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Abstract:The purpose of this paper is to introduce and study a new sequence of
linear positive operators B,, . which represent a generalization of Bernstein — type
operators to approximate a function belong to the space C[0,1]. Our goal is to study
approximation properties of this sequence and study the uniformly convergence of it
on some continous functions on a compact set [0,1]. We find a rate of this
covnvergence using a modulus of continuity. Finaly we establish a formula of a
Voronoviskaja- type asymptotic formula on B, ..
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1. INTRODUCTION

In 1885[14], Weierstrassintroduced his famous theorem ( the fandemantal
theorem in approximation ). There are some proofs of it one of them which simple
and important is Bernstein proof, in 1912 [2] the Russian mathematician S. N.
Bernstein gave his proof on a compact set when he defined a sequence of polynomials
that approximate all the function f € C[0,1]. The standard Bernstein operators are
defined as follow [1],[5]:

B,:C[0,1] = C[0,1],
Ba(f (i) = ) Br(6) f(3)
k=0

b)) = () 241 = )" f(x)
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where x € [0,1] and n some integer. There are some known facts on this operators we
need them in our work we review in the next lemmas and theorems:

Lemma 1.1[4], [8],[6], [10]: Supposef € C[0,1]for every x € [0,1]; for Bernstein
operators

Ba(f (1)) = ) b))
k=0

n —
b () = () (1 — )" £()

Then Korovkin’s conditions and thep-th order momentcan be obtained as bellow

1- B,(1x)=1

2- B,(t;x) =x;

2., — 1\ 2, %
3- Bn(t ,X) = (1 —;)x +;
2_

b B0 = ()0 ¢ ()

5 Tho(x) =1,7,,(x) =0

6- nTn,p+1(x) = x(l - x)[T,n,p(x) + an,p—l(x)]a where ﬂl,p(x) =

B, ((t — x)P; x) represent the p-th order moment for the operators B, (f; x).

We interest always to discussing a VVoronoviskaja theorem for approximation [12],
so we must to offer the next lemma.

Lemma 1.2:[12] Let by, (x) = (Z) x*(1 —x)" % x €[0,1] the weight of
Bernstein Polynomials[2],then we have:

1
4né?’

for6 > 0 and x € [0,1]. If |§— x| > Sthen Z\E-x\zs bpr(x) <

Voronoviskaja Theorem 1.1[12], [10]: Let f € €[0,1] and suppose that f''(x)
exists and continuous at a point x € (0,1) then lim,_ ., n{B,(f;x) — f(x)} =

1- n
2B ),

2. APPROXIMATION OF NEW GENERALIZATION OF BERNSTEIN
POLYNOMIAL: MAIN RESULTS
In the previous part of our work we discuss the operators;

n

B,(f(t);x) = Z (Z) xk(l _ x)n—k

k=0
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In this paper, we introduce a new sequence of linear positive operators
B, (f; x) of Bernstein — type operators to approximate a function f belong to the
space C[0,1], as follows for x belong to a compact set [0,1] and » € N°: = {0,1,2, ...}

Z_gn,r(f; x) = (Tl + 1)r 225 ﬁn,k,r(x)f(t) )

a-x"
(n—k+1)y B (%),

where B k- (x) =

be() = () (1 — )",

and (x), =x(x+ 1D +2)..(x+r—1),

clearly when r = 0, then B,, . (f; x) = B, (f; x).
Definition 2.1[9](Modified Bernstein Basis Polynomial):

The modified Bernstein basis polynomials of degree (n + r) on the interval [0,1] are
defined by;

B (f;%) = Bars (f5 %)
Take (n + ) = 6, for example
Boo(f;x) = (1-x)°
Be1(f3%) = 6x(1 —x)°
B2 (f;x) = 15x%(1 — x)*
Bes(f;x) = 40x3(1 — x)3
Bos(f3 ) = 15x*(1 — )2
Bes(f;x) = 6x°(1 —x)
Bss(f3x) = x°

In the next lemma we study Korovkin’s conditions for the operators

§n,r(f; x);
Lemma2.1:
For the operators B,, (f; x), we have;

1) B,r(L;x)=1.
2) B (tx) =x.
3) B,.(t%x) = x? {1 -

1 1
(n+r)} tX (n+r)’

3
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_ . )
8) B (%) = 23 [ SCUDIEY | 3y (OHD Y X

(n+1)? m+r)2 J T (e’
Proof:
1) B (%) = (n+ 1)y XREG Brjer ()
ntr .,
= (n+ 1»2( - ;i)l)r (7)x @ —xm*
- n+1).(n+r) n!

- —~ m—k+1).n—k+r)k!(n— k)!x"(l — x)Hrk

=l ko Ao
=0
n+r
= Z (Tl ;: 1‘) xk(l _ x)n+r—k =1
k=0

2) §n,r(t; x) = (Tl + 1)r n+r ﬁnkr(x) t

n+r

1-x)" m e
_("H)’Z( k+1)r () <= T
_ - (n+n)! e
_;(n+r)(k—1)!(n—k+r)!xk(1_x) *

n+r—1

n+r-—-1)! Tk

- k!(n+r—k—1)!xk(1_x) o
k=0

n+r—1 1
B (%) =x ntr- xk(1 —x)ntr k-1 =

5

3) ﬁn,r(tzix) =n+1), n+rﬂnkr(x) t?
~ n+r ( _x)r n . k 2
(n+1)TZ( —k+1), \k ) (1 =) k(n+r>

n+r

_ 1 (n+r—-1! o
_(n+r)kz=:1(k—1)!(n+r_k)!xk(1—x) kp
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-1
x % (n+r-—1)!

=(n-|-7') £ Kl(n+r—1-k)!

Xk(l _ x)n+r—1—k(k + 1)

n+r—1
X n+r-1)! 1
“n+n) kZl (k—l)!(n+r—1—k)!xk(1_x) o
n+r—1
n+r n+r—1—
(n+r) Z k(l *) o
2(n+r—1)n+r2 (n+r—2)! g x
(41 2 (k—l)!(n+r—2—k)!xk(1_x) 2k+(n+r)

B (tz'x)=x2{1— ! }+x !
e (n+r7) (n+71)

4) B (% 2) = (n+ 1)y XRL5 Brjer (0

n+r _ r 3
-0 G () )
1 - (n+nr)!

xk(l___x)n+r—k—1k2

:(n+r)3k=1(n+r—k)!(k—1)!

X "o (n+r—1)!

=(n+r)2 & n+r—k—-1!k!

xk(l___x)n+r—k—1(k +_1)2

n+r—1
X n+r—1 _1-
~ i+ )2 Z ( k )xk(l — )Tk
k=1
2 n+r—1
X _
* (n+r)? Z (n +I: 1) (L =0T k
k=1

n+r—1

+ (nf—r)z 2 (n + ; - 1) xk(1 — x)nHr=1-k

k=0

n+r-—2
B e ey et

(n+r)? I(n+r—2—-k)!

n+r-2 |
ZX(Tl +r— 1) (Tl +r— 2) k+1(1 _ x)n+r—2—k
(n+r1r)? i Kl(n+r—-2-k)!

(n+1r)?
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_ 3 xz(n +r—1) R n+r—2\ & n+r—2-k
B, (t3; %) == ( I )x (1-x) k
x2 n+r-1) & n+r—2\ n+r-2—k
W ( I )x (1—-x)
2x2 (n oy 1) n+r-—2 (n +r—- 2) xk(l _ x)n+r—2—k 4+
(n+r)? k (n+1)?

k=0

xz(n+r—1)(n+r—2) — (n+7r—23)! 3
— Z ki( k( _x) 3-k

(n+7)? n+r—3—k)!
3x2(n+r—1)
(n+r)? (n+r)2
_Xm+r-Dn+r-2) 3x*(n+r—1) x
(n+r)? (n+1)? + (n+1)?
3 n+7r)?-3n+7r)+2 n+r)—1 x
—x3{ (n+7)? }+3x2{ (n+1)2 }+(n+r)2' "

Theorem:[3] 2.1: For f € C[0,1] then the sequence of modified Bernstein operators
B,,» converge uniformly to f € C[0,1].

Proof:

From Bohman-Korovkin theorem [8], [4] we can see that lim,, e, || B, () —
x)|| = 0, forj = 0,1,2.We can be obtain that by lemma (2.1).m

The next Lemma2.2 explains some properties of the p -th order moment 7, . , ()
to the operators B,, - (f (t); x)where T, ., (x) = B, - ((t — x)?; x).

Lemma 2.2:Let r € R*, then for all x € [0,1], we have

1) Tnrolx) =1,
2) Tnr1(x)=0,
= (1-x)
3) Tn,r,z(x) = xn+:c )
— _ 3 [m+r)-3(n+r)+2 _ 3(n+r)+1 2 [3(n+r)-1 _ 3 x
4) Tn,r,S (x) =X [ (n+r)? (n+r) + 4] + [ (n+r)2 n+r] (n+1)?’

also, (n + r)Tn,r,p+1(x) =x(1- x)T,n,r,p(x) +px(1 - x)j_;l,r,p—l(x)
Proof:

1) Tn,r,o(x) = ﬁn,r((t - x)O;x) =1,
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2) g_;l,r,l(x) = z_gn,r((t - x)l; x) = ﬁn,r(t; x) - xﬁn,r(l;x) =x—x=0.
So we prove (1) and (2). By direct calculating we can prove the others,
3) Tn,r,z(x) = ﬁn,r((t - x)z; x) = fn,r(tz; X) - Zxﬁn,r(t; x) + ngn,r(l; x)

,(n+7r)—1 x

(n+r) +(n+r)_x2

x(1—x)

Tora(¥) ==——,

n+r

4) Tn,r,3(x) = @n,r((t - x)3;x) =
B, (%) — 3xB,, - (t%x) + 3x2B,, . (t; x) + x3B,, - (1;x)

m+r)?-3(n+r)+2 n+r)—1 x
(n+1r)? (n+1)2 (n+1)?

+7) -1
—3x [xz ((n r) ) + X
n+r n+r

(n+r)—3(n+r)+2_3((n+r)+1)+4]

+ 3x%x + x3

7_-1'1,r,3(x) = x3 [

(n+1)? (n+r)
,[3n+7)—1 3 X
x[ (n+r)? _n+r]+(n+r)2'

It remain to prove the repetitive formula

iz,r,p (x) = ﬁn,r((t - x)p; x)
n+r

Tn,r,p xX)=Mm+1), 2 Bn,k,r(x) (t —x)P
k=0
B n+r "
T,n,r,p(x) =—(+1),p Z .Bn,k,r(x) (TL—-I-T — x)p_l
k=0

n+r

k
F D, ) B () o 0P
k=0

: _ =" M\ ey _ oyn-k _ (T 1 k(1 _ +\nt+r—k
Smceﬁ”'k'r(x)_(n—k+1)r(k)x 1 =) _(k)(n—k+1)rx (1 =)
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1
ﬁ’n,k,r(X) = (Z) m{(n +7r— k)xk(l _ x)n+r—k—1
+ kxk—l(l x)n+r—k}

—(n+r—k) 1 ey
1—x ()(n—k+1)r x*(1 -2 )
km 1 n+r—
e, o
+ k k +r—k
Brer @ =~ L0 g0+ B () = B @ [ - ST

k—kx — k
B’ ir () = Brper (%) < X x((ln_+x7;)x + x)

x(L=x)B", () = [k = (n+1)x]By i (X)

x(l - X)T,n,r,p(x)

ORI N RO AL
k=0

n+r p

k
F D, D B0 (k= () (=)
k=0

x(l - x):]:’n,r,p(x) = _x(l - x)pg_;i,r,p—l(x) + (Tl + r)g_-'n,r,p+1(x)
(n+r)g;1rp+1(x) —x(l_x)T’nrp(x)‘l'px(l ) nr,p- 1(x) u
Definition[3], [11], [13]2.2(modulus of continuity):

For § > 0and f € C[0,1], the modulus of continuity w(f; &), of the function f is
defined by

w(f; 8) = Supjx—yi<slf (x) = F(¥), for everyx, y € [0,1].

Theorem2.2[3]: Letf € C[0,1], then |B,,,.(f;x) — f(x)| < 2w(f; ), where

x(1-x)
n+r

5 =

Proof:

By offered the following property of modulus of continuity

If() — f()] < w(f;8) ((t x)? )

We using the above property, we have

[Bur (1) = FCO| < By U7 = F ) < 0(158) (g B (6 =050 1),

8
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1 x(1-— x)
=000 (55 +)
Choose § = M,
n+r
|§n,r(f; x) _f(x)l = 2w(f; 90).
So, the proof is completed. [ ]

Lemma2.3:

LetBnir(x) = (TS;’Z)T (Z) x*(1 — x)"k,x € [0,1] be the weight of modified

Bernstein Polynomials. Then we have for § > 0 and x € [0,1]. If |£ — x| > 6,

Then(n + 1)r Z|L |>5.Bnkr( ) =

4(n+r)62

. k
Proof: since |— — x| >0
n+r

n+r

()
52 =

Hence X1 s Buir () <3531y (= %) Brser (),

n+r

(n+ 1), ZlL_x|26ﬁn,k,r<x) Lot Y (o x) futo

——x|26

Since the function x(1 — x) has a local maximum value at a point x = %then

>5.Bnkr( )—— n

1
x(1—x) <. Hence (n + 1), Z% At

_x|
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Theorem [7]2.3: For f € C[0,1], then
lim,,_,o B, - (f;x) = f(x), for every x € [0,1]
Proof:

By using Korovkin's conditions (lemma 2.1)we get;

lim maxyego17|Bn,r (% x) — x| =

n—-oo

x x?

lim max,eqo 1

n—-oo

n+r n+r

x(1—x)
n+r

lim max,e(o 1

n—oo

1113}0 provete 0; as sufficiently large n.
limy, 0o MaXyeqo 11| Bnr(t/; x) —x/| = 0,j = 0,1,2.

Can be obtained by lemma(2.1) above. [

Voronoviskaja Theorem 2.4:Suppose that f € C[0,1] and suppose that f"'(x) exists
and continuous at a point x € (0,1) then,

x(1-x)

limn—»oo(n + r){gn,r(f; x) — f(x)} = Tf”(x)
Proof: By Taylor's expansion of fabout x;

F© =FG) + - Df @)+ X700 + (- 0)2e(tix) . where e(tx) -

Oast - x

Putt = L, then
n+r

k
n+r

=020 + (= x)%e(— X),

n+r

FEE) =re+ (2o —x) £+

n+r

k
where— — x asn — oo,
n+r

Hence B, (£(0); 1) = By (F (030 + By (F100) (5 = 1) %) + By (3 (5 -
x)z " (x); x) + B, ((ﬁ - x)z € (ﬁ, x) ; x)

10
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1 —
=f) + fOT1(0) + S f7 ) Tns52(%)

n+r

A+ Dy 2 (nL-l-r - x>2 Brir(x)e (n fIc- r;x) '
k=0
0+ L) kS () e ()

Since ¢ (L;x) >0 as—— > x (from continuity), then given € > 0, there exist
n+r n+r
6 > 0 such that

%-x|<6 :>|g( x)|<efor|——x|>65|M>O such that
| (n+r %_X)Z sM,
Then (n + 1), ”*r(ﬁ—x)zl (n+r )lﬁnkr(x)

2

S@Dre Y () B GEDM Y B

K
|n+r_x|<6 n+r_x|26
=eT,(0) + )62from lemma 2.3
1- M
< g X0, from lemma 2.2
n+r 4(n+1r)é62

1 4 M
4n+r1r) 4(n+r1r)d?

< &

So, (n+ 1), "”(%—x)z |£(— x)|,8nkr(x)—>0asn—>oo

n+

x(1-x)

Therefore limy,o(n + 1){B,,(f;x) — f(0)} ==

[ (). m
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