𝑥) = 𝑥3 [
(𝑛+𝑟)−3(𝑛+𝑟)+2

(𝑛+𝑟)2 −
3(𝑛+𝑟)+1

(𝑛+𝑟)
+ 4] + 𝑥2 [

3(𝑛+𝑟)−1

(𝑛+𝑟)2 −
3

𝑛+𝑟
] +

𝑥

(𝑛+𝑟)2. 

also, (𝑛 + 𝑟)�̅�𝑛,𝑟,𝑝+1(𝑥) = 𝑥(1 − 𝑥)�̅�′
𝑛,𝑟,𝑝(𝑥) + 𝑝𝑥(1 − 𝑥)�̅�𝑛,𝑟,𝑝−1(𝑥) 

Proof: 

     1) �̅�𝑛,𝑟,0(𝑥) = ℬ̅𝑛,𝑟((𝑡 − 𝑥)0; 𝑥) = 1, 
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2) �̅�𝑛,𝑟,1(𝑥) = ℬ̅𝑛,𝑟((𝑡 − 𝑥)1; 𝑥) = ℬ̅𝑛,𝑟(𝑡; 𝑥) − 𝑥ℬ̅𝑛,𝑟(1; 𝑥) = 𝑥 − 𝑥 = 0. 

So we prove (1) and (2). By direct calculating we can prove the others, 

3) �̅�𝑛,𝑟,2(𝑥) = ℬ̅𝑛,𝑟((𝑡 − 𝑥)2; 𝑥) = ℬ̅𝑛,𝑟(𝑡2; 𝑥) − 2𝑥ℬ̅𝑛,𝑟(𝑡; 𝑥) + 𝑥2ℬ̅𝑛,𝑟(1; 𝑥) 

= 𝑥2
(𝑛 + 𝑟) − 1

(𝑛 + 𝑟)
+

𝑥

(𝑛 + 𝑟)
− 𝑥2 

�̅�𝑛,𝑟,2(𝑥) =
𝑥(1−𝑥)

𝑛+𝑟
, 

4) �̅�𝑛,𝑟,3(𝑥) = ℬ̅𝑛,𝑟((𝑡 − 𝑥)3; 𝑥) =

ℬ̅𝑛,𝑟(𝑡3; 𝑥) − 3𝑥ℬ̅𝑛,𝑟(𝑡2; 𝑥) + 3𝑥2ℬ̅𝑛,𝑟(𝑡; 𝑥) + 𝑥3ℬ̅𝑛,𝑟(1; 𝑥) 

= 𝑥3 [
(𝑛 + 𝑟)2 − 3(𝑛 + 𝑟) + 2

(𝑛 + 𝑟)2
] + 3𝑥2 [

(𝑛 + 𝑟) − 1

(𝑛 + 𝑟)2
] +

𝑥

(𝑛 + 𝑟)2

− 3𝑥 [𝑥2 (
(𝑛 + 𝑟) − 1

𝑛 + 𝑟
) +

𝑥

𝑛 + 𝑟
] + 3𝑥2𝑥 + 𝑥3 

�̅�𝑛,𝑟,3(𝑥) = 𝑥3 [
(𝑛 + 𝑟) − 3(𝑛 + 𝑟) + 2

(𝑛 + 𝑟)2
−

3((𝑛 + 𝑟) + 1)

(𝑛 + 𝑟)
+ 4]

+ 𝑥2 [
3(𝑛 + 𝑟) − 1

(𝑛 + 𝑟)2
−

3

𝑛 + 𝑟
] +

𝑥

(𝑛 + 𝑟)2
. 

It remain to prove the repetitive formula 

�̅�𝑛,𝑟,𝑝(𝑥) = ℬ̅𝑛,𝑟((𝑡 − 𝑥)𝑝; 𝑥) 

�̅�𝑛,𝑟,𝑝(𝑥) = (𝑛 + 1)𝑟 ∑ 𝛽𝑛,𝑘,𝑟(𝑥)

𝑛+𝑟

𝑘=0

(𝑡 − 𝑥)𝑝 

�̅�′
𝑛,𝑟,𝑝(𝑥) = −(𝑛 + 1)𝑟 𝑝 ∑ 𝛽𝑛,𝑘,𝑟(𝑥)

𝑛+𝑟

𝑘=0

(
𝑘

𝑛 + 𝑟
− 𝑥)𝑝−1

+ (𝑛 + 1)𝑟 ∑ 𝛽′
𝑛,𝑘,𝑟

(𝑥)

𝑛+𝑟

𝑘=0

(
𝑘

𝑛 + 𝑟
− 𝑥)𝑝 

Since 𝛽𝑛,𝑘,𝑟(𝑥) =
(1−𝑥)𝑟

(𝑛−𝑘+1)𝑟
(

𝑛
𝑘

) 𝑥𝑘(1 − 𝑥)𝑛−𝑘 = (
𝑛
𝑘

)
1

(𝑛−𝑘+1)𝑟
𝑥𝑘(1 − 𝑥)𝑛+𝑟−𝑘 
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𝛽′
𝑛,𝑘,𝑟

(𝑥) = (
𝑛
𝑘

)
1

(𝑛 − 𝑘 + 1)𝑟

{(𝑛 + 𝑟 − 𝑘)𝑥𝑘(1 − 𝑥)𝑛+𝑟−𝑘−1

+ 𝑘𝑥𝑘−1(1 − 𝑥)𝑛+𝑟−𝑘}

=
−(𝑛 + 𝑟 − 𝑘)

1 − 𝑥
(

𝑛
𝑘

)
1

(𝑛 − 𝑘 + 1)𝑟
𝑥𝑘(1 − 𝑥)𝑛+𝑟−𝑘

+
𝑘

𝑥
(

𝑛
𝑘

)
1

(𝑛 − 𝑘 + 1)𝑟
𝑥𝑘(1 − 𝑥)𝑛+𝑟−𝑘 

𝛽′
𝑛,𝑘,𝑟

(𝑥) = −
(𝑛 + 𝑟 − 𝑘)

1 − 𝑥
𝛽𝑛,𝑘,𝑟(𝑥) +

𝑘

𝑥
𝛽𝑛,𝑘,𝑟(𝑥) = 𝛽𝑛,𝑘,𝑟(𝑥) [

𝑘

𝑥
−

(𝑛 + 𝑟 − 𝑘)

1 − 𝑥
] 

𝛽′
𝑛,𝑘,𝑟

(𝑥) = 𝛽𝑛,𝑘,𝑟(𝑥) (
𝑘 − 𝑘𝑥 − (𝑛 + 𝑟)𝑥 + 𝑘𝑥

𝑥(1 − 𝑥)
) 

𝑥(1 − 𝑥)𝛽′
𝑛,𝑘,𝑟

(𝑥) = [𝑘 − (𝑛 + 𝑟)𝑥]𝛽𝑛,𝑘,𝑟(𝑥) 

𝑥(1 − 𝑥)�̅�′
𝑛,𝑟,𝑝(𝑥)

= −𝑥(1 − 𝑥)(𝑛 + 1)𝑟𝑝 ∑ 𝛽𝑛,𝑘,𝑟(𝑥) (
𝑘

𝑛 + 𝑟
− 𝑥)

𝑝−1𝑛+𝑟

𝑘=0

+ (𝑛 + 1)𝑟 ∑ 𝛽𝑛,𝑘,𝑟(𝑥)

𝑛+𝑟

𝑘=0

(𝑘 − (𝑛 + 𝑟)𝑥)) (
𝑘

𝑛 + 𝑟
− 𝑥)

𝑝

 

𝑥(1 − 𝑥)�̅�′
𝑛,𝑟,𝑝(𝑥) = −𝑥(1 − 𝑥)𝑝�̅�𝑛,𝑟,𝑝−1(𝑥) + (𝑛 + 𝑟)�̅�𝑛,𝑟,𝑝+1(𝑥) 

(𝑛 + 𝑟)�̅�𝑛,𝑟,𝑝+1(𝑥) = 𝑥(1 − 𝑥)�̅�′
𝑛,𝑟,𝑝(𝑥) + 𝑝𝑥(1 − 𝑥)�̅�𝑛,𝑟,𝑝−1(𝑥).  ∎ 

Definition[3], [11], [13]2.2(modulus of continuity): 

For 𝛿 > 0and 𝑓 ∈ 𝐶[0,1], the modulus of continuity 𝜔(𝑓; 𝛿), of the function 𝑓 is 

defined by  

𝜔(𝑓; 𝛿) = 𝑆𝑢𝑝|𝑥−𝑦|≤𝛿|𝑓(𝑥) − 𝑓(𝑦)|, for every𝑥, 𝑦 ∈ [0,1].  

Theorem2.2[3]: Let𝑓 ∈ 𝐶[0,1], then |ℬ̅𝑛,𝑟(𝑓; 𝑥) − 𝑓(𝑥)| ≤ 2𝜔(𝑓; 𝛿), where 

𝛿 = √
𝑥(1−𝑥)

𝑛+𝑟
. 

Proof:  

By offered the following property of modulus of continuity 

|𝑓(𝑡) − 𝑓(𝑥)| ≤ 𝜔(𝑓; 𝛿) (
(𝑡−𝑥)2

𝛿2 + 1), 

We using the above property, we have    

|ℬ̅𝑛,𝑟(𝑓; 𝑥) − 𝑓(𝑥)| ≤ ℬ̅𝑛,𝑟(|𝑓(𝑡) − 𝑓(𝑥)|; 𝑥) ≤ 𝜔(𝑓; 𝛿) (
1

𝛿2
ℬ̅𝑛,𝑟((𝑡 − 𝑥)2; 𝑥) + 1), 
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= 𝜔(𝑓; 𝛿) (
1

𝛿2

𝑥(1 − 𝑥)

𝑛 + 𝑟
+ 1) 

Choose 𝛿 = √
𝑥(1−𝑥)

𝑛+𝑟
, 

|ℬ̅𝑛,𝑟(𝑓; 𝑥) − 𝑓(𝑥)| = 2𝜔(𝑓; 𝛿). 

So, the proof is completed.        ∎ 

Lemma2.3: 

Let𝛽𝑛,𝑘,𝑟(𝑥) =
(1−𝑥)𝑟

(𝑛−𝑘+1)𝑟
(

𝑛
𝑘

) 𝑥𝑘(1 − 𝑥)𝑛−𝑘, 𝑥 ∈ [0,1] be the weight of modified 

Bernstein Polynomials. Then we have for 𝛿 > 0 and 𝑥 ∈ [0,1]. If |
𝑘

𝑛+𝑟
− 𝑥| ≥ 𝛿, 

Then(𝑛 + 1)𝑟 ∑ 𝛽𝑛,𝑘,𝑟(𝑥) ≤
|

𝑘

𝑛+𝑟
−𝑥|≥𝛿

1

4(𝑛+𝑟)𝛿2. 

Proof: since |
𝑘

𝑛+𝑟
− 𝑥| ≥ 𝛿 

(
𝑘

𝑛 + 𝑟
− 𝑥)

2

≥ 𝛿2 ,  

(
𝑘

𝑛 + 𝑟
− 𝑥)

2

𝛿2
≥ 1 

Hence ∑ 𝛽𝑛,𝑘,𝑟(𝑥) ≤
|

𝑘

𝑛+𝑟
−𝑥|≥𝛿

1

𝛿2
∑ (

𝑘

𝑛+𝑟
− 𝑥)

2

𝛽𝑛,𝑘,𝑟(𝑥)
|

𝑘

𝑛+𝑟
−𝑥|≥𝛿

,  

(𝑛 + 1)𝑟 ∑ 𝛽𝑛,𝑘,𝑟(𝑥) ≤
|

𝑘
𝑛+𝑟

−𝑥|≥𝛿

1

𝛿2
(𝑛 + 1)𝑟 ∑ (

𝑘

𝑛 + 𝑟
− 𝑥)

2

𝛽𝑛,𝑘,𝑟(𝑥)

|
𝑘

𝑛+𝑟
−𝑥|≥𝛿

 

≤
1

𝛿2
�̅�𝑛,𝑠,2(𝑥) 

≤
1

𝛿2

𝑥(1 − 𝑥)

𝑛 + 𝑟
 

≤
1

4𝛿2(𝑛 + 𝑟)
 

Since the function 𝑥(1 − 𝑥) has a local maximum value at a point 𝑥 =
1

2
 then  

𝑥(1 − 𝑥) ≤
1

4
. Hence (𝑛 + 1)𝑟 ∑ 𝛽𝑛,𝑘,𝑟(𝑥) ≤

|
𝑘

𝑛+𝑟
−𝑥|≥𝛿

1

4(𝑛+𝑟)𝛿2.   ∎ 
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Theorem [7]2.3: For 𝑓 ∈ 𝐶[0,1], then 

lim𝑛→∞ ℬ̅𝑛,𝑟(𝑓; 𝑥) = 𝑓(𝑥), for every 𝑥 ∈ [0,1] 

Proof: 

By using Korovkinʹs conditions (lemma 2.1)we get; 

lim
𝑛→∞

𝑚𝑎𝑥𝑥∈[0,1]|ℬ̅𝑛,𝑟(𝑡2; 𝑥) − 𝑥2| = 

lim
𝑛→∞

𝑚𝑎𝑥𝑥∈[0,1] |
𝑥

𝑛 + 𝑟
−

𝑥2

𝑛 + 𝑟
| = 

lim
𝑛→∞

𝑚𝑎𝑥𝑥∈[0,1] |
𝑥(1 − 𝑥)

𝑛 + 𝑟
| = 

lim
𝑛→∞

1

4(𝑛+𝑟)
= 0; as sufficiently large n.  

lim𝑛→∞ 𝑚𝑎𝑥𝑥∈[0,1]|ℬ̅𝑛,𝑟(𝑡𝑗; 𝑥) − 𝑥𝑗| = 0, 𝑗 = 0,1,2.     

Can be obtained by lemma(2.1) above.           ■ 

 

Voronoviskaja Theorem 2.4:Suppose that 𝑓 ∈ 𝐶[0,1] and suppose that 𝑓′′(𝑥) exists 

and continuous at  a point  𝑥 ∈ (0,1) then, 

 lim𝑛→∞(𝑛 + 𝑟){ℬ̅𝑛,𝑟(𝑓; 𝑥) − 𝑓(𝑥)} =
𝑥(`1−𝑥)

2
𝑓′′(𝑥) 

Proof: By Taylor's expansion of 𝑓about 𝑥;  

𝑓(𝑡) = 𝑓(𝑥) + (𝑡 − 𝑥)𝑓′(𝑥) +
(𝑡−𝑥)2

2!
𝑓′′(𝑥) + (𝑡 − 𝑥)2휀(𝑡; 𝑥) , where 휀(𝑡; 𝑥) →

0 𝑎𝑠 𝑡 → 𝑥   

Put 𝑡 =
𝑘

𝑛+𝑟
, then  

𝑓 (
𝑘

𝑛+𝑟
) = 𝑓(𝑥) + (

𝑘

𝑛+𝑟
− 𝑥) 𝑓′(𝑥) +

1

2!
(

𝑘

𝑛+𝑟
− 𝑥)2𝑓′′(𝑥) + (

𝑘

𝑛+𝑟
− 𝑥)2휀(

𝑘

𝑛+𝑟
; 𝑥), 

where
𝑘

𝑛+𝑟
→ 𝑥 𝑎𝑠 𝑛 → ∞. 

Hence ℬ̅𝑛,𝑟(𝑓(𝑡); 𝑥) = ℬ̅𝑛,𝑟(𝑓(𝑥); 𝑥) + ℬ̅𝑛,𝑟 (𝑓′(𝑥) (
𝑘

𝑛+𝑟
− 𝑥) ; 𝑥) + ℬ̅𝑛,𝑟 (

1

2!
(

𝑘

𝑛+𝑟
−

𝑥)
2

𝑓′′(𝑥); 𝑥) + ℬ̅𝑛,𝑟 ((
𝑘

𝑛+𝑟
− 𝑥)

2

휀 (
𝑘

𝑛+𝑟
; 𝑥) ; 𝑥) 
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= 𝑓(𝑥) + 𝑓′(𝑥)𝒯𝑛,𝑠,1(𝑥) +
1

2
𝑓′′(𝑥)�̅�𝑛,𝑠,2(𝑥)

+ (𝑛 + 1)𝑟 ∑ (
𝑘

𝑛 + 𝑟
− 𝑥)

2

𝛽𝑛,𝑘,𝑟(𝑥)휀 (
𝑘

𝑛 + 𝑟
; 𝑥) .

𝑛+𝑟

𝑘=0

 

= 𝑓(𝑥) +
1

2
𝑓′′(𝑥) (

𝑥(1 − 𝑥)

𝑛 + 𝑟
) + (𝑛 + 1)𝑟 ∑ (

𝑘

𝑛 + 𝑟
− 𝑥)

2

𝛽𝑛,𝑘,𝑟(𝑥)휀 (
𝑘

𝑛 + 𝑟
; 𝑥)

𝑛+𝑟

𝑘=0

 

Since  휀 (
𝑘

𝑛+𝑟
; 𝑥) → 0   as 

𝑘

𝑛+𝑟
→ 𝑥 (from continuity), then given 휀 > 0 ,  there exist 

 𝛿 > 0  such that 

|
𝑘

𝑛+𝑟
− 𝑥| < 𝛿 ⟹ |휀(

𝑘

𝑛+𝑟
; 𝑥)| < 휀for |

𝑘

𝑛+𝑟
− 𝑥| ≥ 𝛿, ∃ 𝑀 > 0, such that 

|휀(
𝑘

𝑛+𝑟
; 𝑥) (

𝑘

𝑛+𝑟
− 𝑥)

2

| ≤ 𝑀 ,  

Then (𝑛 + 1)𝑟 ∑ (
𝑘

𝑛+𝑟
− 𝑥)

2

|휀 (
𝑘

𝑛+𝑟
; 𝑥)| 𝛽𝑛,𝑘,𝑟(𝑥)𝑛+𝑟

𝑘=0  

≤ (𝑛 + 1)𝑟 휀 ∑ (
𝑘

𝑛 + 𝑟
− 𝑥)

2

|
𝑘

𝑛+𝑟
−𝑥|<𝛿

𝛽𝑛,𝑘,𝑟(𝑥) + (𝑛 + 1)𝑟𝑀 ∑ 𝛽𝑛,𝑘,𝑟(𝑥)

|
𝑘

𝑛+𝑟
−𝑥|≥𝛿

 

= 휀 �̅�𝑛,2(𝑥) +  
𝑀

4(𝑛+𝑟)𝛿2from lemma 2.3 

<  휀 
𝑥(1−𝑥)

𝑛+𝑟
+  

𝑀

4(𝑛+𝑟)𝛿2 from lemma 2.2 

<  휀 
1

4(𝑛 + 𝑟)
+  

𝑀

4(𝑛 + 𝑟)𝛿2
 

So, (𝑛 + 1)𝑟 ∑ (
𝑘

𝑛+𝑟
− 𝑥)

2

|휀 (
𝑘

𝑛+𝑟
; 𝑥)| 𝛽𝑛,𝑘,𝑟(𝑥) → 0 𝑛+𝑟

𝑘=0 as 𝑛 → ∞. 

Therefore  lim𝑛→∞(𝑛 + 𝑟){ℬ̅𝑛,𝑟(𝑓; 𝑥) − 𝑓(𝑥)} =
𝑥(`1−𝑥)

2
𝑓′′(𝑥).   ∎ 
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