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Abstract
The aim of this paper is to establish a new family of Baskakov — type operators

represented by summation type generalized Baskakov operators. Primarily, we study
the convergence of this sequences of linear positive operators. Further we view some
approximation properties which lead us to establish a Voronovskaja-type asymptotic
formula for this operators. Finally, we study the rate of convergence when we show
this new family preserve properties of modulus of continuity on a continuous

function.
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1. Introduction

In (1957), Baskakov [1] introduced a sequence of linear and positive operators
{L,}. L,: C(R*) - ([0, A] for x € R* = [0, ) defined by

(k)
Ln(f3 %) = Bioo(- D 2 (0)f (5, forn = 1,2, . (1)
In the paper itself, Baskakov could define these operators as the following

formula when he defined <p,(1") (%),

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
BY of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOIL.
Published under licence by IOP Publishing Ltd 1


mailto:han.mah2010@gmail.com

2nd International Scientific Conference of Al-Ayen University (ISCAU-2020) IOP Publishing
IOP Conf. Series: Materials Science and Engineering 928 (2020) 042010 doi:10.1088/1757-899X/928/4/042010

Ln(fi x) __1 ZL’?:O n(n+1)..(n+k-1) (L)kf(f) (2)

(1+x)n k! 1+x n

Which leads us to the following formula

La(fi0) = Ziwo (X T ) a0 (), ©)

2. Preliminaries

In (2006), Vijay Gupta and others [2] defined the following summation -
integral Baskakov operators for f € C,(R*), R* = [0, ).

Va(f;2) = (0= 1) Zo Ve (X) J, Vi (8) f(£)dt (4)

n+k—-1

Where vy, (x) = Bizo (" T

)xk(14—x)‘”‘k. (5)

In this paper, we defined a new family of Baskakov - type operators when we
benefited by the formulas which used by Z. Walczak [3], [4] and [5] also Ali J. and
Haneen J. used these formulas in [6],[7] and othors as following:

Fora >0, C,[0,00) = {f € C[0,0); f is real- valued function and S, (x) is
continuous and bounded on [0, )},

1 ] =0
where S, (x) = {(1 7)1 zlj]:/f)) c N (6)

The norm on C,, is defined by the formula

If GO, = supxefo,:0)Sp GO f (). @)
We define #,,(f (¢); x): = ﬁZ}f:o P ser (%), 8)

n+k+r—1

where, £, - (x) = ( )x’”r(l + x) kT 9)

k+r
g(x' T') = Zl?:oﬁn,k,r(x) ' 0< g(x, T') < 1! X € [O' OO)

3. Auxiliary Results

In this part, we shall give some properties of 7£,,(.; x) which we shall use them to

proof main theorems and an approximation theorem which called Korovkin theorem

[8].
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Theorem (3.1) (Korovkin Theorem):

Let e;(t): = t!, i = 0,1,2,3. Then the Baskakov operators satisfies

1) Huleg;x) =1, (10)

_ r -n-r+1
(n+r-1)Ix"(14+x) (11)

2) Hy(ep;x) =x+ nl(r-1)!g(x,r) ’

3) Hplezx) =
o (1) + o D B o T e @
Hn(es; x) =
x3(n+:2(n+2) n 3x27(l1;+1) +% r(1;;czf;_)r(x) [x(2n+1)+x(n+rzlz[x(n+1)+r]+r2]. (13)
Proof:
1) Ha(eg;x) = (XT)ZR o #n i (X)
ntktr-l k+r -n-k-r
2) Hylerix) = wos Biino s (0) ()

n+k+r—1
ng(x 3 Z ( )x’”r(l +x) T (k+ 1)

1 ~m+k+r—1)!

“ngQor) i (k0= D XKL+ 0" (ke + 1)

1 n+r-1)!
" ngGon) = DI — D!

T(l_l_x) n-r

1 ~ (m+k+r—1)

k+r -n—k-r
+ ng(x,r) o] (k+r—1D!'(n- 1)!x 1+
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r n+r—1
=W< )xr(l +x)™""

1 - n+k+r)!
+ ng(x,r) e (k+1r)!(n-1)!

xk+r+1(1 + x)—n—k—r—l

:211+12.

We obtain that I; = r#£,, - (x)

1 Y - n+k+r—1
L, =—— Z(n+ k+r) xR (1 4 x) kT
ng(x,r)1+xk=0 k47
= = T X (N ER 0 Ao () + D0 o () (k + 1))

{ng(x ) + Y=o #nier () (k + 7")}

ng(x,r) 1+x

x x k+r
1+x (14 x) g(x, r)z&”’”(x)( )

k+r

That means = — X {1 + K} where K = Zk o i C)()

1 .
Hence, — K = Zonr® | *
1+x ng(x,r) 1+x

r(14+x)fp ()

Therefore, K = x +
ng(x,r)

3) Hn(ez; x) = —— Y=o #njer (X) (kw)z

g(x )

n+k+r—1 . e ,
nzg(x r)Z( - )x (1+x) (k+1)
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1 o n+k+r—-1)! . e
:nzg(x,r)kzo(k+r—1)!(n_1)!xk 1+ T (k+1)

B 1 n+r-1! 1 —
T n2g(x,71) (r—l)!(n—l)!x (1+x) r

1 = (m+k+r—1)
+n2g(x,r) ] (k+r—1D!(n-1)!

X1+ x) TR (k4 1)

12 (%) 1 v Mm+k+7r)
C n2g(x,r)  n2g(x,7) i (k+r)!n—-1)!

XKL 4+ )R (e r 4+ 1)

2
=1, 4+1,,Where Iy = % and

1 x i(n+k+r)(n+k+r—1)!

I, = XML+ )™k T (ke +

nzg(x,r)1+xk_0 (k+r)!(n-1)!
+1)
1 n+k+r—1
k+r -n—k-r
> Z(n+k+r)(k+r+1)< )x (1+x)
Cn2g(xr)1+x k47

1
nzg(x ) (1+x)

——Yieofnpr ) {(k+1)(n+ 1) +n+ (k+1)%}

1
T2 (xr)(1+ X)

(n+ 1)2knkr(x)<k+r>

1
Tazgton +x){ Z’&nkr(x) +Z/’¢nkr(x) (k+1) }

x
n(l +x)  (1+x)

I, = (n+ DK +

n(1+ )

k+r

Where L = Zk o/’&nkr(x)(—)2

k+1

Lic=o onier () (=)

g(x )
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SinceL:=1I;+1,

T (X) x Nk x x
" n2g(x,7) +n(1+x) (n+1) +n(1+x)+(1+x)

n?g(x,r) n ng(x,r) n

2
L= r2(1 4+ x)fop (%) N x(n+1) {x N r(l1+ x)/an,r(x)} N x

x2 x| T4+ nr(x)

L=x2+7+ {r+x(n+ 1)}

n n2g(x,r)

r 3
4- }[n(e3; X) = ;Zlcéozo ’ﬁ'n,k,r(x) (k+ )

glx,r) T

1 0]
“mrm

1 ¢ (itk+r—1)
_n3g(x,r)k:0(k+r— D!'(n—-1)!

n+k+r—1
x4+ x) TR (k + )3
k+r

xk+r(1 + x)—n—k—r(k + r)z

3 1 r’(n+r—1)!
T n3gar)(r—1D!I(n—-1)

X (L4+x)™ T

1 = (m+k+r—1)

TR L (k+7 =Dl (n—1)! XKL+ 2x) TR (k4 1)?

13 (%) 1 w m+k+n)

— xk+r+1(1 + x)—n—k—r—l(k + r + 1)2
3 3 I(n—1)!
n3g(x,r) nd3g(x,r) & (k+r)!(n—-1)!

73 en,r (%)
=I5+ I, , Where I; = m

[oe]

1 X Z(n+k+r)(n+k+r—1)!

=n3g(x,r)1+xk:0 (k+7r)!(n-1)!

Ig xk+r(1

+x) R (k + 1+ 1)?
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n+k+r—1

1 X N +r -n—k-r
=n3g(x,r)1+xkz=0(n+k+r)< )x" (1+x)"" k" {(k +71)?

+2(k+71r)+1}

k+r

1
n3g(x rN1l+x

Z(n + K+ ) ger (O +1)% + 2 jor () e +7)

+ /"’n,k,r (x)}

30 Poger(20) ("”) + 225 B (1) (“r)z +

16 ng(x,r) 1+x

g(x r) 1+x

(2n+1) «x
n2g(x,r) 1+x

T o o (0 () + 2 N0 e (%)

nzg(x ) 1+x

k+r)3
Where Z := ———= 3 O’knkr(x)( T)
3
Then z = far X [z w2 4 2y 4 2
n3g(x,r) 1+x

From (11) and (12), we get:

n3g(x,r) n ng(x,r)

3
Z:M+x(n_ﬂ)[x2(1+l)+£<(n+1)%_{_1)_{_
n n

r(1+x)l&nrr(x)] X (2n+1) [ T(1+x)/’&n,r(x)2 x

ng(x,r) n2 ng(x,r) n?’

Z= %{x(n+ )[1+xn+ D] +x2n+1)+1}

r(1+x) () [x@2n+ 1) +x(n+2)[x(n+ 1) + 7] + 12
ng(x, ) n? ]

3*m+1)n+2) 3x*(n+1) «x
- 2 + 2 Tt
n n n

r(1+x),, (X)) [x@Cn+1)+x(n+2)[x(n+1)+7r]+7r
ng(x,r) n? ]
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So, the proof is complete.

Here, we establish the T —th order moment Y, , . (x): = H, ((t — x)%; x) for
the operators H,(.; x) defined in (8) above for T = 0,1,2,3 ... for every x € [0, o)

and f € C,,as following:

1

yn,r,r(x): = j'[n((t - x)T; x): = 90or)

S0 o e () (o — 2)°.

Lemma(3.1):

Let Yp o (x):= H,((t —x)%x), T = 0,1,2,3 ... Then we have

yn,r,o (X) =1,

(n+r-1)x"(1+x)" "7+
nl(r-1)lg(x,r)

yn,r,l (x) =

(n+r-1)x"(1 +x)‘n‘r+1}

x?  x
yn,r,z (x) B + n {1 + nl(r—1)g(x,r)

(n+r—Drx"(1+x)~ T+

n!(r-1)!g(x,r)

+(x—-1)

yn,r,3 (x) =

2x3 ﬁ{2(1‘L+r—1)!xr(1+x)‘"‘r+1 (nz—n+1) 3} n

n? n nl(r-1)'g(x,r) n n

(14)

(15)

(16)

n nl(r-1)!g(x,r) n n n nl(r-1!g(x,r)

(m+r—1)x" (1+x)" T2
nl(r-1)!g(x,r)

{{(n+r—1)!xr(1+x)'"'r'"1 (n(4—3r)+1) n l} n ﬁ{(n+r—1)!xr(1+x)‘"‘r"'1

]+

(17)

Definition3.1 (Weighted space)[9]: The classes of functions which satisfying the

condition S,(x) = (1+xP)~! if pe N, and S,(x) =1 if p =0, with the norm

If GOl = Supxefo,)Sp I (x)], where S,(x) is continuous and bounded on

[0, c0) are said to be weighted spaces, where f is continuous bounded function on

[0, o).

Here, we shall study the asymptotic behavior of given operators by applying a

main theorem (Voronoviskaja- type theorem) [10].

Theorem (3.2) Voronoviskaja Theorem:

8
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Let f € C,[0, ), be twice differentiable and continuous at x € (0, ), then;

x(x+1)
2

limy, .o n{H (f (£); %) — f(0)} = £ (18)

Proof:

By Taylor's expansion of f about x;

(t-x)?

f(©) = {f () + (= f' () + == f () + (¢ —x)%e(t; x) if ¢ x
0 if t=x

Where £(t; x) is a function belonging to C,[0, ) and &(t; x) — 0 as t - x, applying
the operators ., (.; x) defined in (8) we have

Hp(f(£);x) = f(x) + Ynra Of () + %yn,r,z(X)f"(X) + 36, ((t — x)?e(1); %).

—D!'x"(1 -n-r+1
56,0 - 100 = (DT oo

1(x* x . nm+r—D!'x"(1+x) "7t
+§{7+E{ + n!(r—1D!glx,r) }+(x

PN n+r—D'rx"(1 + x)‘"‘”l}f"(x)

nl(r—D'glx,r)
+ lim n¥, ((¢ - x)?e(t); x)

Using Lemma (3.1) and since ¢ is arbitrary, then nY, . ;(x) - 0 asn — oo,

and nY,, ,»(x) = x(1 + x) as n — oo, we get:

1+x)
2

{76, (£ — £ = S () 4 limndt, e 1)~ )%

By using Cauchy- Schwarz inequality and (16), we obtain:

1 1
In3, (e(t, x)(t — %)% x)| < (Hn(2(t,%); X)) 2 (P H (t — x)*;5x)2
From the linearity of H,(.; x), theorem (3.1) and the properties of &, we get
lim 7,,(€2(t, x); x) = lim 2(t,x)H,,(1;x) = €2(t,x) = 0 asn — oo,
n—oo n—oo

From Lemma (3.1) we have H,, ((t — x)?e(t); x) » 0 asn — oo,

x(x+1)

Therefore, lim,,_,., n{H,, (f (£); x) — f(x)} = Tf"(x). n

4. Rate of Approximation of #€,(.; x) in Weighted Space
9
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Finally, we want to find the rate of approximation of the family {#,,(.; x)} for

f € C,[0,00). We firstly gave the definition of the first modulus of continuity.

Definition(4.1) (modulus of continuity):[11],[12] and [13]

Let f € C[a, b]. For > 0, then the modulus of continuity w(f; &) is defined by

w(f;8) = Sup{lf (&) — f(x)|:t,x € [a,b]; |t — x| < 63},

Next, for the order of approximation we give the following theorem.

Theorem (4.1): Let f € C,, then

|Hn (f5 %) = f(O)] < 20(F; 6) (19)

(n+r—=1)x"(1+x)~n-T+1
n!(r-1)!g(x,r)

(n+r-D)rx"(1+x)~n-r+1

n!(r-1)g(x,r)

where6=\/’;—z+%{1+ }+(x—1)

Proof:

By using the well-known property of modulus of continuity
F®) - @I <6 (S +1) (20)
Since the polynomials #,,(f; x) are linear positive operators, then we get
1
[Fa3 ) = FCOI < (53l = 61320 + 1) (£ 6)

Applying Cauchy- Schwartz inequality, (10) and (16) we have

1
1Ha i) = £ < 0(£38) (54 OE =070 + 1)

1 ’
< (‘)(f; 6) (E( |yn,r,2(x)|> + 1)

; ) (tr- DT (1+x) 7T 4y tr—Dlra (14x) "o
< o(f;6) <5\/ e {1 + Do }+ (= DI e+
1)

10
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Choose

_ X2 x (n+r-1)x"(1+x)~n-T+1 gy (Ar=Dlrx(14x) T
6= \]n + n{l + nl(r-1)lg(x,r) }+ (x 1) nl(r-1)'g(x,r)

Hence, we get |7, (f;x) — f(x)] < 2w(f; 6) n

Theorem (4.2) : Let f € C, on the interval [0, o). Then for a real number § > 0,
the limit relation

limy,_,o Hn (f; %) = f(x), (21)
holds uniformly on the interval [0, S].

Proof:

By using (10), (11) and (12) from theorem (3.1) we can see that:

1H5 (15 %) = Lllcpo.s) = 0 (22)

(m+r—DIx"(1+x)"" "1
170, (%) — xllcpo.s) = R nl(r—1D'g(xr)

(n+r=-1)IST(148) T+l
nl(r-1)!g(s,r)

136, (¢25 ) = xllcpo,s)

- 0asn > oo,

3 x2+x (n+ 1) (n+r—1)!xr(1+x)_”_r+1_l_1
N x?[g,{é] n n n nl(r—Dlglx,r)
m+r—DIx"(1 +x) 7t

nIn(r—D'g(x,r)

(n+r-1)IsT(1+8) T+ 1} (m+r=1D)IST(1+85) T

nl(r-1)'g(s,r) T nn(r-1)'g(s,r) — 0 for

)
<Z+3m+1)
sufficiently large n.

The proof of this theorem can be obtained by P. P. Korovkin [8]. (]
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