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Abstract 

The aim of this paper is to establish a new family of Baskakov – type operators 

represented by summation type generalized Baskakov operators. Primarily, we study 

the convergence of this sequences of linear positive operators. Further we view some 

approximation properties which lead us to establish a Voronovskaja-type  asymptotic  

formula for this operators. Finally, we study the rate of convergence when we show 

this new family preserve properties of modulus of continuity on a continuous 

function. 
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1. Introduction  

In (1957), Baskakov [1] introduced a sequence of linear and positive operators 

{𝐿𝑛}. 𝐿𝑛: 𝐶(ℝ+) → 𝐶[0, 𝐴] for 𝑥 ∈ ℝ+ = [0,∞) defined by 

 𝐿𝑛(𝑓; 𝑥) = ∑ (−1)𝑘 𝜑𝑛
(𝑘)

(𝑥)

𝑘!
(𝑥)𝑘𝑓 (

𝑘

𝑛
)∞

𝑘=0 , for 𝑛 = 1,2, …                              (1) 

In the paper itself, Baskakov could define these operators as the following 

formula when he defined 𝜑𝑛
(𝑘)

(𝑥),   

mailto:han.mah2010@gmail.com
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𝐿𝑛(𝑓; 𝑥) =
1

(1+𝑥)𝑛
∑

𝑛(𝑛+1)…(𝑛+𝑘−1)

𝑘!
(

𝑥

1+𝑥
)

𝑘

𝑓 (
𝑘

𝑛
)∞

𝑘=0                                                   (2) 

Which leads us to the following formula  

𝐿𝑛(𝑓; 𝑥) = ∑ (
𝑛 + 𝑘 − 1

𝑘
) 𝑥𝑘(1 + 𝑥)−𝑛−𝑘𝑓 (

𝑘

𝑛
)∞

𝑘=0 .                                                  (3)  

           

2. Preliminaries 

In (2006), Vijay Gupta and others [2] defined the following summation - 

integral Baskakov operators for 𝑓 ∈ 𝐶𝛼(ℝ+), ℝ+ = [0,∞).  

𝑉𝑛(𝑓; 𝑥) = (𝑛 − 1) ∑ 𝜈𝑛,𝑘(𝑥) ∫ 𝜈𝑛,𝑘(𝑡) 𝑓(𝑡)𝑑𝑡
∞

0
∞
𝑘=0                                        (4) 

Where 𝜈𝑛,𝑘(𝑥) = ∑ (
𝑛 + 𝑘 − 1

𝑘
) 𝑥𝑘(1 + 𝑥)−𝑛−𝑘∞

𝑘=0 .                                                 (5)  

In this paper, we defined a new family of Baskakov - type operators when we 

benefited by the formulas which used by Z. Walczak [3], [4] and [5] also Ali J. and 

Haneen J. used these formulas in [6],[7] and othors as following: 

For 𝛼 > 0 , 𝐶𝜌[0, ∞) = {𝑓 ∈ 𝐶[0, ∞);  𝑓 is real- valued function and 𝑆𝜌(𝑥) is 

continuous and bounded on [0, ∞)},  

where 𝑆𝜌(𝑥) = {
1                                   𝑖𝑓 𝜌 = 0

(1 + 𝑥𝑝)−1                𝑖𝑓 𝜌 ∈ 𝑁
                                                          (6) 

The norm on 𝐶𝜌 is defined by the formula  

‖𝑓(𝑥)‖𝜌 ≔ 𝑠𝑢𝑝𝒙∈[0,∞)𝑆𝜌(𝑥)|𝑓(𝑥)|.                                                                            (7) 

We define ℋ𝑛(𝑓(𝑡); 𝑥): =
1

𝑔(𝑥,𝑟)
∑ 𝓀𝑛,𝑘,𝑟(𝑥)∞

𝑘=0 ,                                                        (8) 

where, 𝓀𝑛,𝑘,𝑟(𝑥) = (
𝑛 + 𝑘 + 𝑟 − 1

𝑘 + 𝑟
) 𝑥𝑘+𝑟(1 + 𝑥)−𝑛−𝑘−𝑟,                                       (9) 

𝑔(𝑥, 𝑟) ≔ ∑ 𝓀𝑛,𝑘,𝑟(𝑥)∞
𝑘=0  , 0 < 𝑔(𝑥, 𝑟) < 1, 𝑥 ∈ [0, ∞).    

  

3. Auxiliary Results  

In this part, we shall give some properties of ℋ𝑛(. ; 𝑥) which we shall use them to 

proof main theorems and an approximation theorem which called Korovkin theorem 

[8].  



2nd International Scientific Conference of Al-Ayen University (ISCAU-2020)

IOP Conf. Series: Materials Science and Engineering 928 (2020) 042010

IOP Publishing

doi:10.1088/1757-899X/928/4/042010

3

Theorem (3.1) (Korovkin Theorem): 

Let 𝑒𝑖(𝑡): = 𝑡𝑖, 𝑖 = 0,1,2,3. Then the Baskakov operators satisfies 

1) ℋ𝑛(𝑒0; 𝑥) = 1,                                                                                                                 (10) 

2) ℋ𝑛(𝑒1; 𝑥) = 𝑥 +
(𝑛+𝑟−1)!𝑥𝑟(1+𝑥)−𝑛−𝑟+1

𝑛!(𝑟−1)!𝑔(𝑥,𝑟)
,                                                                         (11) 

3) ℋ𝑛(𝑒2; 𝑥) =

𝑥2 (1 +
1

𝑛
) +

𝑥

𝑛
{(𝑛 + 1)

(𝑛+𝑟−1)!𝑥𝑟(1+𝑥)−𝑛−𝑟+1

𝑛!(𝑟−1)!𝑔(𝑥,𝑟)
+ 1} +

(𝑛+𝑟−1)!𝑥𝑟(1+𝑥)−𝑛−𝑟+1

𝑛!𝑛(𝑟−1)!𝑔(𝑥,𝑟)
,           (12) 

ℋ𝑛(𝑒3; 𝑥) =

𝑥3(𝑛+1)(𝑛+2)

𝑛2 +
3𝑥2(𝑛+1)

𝑛2 +
𝑥

𝑛2 +
𝑟(1+𝑥)𝓀𝑛,𝑟(𝑥)

𝑛𝑔(𝑥,𝑟)
[

𝑥(2𝑛+1)+𝑥(𝑛+2)[𝑥(𝑛+1)+𝑟]+𝑟2

𝑛2 ].              (13) 

Proof: 

1) ℋ𝑛(𝑒0; 𝑥) =
1

𝑔(𝑥,𝑟)
∑ 𝓀𝑛,𝑘,𝑟(𝑥)∞

𝑘=0  

=
1

𝑔(𝑥,𝑟)
∑ (

𝑛 + 𝑘 + 𝑟 − 1

𝑘 + 𝑟
) 𝑥𝑘+𝑟(1 + 𝑥)−𝑛−𝑘−𝑟∞

𝑘=0 =1 

2) ℋ𝑛(𝑒1; 𝑥) =
1

𝑔(𝑥,𝑟)
∑ 𝓀𝑛,𝑘,𝑟(𝑥) (

𝑘+𝑟

𝑛
)∞

𝑘=0  

=
1

𝑛𝑔(𝑥, 𝑟)
∑ (

𝑛 + 𝑘 + 𝑟 − 1

𝑘 + 𝑟
) 𝑥𝑘+𝑟(1 + 𝑥)−𝑛−𝑘−𝑟(𝑘 + 𝑟)

∞

𝑘=0

 

=
1

𝑛𝑔(𝑥, 𝑟)
∑

(𝑛 + 𝑘 + 𝑟 − 1)!

(𝑘 + 𝑟)! (𝑛 − 1)!
𝑥𝑘+𝑟(1 + 𝑥)𝑛−𝑘−𝑟(𝑘 + 𝑟)

∞

𝑘=0

 

=
1

𝑛𝑔(𝑥, 𝑟)

(𝑛 + 𝑟 − 1)!

(𝑟 − 1)! (𝑛 − 1)!
𝑥𝑟(1 + 𝑥)−𝑛−𝑟

+
1

𝑛𝑔(𝑥, 𝑟)
∑

(𝑛 + 𝑘 + 𝑟 − 1)!

(𝑘 + 𝑟 − 1)! (𝑛 − 1)!
𝑥𝑘+𝑟(1 + 𝑥)−𝑛−𝑘−𝑟

∞

𝑘=1
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=
𝑟

𝑛𝑔(𝑥, 𝑟)
(

𝑛 + 𝑟 − 1

𝑟
) 𝑥𝑟(1 + 𝑥)−𝑛−𝑟

+
1

𝑛𝑔(𝑥, 𝑟)
∑

(𝑛 + 𝑘 + 𝑟)!

(𝑘 + 𝑟)! (𝑛 − 1)!
𝑥𝑘+𝑟+1(1 + 𝑥)−𝑛−𝑘−𝑟−1

∞

𝑘=0

 

: = 𝐼1 + 𝐼2. 

We obtain that 𝐼1 = 𝑟𝓀𝑛,𝑟(𝑥) 

𝐼2 =
1

𝑛𝑔(𝑥, 𝑟)

𝑥

1 + 𝑥
∑(𝑛 + 𝑘 + 𝑟) (

𝑛 + 𝑘 + 𝑟 − 1

𝑘 + 𝑟
) 𝑥𝑘+𝑟(1 + 𝑥)−𝑛−𝑘−𝑟

∞

𝑘=0

 

 =
1

𝑛𝑔(𝑥,𝑟)

𝑥

1+𝑥
× {𝑛 ∑ 𝓀𝑛,𝑘,𝑟(𝑥)∞

𝑘=0 + ∑ 𝓀𝑛,𝑘,𝑟(𝑥)(𝑘 + 𝑟)∞
𝑘=0 } 

 =
1

𝑛𝑔(𝑥,𝑟)

𝑥

1+𝑥
× {𝑛𝑔(𝑥, 𝑟) + ∑ 𝓀𝑛,𝑘,𝑟(𝑥)(𝑘 + 𝑟)∞

𝑘=0 } 

=
𝑥

1 + 𝑥
+

𝑥

(1 + 𝑥)

1

𝑔(𝑥, 𝑟)
∑ 𝓀𝑛,𝑘,𝑟(𝑥)(

𝑘 + 𝑟

𝑛
)

∞

𝑘=0

 

    That means =
𝑥

1+𝑥
× {1 + 𝐾} where 𝐾 =

1

𝑔(𝑥,𝑟)
∑ 𝓀𝑛,𝑘,𝑟(𝑥)(

𝑘+𝑟

𝑛
)∞

𝑘=0  

Hence,  
1

1+𝑥
𝐾 =

𝑟𝓀𝑛,𝑟(𝑥)

𝑛𝑔(𝑥,𝑟)
+

𝑥

1+𝑥
; 

Therefore, 𝐾 = 𝑥 +
𝑟(1+𝑥)𝓀𝑛,𝑟(𝑥)

𝑛𝑔(𝑥,𝑟)
. 

 3) ℋ𝑛(𝑒2; 𝑥) =
1

𝑔(𝑥,𝑟)
∑ 𝓀𝑛,𝑘,𝑟(𝑥) (

𝑘+𝑟

𝑛
)

2
∞
𝑘=0  

=
1

𝑛2𝑔(𝑥, 𝑟)
∑ (

𝑛 + 𝑘 + 𝑟 − 1

𝑘 + 𝑟
) 𝑥𝑘+𝑟(1 + 𝑥)−𝑛−𝑘−𝑟(𝑘 + 𝑟)2

∞

𝑘=0
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=
1

𝑛2𝑔(𝑥, 𝑟)
∑

(𝑛 + 𝑘 + 𝑟 − 1)!

(𝑘 + 𝑟 − 1)! (𝑛 − 1)!
𝑥𝑘+𝑟(1 + 𝑥)−𝑛−𝑘−𝑟(𝑘 + 𝑟)

∞

𝑘=0

 

=
1

𝑛2𝑔(𝑥, 𝑟)

(𝑛 + 𝑟 − 1)!

(𝑟 − 1)! (𝑛 − 1)!
𝑥𝑟(1 + 𝑥)−𝑛−𝑟𝑟

+
1

𝑛2𝑔(𝑥, 𝑟)
∑

(𝑛 + 𝑘 + 𝑟 − 1)!

(𝑘 + 𝑟 − 1)! (𝑛 − 1)!
𝑥𝑘+𝑟(1 + 𝑥)−𝑛−𝑘−𝑟(𝑘 + 𝑟)

∞

𝑘=1

 

=
𝑟2𝓀𝑛,𝑟(𝑥)

𝑛2𝑔(𝑥, 𝑟)
+

1

𝑛2𝑔(𝑥, 𝑟)
∑

(𝑛 + 𝑘 + 𝑟)!

(𝑘 + 𝑟)! (𝑛 − 1)!
𝑥𝑘+𝑟+1(1 + 𝑥)−𝑛−𝑘−𝑟−1(𝑘 + 𝑟 + 1)

∞

𝑘=0

 

  ≔ 𝐼3 + 𝐼4 , where 𝐼3 =
𝑟2𝓀𝑛,𝑟(𝑥)

𝑛2𝑔(𝑥,𝑟)
 and 

𝐼4 =
1

𝑛2𝑔(𝑥, 𝑟)

𝑥

1 + 𝑥
∑

(𝑛 + 𝑘 + 𝑟)(𝑛 + 𝑘 + 𝑟 − 1)!

(𝑘 + 𝑟)! (𝑛 − 1)!
𝑥𝑘+𝑟(1 + 𝑥)−𝑛−𝑘−𝑟(𝑘 + 𝑟

∞

𝑘=0

+ 1) 

=
1

𝑛2𝑔(𝑥, 𝑟)

𝑥

1 + 𝑥
∑(𝑛 + 𝑘 + 𝑟)(𝑘 + 𝑟 + 1) (

𝑛 + 𝑘 + 𝑟 − 1

𝑘 + 𝑟
) 𝑥𝑘+𝑟(1 + 𝑥)−𝑛−𝑘−𝑟

∞

𝑘=0

 

    =
1

𝑛2𝑔(𝑥,𝑟)

𝑥

(1+𝑥)
∑ 𝓀𝑛,𝑘,𝑟(𝑥)∞

𝑘=0 {(𝑘 + 𝑟)(𝑛 + 1) + 𝑛 + (𝑘 + 𝑟)2} 

=
1

𝑛2𝑔(𝑥, 𝑟)

𝑥

(1 + 𝑥)
(𝑛 + 1) ∑ 𝓀𝑛,𝑘,𝑟(𝑥)(𝑘 + 𝑟)

∞

𝑘=0

+
1

𝑛2𝑔(𝑥, 𝑟)

𝑥

(1 + 𝑥)
{𝑛 ∑ 𝓀𝑛,𝑘,𝑟(𝑥) + ∑ 𝓀𝑛,𝑘,𝑟(𝑥)

∞

𝑘=0

(𝑘 + 𝑟)2

∞

𝑘=0

} 

          𝐼4 =
𝑥

𝑛(1+𝑥)
(𝑛 + 1)𝐾 +

𝑥

𝑛(1+𝑥)
+

𝑥

(1+𝑥)
𝐿 

Where 𝐿 =
1

𝑔(𝑥,𝑟)
∑ 𝓀𝑛,𝑘,𝑟(𝑥)(

𝑘+𝑟

𝑛
)2∞

𝑘=0 ; 𝐾 =
1

𝑔(𝑥,𝑟)
∑ 𝓀𝑛,𝑘,𝑟(𝑥) (

𝑘+𝑟

𝑛
)∞

𝑘=0  
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Since 𝐿: = 𝐼3 + 𝐼4 

𝐿 =
𝑟2𝓀𝑛,𝑟(𝑥)

𝑛2𝑔(𝑥, 𝑟)
+

𝑥

𝑛(1 + 𝑥)
(𝑛 + 1)𝐾 +

𝑥

𝑛(1 + 𝑥)
+

𝑥

(1 + 𝑥)
𝐿 

𝐿 =
𝑟2(1 + 𝑥)𝓀𝑛,𝑟(𝑥)

𝑛2𝑔(𝑥, 𝑟)
+

𝑥(𝑛 + 1)

𝑛
{𝑥 +

𝑟(1 + 𝑥)𝓀𝑛,𝑟(𝑥)

𝑛𝑔(𝑥, 𝑟)
} +

𝑥

𝑛
 

𝐿 = 𝑥2 +
𝑥2

𝑛
+

𝑥

𝑛
+

𝑟(1+𝑥)𝓀𝑛,𝑟(𝑥)

𝑛2𝑔(𝑥,𝑟)
{𝑟 + 𝑥(𝑛 + 1)}. 

4- ℋ𝑛(𝑒3; 𝑥) =
1

𝑔(𝑥,𝑟)
∑ 𝓀𝑛,𝑘,𝑟(𝑥) (

𝑘+𝑟

𝑛
)

3
∞
𝑘=0  

=
1

𝑛3𝑔(𝑥, 𝑟)
∑ (

𝑛 + 𝑘 + 𝑟 − 1

𝑘 + 𝑟
) 𝑥𝑘+𝑟(1 + 𝑥)−𝑛−𝑘−𝑟(𝑘 + 𝑟)3

∞

𝑘=0

 

=
1

𝑛3𝑔(𝑥, 𝑟)
∑

(𝑛 + 𝑘 + 𝑟 − 1)!

(𝑘 + 𝑟 − 1)! (𝑛 − 1)!
𝑥𝑘+𝑟(1 + 𝑥)−𝑛−𝑘−𝑟(𝑘 + 𝑟)2

∞

𝑘=0

 

=
1

𝑛3𝑔(𝑥, 𝑟)

𝑟2(𝑛 + 𝑟 − 1)!

(𝑟 − 1)! (𝑛 − 1)!
𝑥𝑟(1 + 𝑥)−𝑛−𝑟

+
1

𝑛3𝑔(𝑥, 𝑟)
∑

(𝑛 + 𝑘 + 𝑟 − 1)!

(𝑘 + 𝑟 − 1)! (𝑛 − 1)!
𝑥𝑘+𝑟(1 + 𝑥)−𝑛−𝑘−𝑟(𝑘 + 𝑟)2

∞

𝑘=1

 

=
𝑟3𝓀𝑛,𝑟(𝑥)

𝑛3𝑔(𝑥, 𝑟)
+

1

𝑛3𝑔(𝑥, 𝑟)
∑

(𝑛 + 𝑘 + 𝑟)!

(𝑘 + 𝑟)! (𝑛 − 1)!
𝑥𝑘+𝑟+1(1 + 𝑥)−𝑛−𝑘−𝑟−1(𝑘 + 𝑟 + 1)2

∞

𝑘=0

 

≔ 𝐼5 + 𝐼6 , where 𝐼5 =
𝑟3𝓀𝑛,𝑟(𝑥)

𝑛3𝑔(𝑥,𝑟)
 and 

𝐼6 =
1

𝑛3𝑔(𝑥, 𝑟)

𝑥

1 + 𝑥
∑

(𝑛 + 𝑘 + 𝑟)(𝑛 + 𝑘 + 𝑟 − 1)!

(𝑘 + 𝑟)! (𝑛 − 1)!
𝑥𝑘+𝑟(1

∞

𝑘=0

+ 𝑥)−𝑛−𝑘−𝑟(𝑘 + 𝑟 + 1)2 
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=
1

𝑛3𝑔(𝑥, 𝑟)

𝑥

1 + 𝑥
∑(𝑛 + 𝑘 + 𝑟) (

𝑛 + 𝑘 + 𝑟 − 1

𝑘 + 𝑟
) 𝑥𝑘+𝑟(1 + 𝑥)−𝑛−𝑘−𝑟{(𝑘 + 𝑟)2

∞

𝑘=0

+ 2(𝑘 + 𝑟) + 1} 

=
1

𝑛3𝑔(𝑥, 𝑟)

𝑥

1 + 𝑥
∑(𝑛 + 𝑘 + 𝑟){𝓀𝑛,𝑘,𝑟(𝑥)(𝑘 + 𝑟)2 + 2𝓀𝑛,𝑘,𝑟(𝑥)(𝑘 + 𝑟)

∞

𝑘=0

+ 𝓀𝑛,𝑘,𝑟(𝑥)} 

𝐼6 =
1

𝑔(𝑥,𝑟)

𝑥

1+𝑥
∑ 𝓀𝑛,𝑘,𝑟(𝑥) (

𝑘+𝑟

𝑛
)

3

+
(𝑛+2)

𝑛𝑔(𝑥,𝑟)

𝑥

1+𝑥
∑ 𝓀𝑛,𝑘,𝑟(𝑥) (

𝑘+𝑟

𝑛
)

2
∞
𝑘=0 +∞

𝑘=0

(2𝑛+1)

𝑛2𝑔(𝑥,𝑟)

𝑥

1+𝑥
∑ 𝓀𝑛,𝑘,𝑟(𝑥) (

𝑘+𝑟

𝑛
) +

1

𝑛2𝑔(𝑥,𝑟)

𝑥

1+𝑥
∑ 𝓀𝑛,𝑘,𝑟(𝑥)∞

𝑘=0
∞
𝑘=0  .                                 

Where 𝑍 ≔
1

𝑔(𝑥,𝑟)
∑ 𝓀𝑛,𝑘,𝑟(𝑥) (

𝑘+𝑟

𝑛
)

3
∞
𝑘=0 , 

Then  𝑍 =
𝑟3𝓀𝑛,𝑟(𝑥)

𝑛3𝑔(𝑥,𝑟)
+

𝑥

1+𝑥
[𝑍 +

𝑛+2

𝑛
𝐿 +

2𝑛+1

𝑛2 𝐾 +
1

𝑛2] 

From (11) and (12), we get: 

𝑍 =
𝑟3(1+𝑥)𝓀𝑛,𝑟(𝑥)

𝑛3𝑔(𝑥,𝑟)
+ 𝑥 (

𝑛+2

𝑛
) [𝑥2 (1 +

1

𝑛
) +

𝑥

𝑛
((𝑛 + 1)

𝑟(1+𝑥)𝓀𝑛,𝑟(𝑥)

𝑛𝑔(𝑥,𝑟)
+ 1) +

𝑟(1+𝑥)𝓀𝑛,𝑟(𝑥)

𝑛𝑔(𝑥,𝑟)
] + 𝑥 (

2𝑛+1

𝑛2 ) [𝑥 +
𝑟(1+𝑥)𝓀𝑛,𝑟(𝑥)

𝑛𝑔(𝑥,𝑟)

2

] +
𝑥

𝑛2, 

𝑍 =
𝑥

𝑛2
{𝑥(𝑛 + 2)[1 + 𝑥(𝑛 + 1)] + 𝑥(2𝑛 + 1) + 1}

+
𝑟(1 + 𝑥)𝓀𝑛,𝑟(𝑥)

𝑛𝑔(𝑥, 𝑟)
[
𝑥(2𝑛 + 1) + 𝑥(𝑛 + 2)[𝑥(𝑛 + 1) + 𝑟] + 𝑟2

𝑛2
] 

=
𝑥3(𝑛 + 1)(𝑛 + 2)

𝑛2
+

3𝑥2(𝑛 + 1)

𝑛2
+

𝑥

𝑛2

+
𝑟(1 + 𝑥)𝓀𝑛,𝑟(𝑥)

𝑛𝑔(𝑥, 𝑟)
[
𝑥(2𝑛 + 1) + 𝑥(𝑛 + 2)[𝑥(𝑛 + 1) + 𝑟] + 𝑟2

𝑛2
]. 
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So, the proof is complete.                                                                          ■ 

Here, we establish the 𝜏 −th order moment 𝒴𝑛,𝑟,𝜏(𝑥): = ℋ𝑛((𝑡 − 𝑥)𝜏; 𝑥) for 

the operators ℋ𝑛(. ; 𝑥) defined in (8) above for 𝜏 = 0,1,2,3 … for every 𝑥 ∈ [0, ∞) 

and 𝑓 ∈ 𝐶𝜌,as following: 

𝒴𝑛,𝑟,𝜏(𝑥): = ℋ𝑛((𝑡 − 𝑥)𝜏; 𝑥): =
1

𝑔(𝑥,𝑟)
∑ 𝓀𝑛,𝑘,𝑟(𝑥)(

𝑘+𝑟

𝑛
− 𝑥)𝜏∞

𝑘=0 . 

Lemma(3.1):  

Let 𝒴𝑛,𝑟,𝜏(𝑥): = ℋ𝑛((𝑡 − 𝑥)𝜏; 𝑥), 𝜏 = 0,1,2,3 …. Then we have 

1- 𝒴𝑛,𝑟,0(𝑥) = 1,                                                                                                            (14) 

2- 𝒴𝑛,𝑟,1(𝑥) =
(𝑛+𝑟−1)!𝑥𝑟(1+𝑥)−𝑛−𝑟+1

𝑛!(𝑟−1)!𝑔(𝑥,𝑟)
,                                                                             (15) 

3- 𝒴𝑛,𝑟,2(𝑥) =
𝑥2

𝑛
+

𝑥

𝑛
{1 +

(𝑛+𝑟−1)!𝑥𝑟(1+𝑥)−𝑛−𝑟+1

𝑛!(𝑟−1)!𝑔(𝑥,𝑟)
} 

+(𝑥 − 1)
(𝑛+𝑟−1)!𝑟𝑥𝑟(1+𝑥)−𝑛−𝑟+1

𝑛!(𝑟−1)!𝑔(𝑥,𝑟)
,                                                                               (16) 

4- 𝒴𝑛,𝑟,3(𝑥) =

2𝑥3

𝑛2 +
𝑥2

𝑛
{

2(𝑛+𝑟−1)!𝑥𝑟(1+𝑥)−𝑛−𝑟+1

𝑛!(𝑟−1)!𝑔(𝑥,𝑟)
(

𝑛2−𝑛+1

𝑛
) +

3

𝑛
} +

𝑥

𝑛
{

(𝑛+𝑟−1)!𝑥𝑟(1+𝑥)−𝑛−𝑟+1

𝑛!(𝑟−1)!𝑔(𝑥,𝑟)
(

𝑛(4−3𝑟)+1

𝑛
) +

1

𝑛
} +

𝑟2

𝑛
{

(𝑛+𝑟−1)!𝑥𝑟(1+𝑥)−𝑛−𝑟+1

𝑛!(𝑟−1)!𝑔(𝑥,𝑟)
} +

(𝑛+𝑟−1)!𝑥𝑟(1+𝑥)−𝑛−𝑟+2

𝑛!(𝑟−1)!𝑔(𝑥,𝑟)
.                                                                                                 (17) 

Definition3.1 (Weighted space)[9]: The classes of functions which satisfying the 

condition 𝑆𝑝(𝑥) = (1 + 𝑥𝑝)−1 if 𝑝 ∈ 𝑁, and 𝑆𝑝(𝑥) = 1 if 𝑝 = 0, with the norm 

‖𝑓(𝑥)‖𝑝 ≔ 𝑠𝑢𝑝𝒙∈[0,∞)𝑆𝑝(𝑥)|𝑓(𝑥)|, where 𝑆𝑝(𝑥) is continuous and bounded on 

[0, ∞) are said to be weighted spaces, where 𝑓 is continuous bounded function  on 

[0, ∞).  

Here, we shall study the asymptotic behavior of given operators by applying a 

main theorem (Voronoviskaja- type theorem) [10].  

    Theorem (3.2) Voronoviskaja Theorem:  
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Let 𝑓 ∈ 𝐶𝜌[0, ∞), be twice differentiable and continuous at 𝑥 ∈ (0, ∞), then; 

lim𝑛→∞ 𝑛{ℋ𝑛(𝑓(𝑡); 𝑥) − 𝑓(𝑥)} =
𝑥(𝑥+1)

2
𝑓″(𝑥).                                                       (18) 

Proof:  

By Taylor's expansion of 𝑓 about 𝑥;  

𝑓(𝑡) = {𝑓(𝑥) + (𝑡 − 𝑥)𝑓′(𝑥) +
(𝑡−𝑥)2

2!
 𝑓′′(𝑥) +  (𝑡 − 𝑥)2휀(𝑡; 𝑥)                      if   𝑡 ≠ 𝑥

0                                                                                                                      if   𝑡 = 𝑥
,  

Where 휀(𝑡; 𝑥) is a function belonging to 𝐶𝜌[0, ∞) and 휀(𝑡; 𝑥) → 0 𝑎𝑠 𝑡 → 𝑥, applying 

the operators ℋ𝑛(. ; 𝑥) defined in (8) we have 

 ℋ𝑛(𝑓(𝑡); 𝑥) = 𝑓(𝑥) + 𝒴𝑛,𝑟,1(𝑥)𝑓′(𝑥) +
1

2
𝒴𝑛,𝑟,2(𝑥)𝑓″(𝑥) + ℋ𝑛((𝑡 − 𝑥)2휀(𝑡); 𝑥). 

ℋ𝑛(𝑓; 𝑥) − 𝑓(𝑥) = {
(𝑛 + 𝑟 − 1)! 𝑥𝑟(1 + 𝑥)−𝑛−𝑟+1

𝑛! (𝑟 − 1)! 𝑔(𝑥, 𝑟)
} 𝑓′(𝑥)

+
1

2
{

𝑥2

𝑛
+

𝑥

𝑛
{1 +

(𝑛 + 𝑟 − 1)! 𝑥𝑟(1 + 𝑥)−𝑛−𝑟+1

𝑛! (𝑟 − 1)! 𝑔(𝑥, 𝑟)
} + (𝑥

− 1)
(𝑛 + 𝑟 − 1)! 𝑟𝑥𝑟(1 + 𝑥)−𝑛−𝑟+1

𝑛! (𝑟 − 1)! 𝑔(𝑥, 𝑟)
} 𝑓″(𝑥)

+ lim
𝑛→∞

 𝑛ℋ𝑛((𝑡 − 𝑥)2휀(𝑡); 𝑥) 

Using Lemma (3.1) and since 휀 is arbitrary, then 𝑛𝒴𝑛,𝑟,1(𝑥) → 0 as 𝑛 → ∞, 

and 𝑛𝒴𝑛,𝑟,2(𝑥) = 𝑥(1 + 𝑥) as 𝑛 → ∞, we get: 

lim
𝑛→∞

𝑛{ℋ𝑛(𝑓(𝑡); 𝑥) − 𝑓(𝑥)} = 
𝑥(1 + 𝑥)

2
𝑓″(𝑥) + lim

𝑛→∞
𝑛ℋ𝑛(휀(𝑡, 𝑥)(𝑡 − 𝑥)2; 𝑥)  

By using Cauchy- Schwarz inequality and (16), we obtain: 

|𝑛ℋ𝑛(휀(𝑡, 𝑥)(𝑡 − 𝑥)2; 𝑥)| ≤ (ℋ𝑛(휀2(𝑡, 𝑥); 𝑥))
1
2(𝑛2ℋ𝑛(𝑡 − 𝑥)4; 𝑥)

1
2 

From the linearity of ℋ𝑛(. ; 𝑥), theorem (3.1) and the properties of 휀, we get 

lim
𝑛→∞

ℋ𝑛(휀2(𝑡, 𝑥); 𝑥) ≡ lim
𝑛→∞

휀2(𝑡, 𝑥)ℋ𝑛(1; 𝑥) = 휀2(𝑡, 𝑥) = 0 as 𝑛 → ∞.  

From Lemma (3.1) we have ℋ𝑛((𝑡 − 𝑥)2휀(𝑡); 𝑥) → 0 as 𝑛 → ∞. 

Therefore, lim𝑛→∞ 𝑛{ℋ𝑛(𝑓(𝑡); 𝑥) − 𝑓(𝑥)} =
𝑥(𝑥+1)

2
𝑓″(𝑥).                                         ∎ 

4. Rate of Approximation of 𝓗𝒏(. ; 𝒙) in Weighted Space  
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Finally, we want to find the rate of approximation of the family {ℋ𝑛(. ; 𝑥)} for 

𝑓 ∈ 𝐶𝜌[0, ∞). We firstly gave the definition of the first modulus of continuity.   

Definition(4.1) (modulus of continuity):[11],[12] and [13] 

Let 𝑓 ∈ 𝐶[𝑎, 𝑏]. For > 0 , then the modulus of continuity 𝜔(𝑓; 𝛿) is defined by 

𝜔(𝑓; 𝛿) = 𝑆𝑢𝑝{|𝑓(𝑡) − 𝑓(𝑥)|: 𝑡, 𝑥 ∈ [𝑎, 𝑏]; |𝑡 − 𝑥| ≤ 𝛿},  

 

Next, for the order of approximation we give the following theorem. 

Theorem (4.1): Let 𝑓 ∈ 𝐶𝜌, then 

|ℋ𝑛(𝑓; 𝑥) − 𝑓(𝑥)| ≤ 2𝜔(𝑓; 𝛿)                                                                                 (19) 

where 𝛿 = √
𝑥2

𝑛
+

𝑥

𝑛
{1 +

(𝑛+𝑟−1)!𝑥𝑟(1+𝑥)−𝑛−𝑟+1

𝑛!(𝑟−1)!𝑔(𝑥,𝑟)
} + (𝑥 − 1)

(𝑛+𝑟−1)!𝑟𝑥𝑟(1+𝑥)−𝑛−𝑟+1

𝑛!(𝑟−1)!𝑔(𝑥,𝑟)
. 

Proof: 

By using the well-known property of modulus of continuity 

|𝑓(𝑡) − 𝑓(𝑥)| ≤ 𝜔(𝑓; 𝛿) (
|𝑡−𝑥|

𝛿
+ 1)                                                                        (20) 

Since the polynomials ℋ𝑛(𝑓; 𝑥) are linear positive operators, then we get 

|ℋ𝑛(𝑓; 𝑥) − 𝑓(𝑥)| ≤ (
1

𝛿
ℋ𝑛(|𝑡 − 𝑥|; 𝑥) + 1) 𝜔(𝑓; 𝛿) 

Applying Cauchy- Schwartz inequality, (10) and (16) we have 

|ℋ𝑛(𝑓; 𝑥) − 𝑓(𝑥)| ≤ 𝜔(𝑓; 𝛿) (
1

𝛿
√(ℋ𝑛(𝑡 − 𝑥)2; 𝑥) + 1) 

≤ 𝜔(𝑓; 𝛿) (
1

𝛿
(√|𝒴𝑛,𝑟,2(𝑥)|) + 1) 

≤ 𝜔(𝑓; 𝛿) (
1

𝛿
√

𝑥2

𝑛
+

𝑥

𝑛
{1 +

(𝑛+𝑟−1)!𝑥𝑟(1+𝑥)−𝑛−𝑟+1

𝑛!(𝑟−1)!𝑔(𝑥,𝑟)
} + (𝑥 − 1)

(𝑛+𝑟−1)!𝑟𝑥𝑟(1+𝑥)−𝑛−𝑟+1

𝑛!(𝑟−1)!𝑔(𝑥,𝑟)
+

1)  
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Choose 

𝛿 = √
𝑥2

𝑛
+

𝑥

𝑛
{1 +

(𝑛+𝑟−1)!𝑥𝑟(1+𝑥)−𝑛−𝑟+1

𝑛!(𝑟−1)!𝑔(𝑥,𝑟)
} + (𝑥 − 1)

(𝑛+𝑟−1)!𝑟𝑥𝑟(1+𝑥)−𝑛−𝑟+1

𝑛!(𝑟−1)!𝑔(𝑥,𝑟)
   

Hence, we get |ℋ𝑛(𝑓; 𝑥) − 𝑓(𝑥)| ≤ 2𝜔(𝑓; 𝛿)                                                             ■ 

Theorem (4.2) : Let 𝑓 ∈ 𝐶𝜌  on the interval [0, ∞). Then for a real number  𝒮 > 0, 

the limit relation 

lim𝑛→∞ ℋ𝑛(𝑓; 𝑥) = 𝑓(𝑥),                                                                                         (21) 

holds uniformly on the interval [0, 𝒮]. 

Proof: 

By using (10), (11) and (12) from theorem (3.1) we can see that: 

‖ℋ𝑛(1; 𝑥) − 1‖𝐶[0,𝒮] = 0                                                                                          (22) 

‖ℋ𝑛(𝑡; 𝑥) − 𝑥‖𝐶[0,𝒮] = max
𝑥∈[0,𝒮]

(𝑛 + 𝑟 − 1)! 𝑥𝑟(1 + 𝑥)−𝑛−𝑟+1

𝑛! (𝑟 − 1)! 𝑔(𝑥, 𝑟)
 

≤
(𝑛+𝑟−1)!𝒮𝑟(1+𝒮)−𝑛−𝑟+1

𝑛!(𝑟−1)!𝑔(𝒮,𝑟)
→ 0 as 𝑛 → ∞. 

‖ℋ𝑛(𝑡2; 𝑥) − 𝑥2‖𝐶[0,𝒮]

= max
𝑥∈[0,𝒮]

𝑥2

𝑛
+

𝑥

𝑛
{(𝑛 + 1)

(𝑛 + 𝑟 − 1)! 𝑥𝑟(1 + 𝑥)−𝑛−𝑟+1

𝑛! (𝑟 − 1)! 𝑔(𝑥, 𝑟)
+ 1}

+
(𝑛 + 𝑟 − 1)! 𝑥𝑟(1 + 𝑥)−𝑛−𝑟+1

𝑛! 𝑛(𝑟 − 1)! 𝑔(𝑥, 𝑟)
 

≤
𝒮2

𝑛
+

𝒮

𝑛
{(𝑛 + 1)

(𝑛+𝑟−1)!𝒮𝑟(1+𝒮)−𝑛−𝑟+1

𝑛!(𝑟−1)!𝑔(𝒮,𝑟)
+ 1} +

(𝑛+𝑟−1)!𝒮𝑟(1+𝒮)−𝑛−𝑟+1

𝑛!𝑛(𝑟−1)!𝑔(𝒮,𝑟)
→ 0 for 

sufficiently large 𝑛. 

The proof of this theorem can be obtained by P. P. Korovkin [8].                    ■ 
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