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Abstract 

 The aim of this paper is to define a new class of the operators defined by A. Lupaş for 

approximation continuous functions in the interval [0, ∞). Our purpose is to study the 

convergence of this sequence of linear and positive operators and view some approximation 

properties which lead us to establish a Voronovskaja-type  asymptotic  formula for this 

operators. Finally, we study the rate of covrgence when we show this operators preserve 

properties of modulus of continuity on a continuous function. 
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1.Introduction 

 At the International Dortmund Meeting held in the Witten (Germany- March-1995), A. 

Lupaş [1] studied the identity  

1

(1−𝑎)𝛼 = ∑
(𝛼)𝑘

𝑘!
𝑎𝑘∞

𝑘=0 , |𝑎| < 1, where (. )𝑘 is the Pochammerʼs symbol defined by   

(𝛼)0 = 1, 𝛼 ≠ 0, 

(𝛼)𝑘 = (𝛼)(𝛼 + 1) … (𝛼 + 𝑘 − 1), 𝑘 ∈  ℕ ≔ {1,2,3, … }. 

For more details, see [2], [3] and [4]. By putting 𝛼 = 𝑛𝑥 and for 𝑥 ≥ 0 he introduced the 

sequence of linear positive operators  

𝐿𝑛(𝑓; 𝑥) = (1 − 𝑎)𝑛𝑥 ∑
(𝑛𝑥)𝑘

𝑘!
𝑎𝑘 𝑓(

𝑘

𝑛
)∞

𝑘=0 , 
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where the function 𝑓: [0, ∞) → ℝ. After this, depending on the first condition of Bohman – 

Korovkin 𝐿𝑛(1; 𝑥) = 1, Agratini in (1999) [5] found that 𝑎 = 1
2⁄  for the operators 

𝐿𝑛
∗ (𝑓; 𝑥) = 2−𝑛𝑥 ∑

(𝑛𝑥)𝑘

2𝑘𝑘!
  𝑓(

𝑘

𝑛
)

∞

𝑘=0

 

He obtained the estimates for the order of the approximation on some finite interval 

[0, 𝑏], 𝑏 > 0. Also he established a Voronoviskaja-type formula.  

In (2007), A. Erençyn and F. Taşdelen [4], introduced a generalization of the operators 

𝐿𝑛
∗  by the following operators  

𝐿𝑛
∗∗(𝑓; 𝑥) = 2−𝑎𝑛𝑥 ∑

(𝑎𝑛𝑥)𝑘

2𝑘𝑘!
  𝑓(

𝑘

𝑏𝑛
)∞

𝑘=0 , 

where 𝑥 ∈ ℝ0: = [0, ∞), 𝑛 ∈  ℕ ≔ {1,2,3, … } and {𝑎𝑛}, {𝑏𝑛} are unbounded and increasing 

sequences of posotive numbers satisfying  

𝑎𝑛

𝑏𝑛
= 1 + 𝑂 (

1

𝑏𝑛
), lim𝑛→∞

1

𝑏𝑛
= 0. 

After that, in (2009), A. Erençyn and F. Taşdelen [6], estimated the rate of convergence 

of the Kantorovich – type version with the sequence of the operators 𝐿𝑛
∗∗.  

In (2012), Saddika Tarabie [7], studied the a- statistical convergence of two sequence of 

positive linear operators 𝛬𝑛, 𝐾𝑛 one of them of discrete type and the other of integral type. 

In (2014), Mohammad and Sadiq [2] defined a new sequence of linear positive operators 

�̃�𝑛 defined by A. Lupaş as follow;   

�̃�𝑛(𝑓; 𝑥) =
1

𝐺𝑥
  2−𝑛𝑥 ∑

(𝑛𝑥)𝑘+𝑟

2𝑘+𝑟  (𝑘+𝑟)!
  𝑓 (

𝑘+𝑟

𝑛
)∞

𝑘=0 ,                                                              (1)                                                     

where 𝐺𝑥 =   2−𝑛𝑥 ∑
(𝑛𝑥)𝑘+𝑟

2𝑘+𝑟  (𝑘+𝑟)!

∞
𝑘=0                                                                           (2) 

𝐺𝑥: = ∑ 𝑑𝑛,𝑘+𝑟(𝑥)  

∞

𝑘=0

 

  So, we  get  

𝑑𝑛,𝑟(𝑥) = 2−𝑛𝑥 (𝑛𝑥)𝑟

2𝑟 𝑟!
                                                                                                                   (3) 

In (2016), Haneen J. Sadiq [8] introduced a genralization of the operators �̃�𝑛 given by (1) 

in two dimensions when she defined the operators 𝐿𝑛,𝑚
~  with two variables (𝑥, 𝑦) as follows  

𝐿𝑛,𝑚
~ (𝑓; 𝑥, 𝑦) =

1

𝐺𝑥

1

𝐺𝑦
∑ 𝑑𝑛,𝑘+𝑟(𝑥) ∑ 𝑑𝑚,𝑗+𝑠(𝑦)∞

𝑗=0   𝑓(
𝑘+𝑟

𝑛
,

𝑗+𝑠

𝑚
)∞

𝑘=0 , 
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We need some results to use them in this paper  

 

2. Preliminaries 

Theorem 1.1 (Korovkin Theorem) [8]: 

For 𝑥 ∈ ℝ0, 𝑓 ∈ 𝐶𝜌 and by applying Korovkin Theorem on the operators 

�̃�𝑛(𝑓; 𝑥), we have: 

1-  �̃�𝑛(1; 𝑥) = 1                         (4)  

2-  �̃�𝑛(𝑡; 𝑥) = 𝑥 +
2𝑟

𝑛  𝐺𝑥
𝑑𝑛,𝑟(𝑥).                                              (5) 

3-  𝐿𝑛
~(𝑡2; 𝑥) = 𝑥2 +

2𝑥

𝑛
+ 𝑟𝑑𝑛,𝑟(𝑥) [

6𝑛𝑥+2𝑟+6

3𝑛2𝐺𝑥
].                              (6) 

4-�̃�𝑛(𝑡3; 𝑥) = 𝑥3 +
6𝑥2

𝑛
+

6𝑥

𝑛2 

+
8

7𝑛3𝐺𝑥
𝑟𝑑𝑛,𝑟(𝑥) [𝑟2 +

(𝑛𝑥+𝑟)(3𝑟+𝑛𝑥+5)+21+𝑛𝑥(33+7𝑛𝑥)+4𝑟(𝑛𝑥+3)

4
].             (7) 

5-  �̃�𝑛(𝑡4; 𝑥) = 𝑥4 +
28𝑥3

5 𝑛
+

3511𝑥2

105 𝑛2 +
158𝑥

7 𝑛3  

+ 
16 

15 𝑛4  𝐺𝑥
𝑟𝑑𝑛,𝑟(𝑥) 

× [
1.8214𝑛3𝑥3 + 15.3362𝑛2𝑥2 + 34.6249𝑛𝑥 + 1.4285 + 𝑟3 + 1.6071𝑟2

+11.5892𝑟 + 0.4999𝑟2𝑛𝑥 + 0.75𝑟𝑛2𝑥2 + 5.9642𝑟𝑛𝑥 ]                          (8)                                                                                                                

                                                                                                                                                  

Definition2.1 (𝓶–th order moment): If 𝑓 ∈ 𝐶𝜌 and for 𝑥 ∈ ℝ0, then �̃�𝑛,𝓂(𝑥) ≡ �̃�𝑛((𝑡 −

𝑥)𝓂; 𝑥) is said to be the 𝓂 –th order moment where 𝓂 ∈  ℕ0 ≔ {0,1,2, … }.  

       Lemma 1.1 [8]:Let 𝑟 ∈ ℕ, then for all 𝑥 ∈ ℝ0and 𝑛 ∈ ℕ, we have  

1) �̃�𝑛,0(𝑥) = 1. 

2) �̃�𝑛,1(𝑥) =
2𝑟

𝑛  𝐺𝑥
𝑑𝑛,𝑟(𝑥). 

3) �̃�𝑛,2(𝑥) = 𝑟𝑑𝑛,𝑟(𝑥) (
6𝑛𝑥+2𝑟+6

3𝑛2𝐺𝑥
+

4𝑥

𝑛𝐺𝑥
) +

2𝑥

𝑛
. 

4) �̃�𝑛,3(𝑥) = 𝑟𝑑𝑛,𝑟(𝑥) (
8𝑟2+2(𝑛𝑥+𝑟)(3𝑟+𝑛𝑥+5)+42+2𝑛𝑥(33+7𝑛𝑥)+8𝑟(𝑛𝑥+3)

7𝑛3𝐺𝑥
−

2𝑟𝑥+6

𝑛2𝐺𝑥
) +

6𝑥

𝑛2. 
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5) �̃�𝑛,4(𝑥) = 𝑟𝑑𝑛,𝑟(𝑥) [5.9428
𝑥3

𝑛𝐺𝑥
+ 28.358

𝑥2

𝑛2𝐺𝑥
+ 36.9332

𝑥

𝑛3𝐺𝑥
+ 4.8

𝑟𝑥2

𝑛2𝐺𝑥
+ 0.3618

𝑟𝑥

𝑛3𝐺𝑥
+

+
1.5237

𝑛4𝐺𝑥
+ 1.0666

𝑟3

𝑛4𝐺𝑥
+ 1.7142

𝑟2

𝑛4𝐺𝑥
− 7.9999

𝑟2

𝑛3𝐺𝑥
+ 12.3618

𝑟

𝑛4𝐺𝑥
+ 0.5332

𝑥𝑟2

𝑛3𝐺𝑥
−

9.1428
𝑟𝑥

𝑛2𝐺𝑥
− 9.1428

𝑥2

𝑛𝐺𝑥
− 9.4285

𝑥

𝑛2𝐺𝑥
− 19.4285

𝑟

𝑛3𝐺𝑥
−

24

𝑛3𝐺𝑥
] +

12𝑥2

𝑛2 +
36𝑥

𝑛3  . 

 

So, here we deal with a new sequence of linear operators ℳ𝑛,𝑠 as follow 

ℳ𝑛,𝑠(𝑓(𝑡); 𝑥) =
1

𝐺𝑥
  2−𝑛𝑥 ∑

(𝑛𝑥)𝑘+𝑟

2𝑘+𝑟  (𝑘+𝑟)!
  𝑓 (𝑥 +

𝑡−𝑥

𝑛𝑠 )  ∞
𝑘=0                                                 (9) 

where 𝑠 > −
1

2
 is a convenient approximation coefficient,  𝑥 ∈ ℝ0, 𝑛 ∈ ℕ, ℝ0 = [0, ∞), and 

ℳ𝑛,𝑠 ∈ 𝑃𝑛 , where 𝑃𝑛 is the space of polynomials 𝑃(𝑥) of degree at most 𝑛 , for all real numbers 

𝑥. Note that this sequence of operators have a form very similar with Sz�̃�sz-Mirakyan operators. 

 

Definition2.2 (Weighted space)[9]: The classes of functions which satisfying the condition 

|𝑓(𝑥)| ≤ 𝑀𝑓𝜌(𝑥)  with the norm ‖𝑓‖𝜌 = 𝑆𝑢𝑝𝑥𝜖[0,∞)
|𝑓(𝑥)|

𝜌(𝑥)
, where 𝜌(𝑥) = 2𝑥 are said to be 

weighted spaces, where 𝜌(𝑥) is a polynomial or exponential function such that continuous, 

monotonically increasing growths to infinity on [0, ∞), such that 𝜌(𝑥) ≥ 1.     

𝐶𝜌: The subspace of all bounded continuous functions 𝑓  

 

Remark: 

In this paper we define a new operators (9) which represented a generalization of the 

previous operators �̃�𝑛 defined in (1). Observe that the new operators ℳ𝑛,𝑠 given in (9) when we 

put 𝑠 = 0 we get the operators 𝐿𝑛
~ defined in (1) also its consequences. It mean that 

ℳ𝑛,0(𝑓(𝑡); 𝑥) =
1

𝐺𝑥
  2−𝑛𝑥 ∑

(𝑛𝑥)𝑘+𝑟

2𝑘+𝑟  (𝑘 + 𝑟)!
  𝑓(𝑡) = �̃�𝑛(𝑓(𝑡); 𝑥) 

∞

𝑘=0

 

 

3.Auxiliary results 

ℳ𝑛,𝑠(𝑓(𝑡); 𝑥) =
1

𝐺𝑥
  2−𝑛𝑥 ∑

(𝑛𝑥)𝑘+𝑟

2𝑘+𝑟  (𝑘+𝑟)!
  𝑓 (𝑥 +

𝑡−𝑥

𝑛𝑠
)  ∞

𝑘=0                                                                    

Firstly we introduce the next lemma  
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Lemma 3.1: 

For 𝑥 ∈ [0, ∞), 𝑚 ∈ ℕ0, suppose that 𝜑𝑛,𝑚,𝑟(𝑥) = ∑ 𝑑𝑛,𝑘+𝑟(𝑥)  ∞
𝑘=0 (𝑘 + 𝑟)𝑚, where 

𝑑𝑛,𝑘+𝑟(𝑥) =   2−𝑛𝑥 ∑
(𝑛𝑥)𝑘+𝑟

2𝑘+𝑟  (𝑘+𝑟)!
 ∞

𝑘=0 .   

Then 𝑥𝜑ʹ
𝑛,𝑚,𝑟

(𝑥) =  𝜑𝑛,𝑚+1,𝑟(𝑥) − 2 ln(2)𝑛𝑥 𝜑𝑛,𝑚,𝑟(𝑥). 

Proof: Applying the derivative 

𝑑

𝑑𝑥
𝜑𝑛,𝑚,𝑟(𝑥) = ∑(𝑘 + 𝑟)𝑚

𝑑

𝑑𝑥
{𝑑𝑛,𝑘+𝑟(𝑥)} 

∞

𝑘=0

 

= ∑(𝑘 + 𝑟)𝑚 (  2−𝑛𝑥
𝑑

𝑑𝑥
{

(𝑛𝑥)𝑘+𝑟

2𝑘+𝑟  (𝑘 + 𝑟)!
} − 𝑛 ln 2 {

(𝑛𝑥)𝑘+𝑟

2𝑘+𝑟  (𝑘 + 𝑟)!
})  

∞

𝑘=0

 

𝑥�̅� = 𝑥(𝑥 + 1)(𝑥 + 2) … (𝑥 + 𝑛 − 1) = ∑ [
𝑛

𝑘 + 𝑟
] 𝑥𝑘+𝑟

𝑘+𝑟 ; 

where [
𝑛

𝑘 + 𝑟
] = 𝑆(𝑛, 𝑘 + 𝑟) is called Stirling number of the first kind [10]. 

Since  
𝑑

𝑑𝑥
𝑥�̅� = ∑ 𝑆(𝑛, 𝑘 + 𝑟)𝑘+𝑟  𝑘𝑥𝑘−1 =

𝑑

𝑑𝑥
(𝑥)𝑘+𝑟 [10]. 

So, we need 𝑛𝑥�̅� = (𝑛𝑥)𝑘+𝑟 

= 𝑛𝑥(𝑛𝑥 + 1)(𝑛𝑥 + 2) … (𝑛𝑥 + 𝑘 + 𝑟 − 1) = ∑ [
𝑛

𝑘 + 𝑟
] (𝑛𝑥)𝑘+𝑟 ≡ ∑ 𝑆(𝑛, 𝑘 + 𝑟)

𝑘+𝑟

 (𝑛𝑥)𝑘.

𝑘+𝑟

 

Then 
𝑑

𝑑𝑥
𝑛𝑥�̅� = ∑ [

𝑛
𝑘 + 𝑟

] 
𝑑

𝑑𝑥
(𝑛𝑥)𝑘+𝑟

𝑘+𝑟  = ∑ [
𝑛

𝑘 + 𝑟
]  𝑘𝑛(𝑛𝑥)𝑘−1

𝑘+𝑟 =
𝑑

𝑑𝑥
(𝑛𝑥)𝑘+𝑟 , 

So, 
𝑑

𝑑𝑥
(𝑛𝑥)𝑘+𝑟 = 𝑛 ∑ [

𝑛
𝑘 + 𝑟

]  𝑘(𝑛𝑥)𝑘−1.𝑘+𝑟  

𝑑

𝑑𝑥
𝜑𝑛,𝑚,𝑟(𝑥) = ∑(𝑘 + 𝑟)𝑚  2−𝑛𝑥

𝑛

2𝑘+𝑟(𝑘 + 𝑟)!
∑ [

𝑛
𝑘 + 𝑟

]  𝑘(𝑛𝑥)𝑘−1

𝑘+𝑟

∞

𝑘=0

− 𝑛 ∑ (𝑘 + 𝑟)𝑚

∞

𝑘+𝑟=0

(𝑛𝑥)𝑘+𝑟

2𝑘+𝑟(𝑘 + 𝑟)!
ln(2)  

Since (𝑛𝑥)𝑘 = ∑ [
𝑛

𝑘 + 𝑟
]  𝑘(𝑛𝑥)𝑘+𝑟

𝑘+𝑟  

𝑑

𝑑𝑥
𝜑𝑛,𝑚,𝑟(𝑥) =   2−𝑛𝑥

1

𝑥
∑(𝑘 + 𝑟)𝑚+1

(𝑛𝑥)𝑘+𝑟

2𝑘+𝑟(𝑘 + 𝑟)!
− 𝑛 ln(2) ∑(𝑘 + 𝑟)𝑚

(𝑛𝑥)𝑘+𝑟

2𝑘+𝑟(𝑘 + 𝑟)!
 

∞

𝑘=0

 

∞

𝑘=0

 

𝑥𝜑ʹ
𝑛,𝑚,𝑟

(𝑥) = 𝜑𝑛,𝑚+1,𝑟(𝑥) − 2 ln(2)𝑛𝑥 𝜑𝑛,𝑚,𝑟(𝑥).                 ■ 
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Lemma 3.2: 

For 𝑥 ∈ [0, ∞), 𝑚 ∈ ℕ0, suppose that 𝜓𝑛,𝑚,𝑟(𝑥) = ∑ 𝑑𝑛,𝑘+𝑟(𝑥)  ∞
𝑘=0 (𝑥 +

𝑡−𝑥

𝑛𝑠 )𝑚, where 

𝑑𝑛,𝑘+𝑟(𝑥) =   2−𝑛𝑥 ∑
(𝑛𝑥)𝑘+𝑟

2𝑘+𝑟  (𝑘+𝑟)!
 ∞

𝑘=0 .   

Then  

𝑛2𝑠+1𝜓𝑛,𝑚+1,𝑟(𝑥) = 𝑥𝑛𝑠𝜓ʹ
𝑛,𝑚,𝑟

(𝑥) − 𝑚𝑥(𝑛𝑠 − 1)𝜓𝑛,𝑚−1,𝑟(𝑥) − 𝑛𝑠+1(2𝑛𝑥 ln(2)𝑥 −

𝑥(𝑛𝑠 − 1))𝜓𝑛,𝑚,𝑟(𝑥). 

Proof: Clearly, 𝜓𝑛,𝑚,𝑟(𝑥) =
1

𝑛𝑚𝑠
∑ 𝑑𝑛,𝑘+𝑟(𝑥)  ∞

𝑘=0 (𝑥(𝑛𝑠 − 1) + 𝑡)𝑚, 

It mean that 𝜓𝑛,𝑚,𝑟(𝑥) =
1

𝑛𝑚𝑠
∑ 𝑑𝑛,𝑘+𝑟(𝑥)  ∞

𝑘=0 (𝑥(𝑛𝑠 − 1) +
𝑘+𝑟

𝑛
)𝑚  

Applying the derivative 

𝑑

𝑑𝑥
𝜓𝑛,𝑚,𝑟(𝑥) =

1

𝑛𝑚𝑠
∑

𝑑

𝑑𝑥
{𝑑𝑛,𝑘+𝑟(𝑥). (𝑥(𝑛𝑠 − 1) +

𝑘 + 𝑟

𝑛
)𝑚} 

∞

𝑘=0

 

=
1

𝑛𝑚𝑠
∑ 𝑑𝑛,𝑘+𝑟(𝑥)𝑚 (𝑥(𝑛𝑠 − 1) +

𝑘 + 𝑟

𝑛
)

𝑚−1

(𝑛𝑠 − 1)

∞

𝑘=0

+
1

𝑛𝑚𝑠
∑ (𝑥(𝑛𝑠 − 1) +

𝑘 + 𝑟

𝑛
)

𝑚∞

𝑘=0

.
𝑑

𝑑𝑥
𝑑𝑛,𝑘+𝑟(𝑥)  

=
1

𝑛𝑚𝑠
∑ 𝑚(𝑛𝑠 − 1) (𝑥(𝑛𝑠 − 1) +

𝑘 + 𝑟

𝑛
)

𝑚−1

𝑑𝑛,𝑘+𝑟(𝑥) 

∞

𝑘=0

 

+
1

𝑛𝑚𝑠
∑ (𝑥(𝑛𝑠 − 1) +

𝑘 + 𝑟

𝑛
)

𝑚∞

𝑘=0

{  2−𝑛𝑥 ∑
𝑛

2𝑘+𝑟(𝑘 + 𝑟)!
∑ [

ℎ
𝑘 + 𝑟

] (𝑘 + 𝑟)(𝑛𝑥)𝑘+𝑟−1

𝑘+𝑟

∞

𝑘=0

− 𝑛 ln(2) ∑
(𝑛𝑥)𝑘+𝑟

2𝑘+𝑟  (𝑘 + 𝑟)!

∞

𝑘=0

} 𝜓ʹ
𝑛,𝑚,𝑟

(𝑥) 

=
𝑚(𝑛𝑠 − 1)𝑛−𝑠

𝑛(𝑚−1)𝑠
∑ (𝑥(𝑛𝑠 − 1) +

𝑘 + 𝑟

𝑛
)

𝑚−1

  2−𝑛𝑥
(𝑛𝑥)𝑘+𝑟

2𝑘+𝑟  (𝑘 + 𝑟)!

∞

𝑘=0

+
1

𝑥𝑛𝑚𝑠
∑(𝑘 + 𝑟)

∞

𝑘=0

 (𝑥(𝑛𝑠 − 1) +
𝑘 + 𝑟

𝑛
)

𝑚

  2−𝑛𝑥
(𝑛𝑥)𝑘+𝑟

2𝑘+𝑟  (𝑘 + 𝑟)!

−
𝑛 ln(2)

2−𝑛𝑥𝑛𝑚𝑠
∑ (𝑥(𝑛𝑠 − 1) +

𝑘 + 𝑟

𝑛
)

𝑚∞

𝑘=0

   2−𝑛𝑥
(𝑛𝑥)𝑘+𝑟

2𝑘+𝑟  (𝑘 + 𝑟)!
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𝜓ʹ
𝑛,𝑚,𝑟

(𝑥) =
𝑚(𝑛𝑠 − 1)𝑛−𝑠

𝑛(𝑚−1)𝑠
∑ (𝑥(𝑛𝑠 − 1) +

𝑘 + 𝑟

𝑛
)

𝑚−1

𝑑𝑛,𝑘+𝑟(𝑥)

∞

𝑘=0

+
1

𝑥𝑛𝑚𝑠
∑(𝑘 + 𝑟)

∞

𝑘=0

 (𝑥(𝑛𝑠 − 1) +
𝑘 + 𝑟

𝑛
)

𝑚

𝑑𝑛,𝑘+𝑟(𝑥)

−
𝑛 ln(2)

2−𝑛𝑥𝑛𝑚𝑠
∑ (𝑥(𝑛𝑠 − 1) +

𝑘 + 𝑟

𝑛
)

𝑚∞

𝑘=0

 𝑑𝑛,𝑘+𝑟(𝑥)  

𝜓ʹ
𝑛,𝑚,𝑟

(𝑥) =
𝑚(𝑛𝑠−1)

𝑛𝑠  𝜓𝑛,𝑚−1,𝑟(𝑥) + ∑ {
(𝑘+𝑟)

𝑥
− 𝑛 ln(2)2𝑛𝑥} 𝜓𝑛,𝑚,𝑟(𝑥)∞

𝑘=0 ; 

𝑥𝑛𝑠𝜓ʹ
𝑛,𝑚,𝑟

(𝑥) = 𝑚𝑥(𝑛𝑠 − 1) 𝜓𝑛,𝑚−1,𝑟(𝑥) + ∑ 𝑛𝑠{(𝑘 + 𝑟) − 𝑛𝑥 ln(2)2𝑛𝑥}𝜓𝑛,𝑚,𝑟(𝑥)∞
𝑘=0 .    

Suppose that Ι ≡ ∑ 𝑛𝑠{(𝑘 + 𝑟) − 𝑛𝑥 ln(2)2𝑛𝑥}𝜓𝑛,𝑚,𝑟(𝑥)∞
𝑘=0  

Ι =
1

𝑛𝑚𝑠
∑ 𝑑𝑛,𝑘+𝑟(𝑥)

∞

𝑘=0

 (𝑥(𝑛𝑠 − 1) +
𝑘 + 𝑟

𝑛
)

𝑚

. 𝑛𝑠{(𝑘 + 𝑟) − 𝑛𝑥 ln(2)2𝑛𝑥} 

Ι =
𝑛2𝑠+1

𝑛(𝑚+1)𝑠
∑ 𝑑𝑛,𝑘+𝑟(𝑥)

∞

𝑘=0

 (𝑥(𝑛𝑠 − 1) +
𝑘 + 𝑟

𝑛
)

𝑚

. {
𝑘 + 𝑟

𝑛
+ 𝑥(𝑛𝑠 − 1) − 𝑥(𝑛𝑠 − 1)

+ 𝑥 ln(2)2𝑛𝑥} 

Ι =
𝑛2𝑠+1

𝑛(𝑚+1)𝑠
∑ 𝑑𝑛,𝑘+𝑟(𝑥)

∞

𝑘=0

 (𝑥(𝑛𝑠 − 1) +
𝑘 + 𝑟

𝑛
)

𝑚+1

+
𝑛2𝑠+1

𝑛(𝑚+1)𝑠
∑ 𝑑𝑛,𝑘+𝑟(𝑥)

∞

𝑘=0

 (𝑥(𝑛𝑠 − 1) +
𝑘 + 𝑟

𝑛
)

𝑚

(𝑥 ln(2)2𝑛𝑥 − 𝑥(𝑛𝑠 − 1)) 

Ι = 𝑛2𝑠+1𝜓𝑛,𝑚+1,𝑟(𝑥) + 𝑛𝑠+1( ln(2)𝑥2𝑛𝑥 − 𝑥(𝑛𝑠 − 1))𝜓𝑛,𝑚,𝑟(𝑥)  

Since 𝑥𝑛𝑠𝜓ʹ
𝑛,𝑚,𝑟

(𝑥) = 𝑚𝑥(𝑛𝑠 − 1) 𝜓𝑛,𝑚−1,𝑟(𝑥) + Ι  

Then 𝑥𝑛𝑠𝜓ʹ
𝑛,𝑚,𝑟

(𝑥) = 𝑚𝑥(𝑛𝑠 − 1) 𝜓𝑛,𝑚−1,𝑟(𝑥) + 𝑛2𝑠+1 𝜓𝑛,𝑚+1,𝑟(𝑥) + 𝑛𝑠+1{ ln(2)𝑥 2𝑛𝑥 −

𝑥(𝑛𝑠 − 1)}𝜓𝑛,𝑚,𝑟(𝑥) 

Therefore we obtain; 

𝑛2𝑠+1 𝜓𝑛,𝑚+1,𝑟(𝑥) = 𝑥𝑛𝑠𝜓ʹ
𝑛,𝑚,𝑟

(𝑥) − 𝑚𝑥(𝑛𝑠 − 1) 𝜓𝑛,𝑚−1,𝑟(𝑥) − 𝑛𝑠+1{ ln(2)𝑥 2𝑛𝑥 − 𝑥(𝑛𝑠 −

1)}𝜓𝑛,𝑚,𝑟(𝑥).                               ■  
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Theorem 3.1 (Bohman-Korovkin Theorem): 

Let 𝑓 ∈ 𝐶𝜌, 𝑥 ∈ ℝ0, 𝑛 ∈ ℕ and 𝑠 > −
1

2
, for the operators ℳ𝑛,𝑠 given by (9) then; 

1- ℳ𝑛,𝑠(1; 𝑥) = 1.                                (10) 

2- ℳ𝑛,𝑠(𝑡; 𝑥) =  𝑥 +
2𝑟

𝑛𝑠+1𝐺𝑥
𝑑𝑛,𝑟(𝑥).                         (11)  

3- ℳ𝑛,𝑠(𝑡2; 𝑥) =   𝑥2 +
2𝑥

𝑛2𝑠+1 + 𝑟𝑑𝑛,𝑟(𝑥) {
4𝑥(𝑛𝑠−1)

𝑛2𝑠+1𝐺𝑥
+

6𝑛𝑥+2𝑟+6

3𝑛2𝑠+2𝐺𝑥
}.                                       (12) 

4- ℳ𝑛,𝑠(𝑡3; 𝑥) =

𝑥3  + 𝑥2 {
6

𝑛3𝑠+1
(

𝑟(𝑛𝑠−1)2

𝐺𝑥
𝑑𝑛,𝑟(𝑥) + 𝑛𝑠)} + 𝑥 {

3

𝑛3𝑠+2
((𝑛𝑠 − 1)𝑟𝑑𝑛,𝑟(𝑥) [

6𝑛𝑥+2𝑟+6

3𝑛2𝐺𝑥
] +

2)} +
8

7𝑛3𝑠+3𝐺𝑥
𝑟𝑑𝑛,𝑟(𝑥) 

× [𝑟2 +
(𝑛𝑥+𝑟)(3𝑟+𝑛𝑥+5)+21+𝑛𝑥(33+7𝑛𝑥)+4𝑟(𝑛𝑥+3)

4
].                                                   (13) 

5- ℳ𝑛,𝑠(𝑡4; 𝑥) = 𝑥4 + 𝑥3 {
8(𝑛𝑠−1)3

𝑛4𝑠+1𝐺𝑥
𝑟𝑑𝑛,𝑟(𝑥) +

60(𝑛2𝑠−1)+28

5𝑛4𝑠+1 } +  𝑥2 {
6(𝑛𝑠−1)

𝑛4𝑠+2 [(𝑛𝑠 −

1)𝑟𝑑𝑛,𝑟(𝑥) (
6𝑛𝑥+2𝑟+6

3𝑛2𝐺𝑥
) + 4] +

3511

105𝑛4𝑠+2} +  𝑥 {
158

7𝑛4𝑠+3 +
32(𝑛𝑠−1)

7𝑛4𝑠+3𝐺𝑥
𝑟𝑑𝑛,𝑟(𝑥) [𝑟2 +

(𝑛𝑥+𝑟)(3𝑟+𝑛𝑥+5)+21+𝑛𝑥(33+7𝑛𝑥)+4𝑟(𝑛𝑥+3)

4
]} 

+ 
16 

15 𝑛4𝑠+4  𝐺𝑥
𝑟𝑑𝑛,𝑟(𝑥) 

× [
1.8214𝑛3𝑥3 + 15.3362𝑛2𝑥2 + 34.6249𝑛𝑥 + 1.4285 + 𝑟3 + 1.6071𝑟2

+11.5892𝑟 + 0.4999𝑟2𝑛𝑥 + 0.75𝑟𝑛2𝑥2 + 5.9642𝑟𝑛𝑥 ]                       (14)                                                    

   Proof:Clearly by accredition on results in [8] we get 

1- ℳ𝑛,𝑠(1; 𝑥) = 1, by applying Theorem 1.1 equation (4)  

2-  ℳ𝑛,𝑠(𝑡; 𝑥) =
1

𝐺𝑥
  2−𝑛𝑥 ∑

(𝑛𝑥)𝑘+𝑟

2𝑘+𝑟  (𝑘+𝑟)!
  (𝑥 +

𝑡−𝑥

𝑛𝑠 )  ∞
𝑘=0  

 =
1

𝐺𝑥
  2−𝑛𝑥 ∑

(𝑛𝑥)𝑘+𝑟

2𝑘+𝑟  (𝑘+𝑟)!
 
𝑥(𝑛𝑠−1)+𝑡

𝑛𝑠   ∞
𝑘=0 =

1

𝐺𝑥
 

1

𝑛𝑠  2−𝑛𝑥 ∑
(𝑛𝑥)𝑘+𝑟

2𝑘+𝑟  (𝑘+𝑟)!
 {𝑥(𝑛𝑠 − 1) + 𝑡}   ∞

𝑘=0  

=  
𝑥(𝑛𝑠 − 1)

𝑛𝑠

1

𝐺𝑥
 2−𝑛𝑥 ∑

(𝑛𝑥)𝑘+𝑟

2𝑘+𝑟  (𝑘 + 𝑟)!
 

∞

𝑘=0

+
1

𝑛𝑠

1

𝐺𝑥
 2−𝑛𝑥 ∑

(𝑛𝑥)𝑘+𝑟

2𝑘+𝑟  (𝑘 + 𝑟)!
  

∞

𝑘=0

𝑡 

=  
𝑥(𝑛𝑠 − 1)

𝑛𝑠
�̃�𝑛(1; 𝑥) +

1

𝑛𝑠
�̃�𝑛(𝑡; 𝑥) 
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Applying Theorem 1.1 equation (4) and (5), we get 

=  
𝑥(𝑛𝑠 − 1)

𝑛𝑠
+

1

𝑛𝑠
{𝑥 +

2𝑟

𝑛𝐺𝑥
𝑑𝑛,𝑟(𝑥)} 

So, ℳ𝑛,𝑠(𝑡; 𝑥) =  𝑥 +
2𝑟

𝑛𝑠+1𝐺𝑥
𝑑𝑛,𝑟(𝑥) 

3- ℳ𝑛,𝑠(𝑡2; 𝑥) =
1

𝐺𝑥
  2−𝑛𝑥 ∑

(𝑛𝑥)𝑘+𝑟

2𝑘+𝑟  (𝑘+𝑟)!
  (𝑥 +

𝑡−𝑥

𝑛𝑠 )
2

  ∞
𝑘=0  

=
1

𝐺𝑥
  2−𝑛𝑥 ∑

(𝑛𝑥)𝑘+𝑟

2𝑘+𝑟  (𝑘 + 𝑟)!
 (

𝑥(𝑛𝑠 − 1) + 𝑡

𝑛𝑠
)

2

  

∞

𝑘=0

 

=
1

𝐺𝑥
 

1

𝑛2𝑠
 2−𝑛𝑥 ∑

(𝑛𝑥)𝑘+𝑟

2𝑘+𝑟  (𝑘 + 𝑟)!
 {𝑥2(𝑛𝑠 − 1)2 + 2𝑡𝑥(𝑛𝑠 − 1) + 𝑡2}   

∞

𝑘=0

 

=  
𝑥2(𝑛𝑠 − 1)2

𝑛2𝑠

1

𝐺𝑥
 2−𝑛𝑥 ∑

(𝑛𝑥)𝑘+𝑟

2𝑘+𝑟  (𝑘 + 𝑟)!
    

∞

𝑘=0

+
2𝑥(𝑛𝑠 − 1)

𝑛2𝑠

1

𝐺𝑥
 2−𝑛𝑥 ∑

(𝑛𝑥)𝑘+𝑟

2𝑘+𝑟  (𝑘 + 𝑟)!
  

∞

𝑘=0

𝑡 

+
1

𝑛2𝑠

1

𝐺𝑥
 2−𝑛𝑥 ∑

(𝑛𝑥)𝑘+𝑟

2𝑘+𝑟  (𝑘 + 𝑟)!
  𝑡2

∞

𝑘=0

 

=  
𝑥2(𝑛𝑠 − 1)2

𝑛2𝑠
�̃�𝑛(1; 𝑥) +  

2𝑥(𝑛𝑠 − 1)

𝑛2𝑠
�̃�𝑛(𝑡; 𝑥) +

1

𝑛2𝑠
�̃�𝑛(𝑡2; 𝑥), 

Directly, applying Theorem 1.1 equation (4), (5) and (6), we get 

=
𝑥2(𝑛𝑠 − 1)2

𝑛2𝑠
+  

2𝑥(𝑛𝑠 − 1)

𝑛2𝑠
{𝑥 +

2𝑟

𝑛𝐺𝑥
𝑑𝑛,𝑟(𝑥)} +

1

𝑛2𝑠
{𝑥2 +

2𝑥

𝑛
+ 𝑟𝑑𝑛,𝑟(𝑥)[

6𝑛𝑥 + 2𝑟 + 6

3𝑛2𝐺𝑥
]} 

= 𝑥2 {
(𝑛𝑠 − 1)2

𝑛2𝑠
+

2(𝑛𝑠 − 1)

𝑛2𝑠
+

1

𝑛2𝑠
} +

2𝑥

𝑛2𝑠+1
+ 𝑟𝑑𝑛,𝑟(𝑥) {

4𝑥(𝑛𝑠 − 1)

𝑛2𝑠+1𝐺𝑥
+

6𝑛𝑥 + 2𝑟 + 6

3𝑛2𝑠+2𝐺𝑥
} 

we obtained, ℳ𝑛,𝑠(𝑡2; 𝑥) =   𝑥2 +
2𝑥

𝑛2𝑠+1 + 𝑟𝑑𝑛,𝑟(𝑥) {
4𝑥(𝑛𝑠−1)

𝑛2𝑠+1𝐺𝑥
+

6𝑛𝑥+2𝑟+6

3𝑛2𝑠+2𝐺𝑥
} 

4-ℳ𝑛,𝑠(𝑡3; 𝑥) =
1

𝐺𝑥
  2−𝑛𝑥 ∑

(𝑛𝑥)𝑘+𝑟

2𝑘+𝑟  (𝑘+𝑟)!
  (𝑥 +

𝑡−𝑥

𝑛𝑠 )
3

  ∞
𝑘=0  

=
1

𝐺𝑥
  2−𝑛𝑥 ∑

(𝑛𝑥)𝑘+𝑟

2𝑘+𝑟  (𝑘 + 𝑟)!
 (

𝑥(𝑛𝑠 − 1) + 𝑡

𝑛𝑠
)

3

  

∞

𝑘=0
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=
1

𝐺𝑥
 

1

𝑛3𝑠
 2−𝑛𝑥 ∑

(𝑛𝑥)𝑘+𝑟

2𝑘+𝑟  (𝑘 + 𝑟)!
 {𝑥3(𝑛𝑠 − 1)3 + 3𝑥2(𝑛𝑠 − 1)2𝑡 + 3𝑥(𝑛𝑠 − 1)𝑡2 + 𝑡3}   

∞

𝑘=0

 

=  
𝑥3(𝑛𝑠 − 1)3

𝑛3𝑠

1

𝐺𝑥
 2−𝑛𝑥 ∑

(𝑛𝑥)𝑘+𝑟

2𝑘+𝑟  (𝑘 + 𝑟)!
    

∞

𝑘=0

+
3𝑥2(𝑛𝑠 − 1)2

𝑛3𝑠

1

𝐺𝑥
 2−𝑛𝑥 ∑

(𝑛𝑥)𝑘+𝑟

2𝑘+𝑟  (𝑘 + 𝑟)!
 𝑡    

∞

𝑘=0

+
3𝑥(𝑛𝑠 − 1)

𝑛3𝑠

1

𝐺𝑥
 2−𝑛𝑥 ∑

(𝑛𝑥)𝑘+𝑟

2𝑘+𝑟  (𝑘 + 𝑟)!
  

∞

𝑘=0

𝑡2 

+
1

𝑛3𝑠

1

𝐺𝑥
 2−𝑛𝑥 ∑

(𝑛𝑥)𝑘+𝑟

2𝑘+𝑟  (𝑘 + 𝑟)!
  

∞

𝑘=0

𝑡3 

=  
𝑥3(𝑛𝑠 − 1)3

𝑛3𝑠
�̃�𝑛(1; 𝑥) +

3𝑥2(𝑛𝑠 − 1)2

𝑛3𝑠
�̃�𝑛(𝑡; 𝑥) +

3𝑥(𝑛𝑠 − 1)

𝑛3𝑠
�̃�𝑛(𝑡2; 𝑥) 

+
1

𝑛3𝑠
�̃�𝑛(𝑡3; 𝑥) 

Applying Theorem 1.1 equation (4), (5), (6) and (7), we get 

=  
𝑥3(𝑛𝑠 − 1)3

𝑛3𝑠
+

3𝑥2(𝑛𝑠 − 1)2

𝑛3𝑠
{𝑥 +

2𝑟

𝑛𝐺𝑥
𝑑𝑛,𝑟(𝑥)}

+
3𝑥(𝑛𝑠 − 1)

𝑛3𝑠
{𝑥2 +

2𝑥

𝑛
+ 𝑟𝑑𝑛,𝑟(𝑥) [

6𝑛𝑥 + 2𝑟 + 6

3𝑛2𝐺𝑥
]} 

+
1

𝑛3𝑠
{𝑥3 +

6𝑥2

𝑛
+

6𝑥

𝑛2

+
8

7𝑛3𝑠+3𝐺𝑥
𝑟𝑑𝑛,𝑟(𝑥) [𝑟2

+
(𝑛𝑥 + 𝑟)(3𝑟 + 𝑛𝑥 + 5) + 21 + 𝑛𝑥(33 + 7𝑛𝑥) + 4𝑟(𝑛𝑥 + 3)

4
]} 

= 𝑥3  {
(𝑛𝑠 − 1)3

𝑛3𝑠
+

3(𝑛𝑠 − 1)2

𝑛3𝑠
+

3(𝑛𝑠 − 1)

𝑛3𝑠
+

1

𝑛3𝑠
} + 𝑥2{

6𝑟(𝑛𝑠 − 1)2

𝑛3𝑠+1𝐺𝑥
𝑑𝑛,𝑟(𝑥) +

6(𝑛𝑠 − 1)

𝑛3𝑠+1

+
6

𝑛3𝑠+1
} + 𝑥{

3(𝑛𝑠 − 1)

𝑛3𝑠
𝑟𝑑𝑛,𝑟(𝑥) [

6𝑛𝑥 + 2𝑟 + 6

3𝑛2𝐺𝑥
] +

6

𝑛3𝑠+2
}

+
8

7𝑛3𝑠+3𝐺𝑥
𝑟𝑑𝑛,𝑟(𝑥) [𝑟2

+
(𝑛𝑥 + 𝑟)(3𝑟 + 𝑛𝑥 + 5) + 21 + 𝑛𝑥(33 + 7𝑛𝑥) + 4𝑟(𝑛𝑥 + 3)

4
] 
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= 𝑥3  {
(𝑛𝑠 − 1)3 + 3(𝑛𝑠 − 1)2 + 3(𝑛𝑠 − 1) + 1

𝑛3𝑠
} + 𝑥2{

6

𝑛3𝑠+1
(

𝑟(𝑛𝑠 − 1)2

𝐺𝑥
𝑑𝑛,𝑟(𝑥) + 𝑛𝑠)}

+ 𝑥{
3

𝑛3𝑠+2
((𝑛𝑠 − 1)𝑟𝑑𝑛,𝑟(𝑥) [

6𝑛𝑥 + 2𝑟 + 6

3𝑛2𝐺𝑥
] + 2)}

+
8

7𝑛3𝑠+3𝐺𝑥
𝑟𝑑𝑛,𝑟(𝑥) [𝑟2

+
(𝑛𝑥 + 𝑟)(3𝑟 + 𝑛𝑥 + 5) + 21 + 𝑛𝑥(33 + 7𝑛𝑥) + 4𝑟(𝑛𝑥 + 3)

4
] 

ℳ𝑛,𝑠(𝑡3; 𝑥) = 𝑥3  + 𝑥2{
6

𝑛3𝑠+1
(

𝑟(𝑛𝑠 − 1)2

𝐺𝑥
𝑑𝑛,𝑟(𝑥) + 𝑛𝑠)}

+ 𝑥{
3

𝑛3𝑠+2
((𝑛𝑠 − 1)𝑟𝑑𝑛,𝑟(𝑥) [

6𝑛𝑥 + 2𝑟 + 6

3𝑛2𝐺𝑥
] + 2)} 

+
8

7𝑛3𝑠+3𝐺𝑥
𝑟𝑑𝑛,𝑟(𝑥) [𝑟2 +

(𝑛𝑥 + 𝑟)(3𝑟 + 𝑛𝑥 + 5) + 21 + 𝑛𝑥(33 + 7𝑛𝑥) + 4𝑟(𝑛𝑥 + 3)

4
] 

ℳ𝑛,𝑠(𝑡4; 𝑥) =
1

𝐺𝑥
  2−𝑛𝑥 ∑

(𝑛𝑥)𝑘+𝑟

2𝑘+𝑟  (𝑘 + 𝑟)!
  (𝑥 +

𝑡 − 𝑥

𝑛𝑠
)

4

  

∞

𝑘=0

 

=
1

𝐺𝑥
 

1

𝑛4𝑠
 2−𝑛𝑥 ∑

(𝑛𝑥)𝑘+𝑟

2𝑘+𝑟  (𝑘 + 𝑟)!
 {𝑥4(𝑛𝑠 − 1)4 + 4𝑥3(𝑛𝑠 − 1)3𝑡 + 6𝑥2(𝑛𝑠 − 1)2𝑡2

∞

𝑘=0

+ 4𝑥(𝑛𝑠 − 1)𝑡3 + 𝑡4}    

=  
𝑥4(𝑛𝑠 − 1)4

𝑛4𝑠
 �̃�𝑛(1; 𝑥) +

4𝑥3(𝑛𝑠 − 1)3

𝑛4𝑠
 �̃�𝑛(𝑡; 𝑥) +

6𝑥2(𝑛𝑠 − 1)2

𝑛4𝑠
 �̃�𝑛(𝑡2; 𝑥)

+
4𝑥(𝑛𝑠 − 1)

𝑛4𝑠
 �̃�𝑛(𝑡3; 𝑥) +

1

𝑛4𝑠
 �̃�𝑛(𝑡4; 𝑥) 

Applying Theorem 1.1 equation (4), (5), (6), (7) and (8), we get 
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=  
𝑥4(𝑛𝑠 − 1)4

𝑛4𝑠
 +

4𝑥3(𝑛𝑠 − 1)3

𝑛4𝑠
 {𝑥 +

2𝑟

𝑛𝐺𝑥
𝑑𝑛,𝑟(𝑥)}

+
6𝑥2(𝑛𝑠 − 1)2

𝑛4𝑠
 {𝑥2 +

2𝑥

𝑛
+ 𝑟𝑑𝑛,𝑟(𝑥) [

6𝑛𝑥 + 2𝑟 + 6

3𝑛2𝐺𝑥
]}

+
4𝑥(𝑛𝑠 − 1)

𝑛4𝑠
 {𝑥3 +

6𝑥2

𝑛
+

6𝑥

𝑛2

+
8

7𝑛3𝐺𝑥
𝑟𝑑𝑛,𝑟(𝑥) [𝑟2 +

(𝑛𝑥 + 𝑟)(3𝑟 + 𝑛𝑥 + 5) + 21 + 𝑛𝑥(33 + 7𝑛𝑥) + 4𝑟(𝑛𝑥 + 3)

4
]}

+
1

𝑛4𝑠
 {𝑥4 +

28𝑥3

5 𝑛
+

3511𝑥2

105 𝑛2
+

158𝑥

7 𝑛3 
 

+  
16 

15 𝑛4  𝐺𝑥
𝑟𝑑𝑛,𝑟(𝑥) [

1.8214𝑛3𝑥3 + 15.3362𝑛2𝑥2 + 34.6249𝑛𝑥 + 1.4285 + 𝑟3 + 1.6071𝑟2

+11.5892𝑟 + 0.4999𝑟2𝑛𝑥 + 0.75𝑟𝑛2𝑥2 + 5.9642𝑟𝑛𝑥 ]} 

ℳ𝑛,𝑠(𝑡4; 𝑥) = 𝑥4 { 
(𝑛𝑠−1)4

𝑛4𝑠  +
4(𝑛𝑠−1)3

𝑛4𝑠 +
6(𝑛𝑠−1)2

𝑛4𝑠 +
4(𝑛𝑠−1)

𝑛4𝑠 +
1

𝑛4𝑠} + 𝑥3 {
8(𝑛𝑠−1)3

𝑛4𝑠+1𝐺𝑥
𝑟𝑑𝑛,𝑟(𝑥) +

12(𝑛𝑠−1)2

𝑛4𝑠+1 +
24(𝑛𝑠−1)

𝑛4𝑠+1 +
28

5𝑛4𝑠+1} +  𝑥2 {
6(𝑛𝑠−1)2

𝑛4𝑠+2 𝑟𝑑𝑛,𝑟(𝑥) [
6𝑛𝑥+2𝑟+6

3𝑛2𝐺𝑥
] +

24(𝑛𝑠−1)

𝑛4𝑠+2 +
3511

105𝑛4𝑠+2}  

+ 𝑥 {
158

7𝑛4𝑠+3
+

32(𝑛𝑠 − 1)

7𝑛4𝑠+3𝐺𝑥
𝑟𝑑𝑛,𝑟(𝑥) [𝑟2

+
(𝑛𝑥 + 𝑟)(3𝑟 + 𝑛𝑥 + 5) + 21 + 𝑛𝑥(33 + 7𝑛𝑥) + 4𝑟(𝑛𝑥 + 3)

4
]} 

+ 
16 

15 𝑛4𝑠+4  𝐺𝑥
𝑟𝑑𝑛,𝑟(𝑥) [

1.8214𝑛3𝑥3 + 15.3362𝑛2𝑥2 + 34.6249𝑛𝑥 + 1.4285 + 𝑟3 + 1.6071𝑟2

+11.5892𝑟 + 0.4999𝑟2𝑛𝑥 + 0.75𝑟𝑛2𝑥2 + 5.9642𝑟𝑛𝑥 ] 

ℳ𝑛,𝑠(𝑡4; 𝑥) = 𝑥4 + 𝑥3 {
8(𝑛𝑠 − 1)3

𝑛4𝑠+1𝐺𝑥
𝑟𝑑𝑛,𝑟(𝑥) +

60(𝑛2𝑠 − 1) + 28

5𝑛4𝑠+1
}

+  𝑥2 {
6(𝑛𝑠 − 1)

𝑛4𝑠+2
[(𝑛𝑠 − 1)𝑟𝑑𝑛,𝑟(𝑥) (

6𝑛𝑥 + 2𝑟 + 6

3𝑛2𝐺𝑥
) + 4] +

3511

105𝑛4𝑠+2
}

+  𝑥 {
158

7𝑛4𝑠+3

+
32(𝑛𝑠 − 1)

7𝑛4𝑠+3𝐺𝑥
𝑟𝑑𝑛,𝑟(𝑥) [𝑟2

+
(𝑛𝑥 + 𝑟)(3𝑟 + 𝑛𝑥 + 5) + 21 + 𝑛𝑥(33 + 7𝑛𝑥) + 4𝑟(𝑛𝑥 + 3)

4
]} 

+ 
16 

15 𝑛4𝑠+4  𝐺𝑥
𝑟𝑑𝑛,𝑟(𝑥) 
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× [
1.8214𝑛3𝑥3 + 15.3362𝑛2𝑥2 + 34.6249𝑛𝑥 + 1.4285 + 𝑟3 + 1.6071𝑟2

+11.5892𝑟 + 0.4999𝑟2𝑛𝑥 + 0.75𝑟𝑛2𝑥2 + 5.9642𝑟𝑛𝑥 ].                            ■ 

  

The next lemma, we view the 𝓂–th order moment of the operators ℳ𝑛,𝑠 as follows 

𝒯𝑛,𝑠,𝓂(𝑥) ≡ ℳ𝑛,𝑠((𝑡 − 𝑥)𝓂; 𝑥) where 𝓂 ∈  ℕ0 ≔ {0,1,2, … }. In this lemma we used Theorem 

1.1 above to prove it. 

Lemma 3.3 :Let 𝑟 ∈ ℕ, 𝑠 > −
1

2
 then for all 𝑥 ∈ ℝ0and 𝑛 ∈ ℕ, we have 

1- 𝒯𝑛,𝑠,0(𝑥) = 1,                                                                                                                   (15) 

2- 𝒯𝑛,𝑠,1(𝑥) =
2

𝑛𝑠+1  𝐺𝑥
𝑟𝑑𝑛,𝑟(𝑥),                                                                                           (16) 

3- 𝒯𝑛,𝑠,2(𝑥) =
2𝑥

𝑛2𝑠+1𝐺𝑥
+ 𝑟𝑑𝑛,𝑟(𝑥) (

4(𝑛𝑠−1)

𝑛2𝑠+1𝐺𝑥
+

6𝑛𝑥+2𝑟+6

3𝑛2𝑠+2𝐺𝑥
−

4𝑥

𝑛𝑠+1𝐺𝑥
),                                      (17) 

4- 𝒯𝑛,𝑠,3(𝑥) =
6𝑥

𝑛3𝑠+2 + 𝑟𝑑𝑛,𝑟(𝑥) (
6𝑥2−12𝑥+6)

𝑛𝑠+1𝐺𝑥
+

12𝑥(1−𝑥)

𝑛2𝑠+1𝐺𝑥
+

6𝑥2

𝑛3𝑠+1𝐺𝑥
+

6𝑛𝑥2+2𝑟𝑥+6𝑥

𝑛3𝑠+2𝐺𝑥
−

6𝑛𝑥2+2𝑟𝑥+6𝑥

𝑛2𝑠+2𝐺𝑥
) + 𝑟𝑑𝑛,𝑟(𝑥) [

8𝑟2+2(𝑛𝑥+𝑟)(3𝑟+𝑛𝑥+5)+42+2𝑛𝑥(33+7𝑛𝑥)+8𝑟(𝑛𝑥+3)

7𝑛3𝑠+3𝐺𝑥
]          (18)   

5- 𝒯𝑛,𝑠,4(𝑥) = 𝑥3 {
60𝑛2𝑠−32

5𝑛4𝑠+1 −
24𝑛𝑠

𝑛3𝑠+1 +
12

𝑛2𝑠+1} + 𝑥3 {
8(𝑛𝑠−1)3

𝑛4𝑠+1 −
24(𝑛𝑠−1)2

𝑛3𝑠+1 −
8

𝑛𝑠+1}
𝑟𝑑𝑛,𝑟(𝑥)

𝐺𝑥
+ 

𝑥2 {
2.520𝑛𝑠 + 3508.48

105𝑛4𝑠+2
−

24

𝑛3𝑠+2
}

+ 𝑥2 {
2(𝑛𝑠 − 1)2(6𝑛𝑥 + 2𝑟 + 6)

𝑛4𝑠+2
−

4(𝑛𝑠 − 1)(6𝑛𝑥 + 2𝑟 + 6)

𝑛3𝑠+2

+
24(𝑛𝑠 − 1)

𝑛2𝑠+1
+

2(6𝑛𝑥 + 2𝑟 + 6)

𝑛2𝑠+2
}

𝑟𝑑𝑛,𝑟(𝑥)

𝐺𝑥

+ 𝑥 {
158

7𝑛4𝑠+3

−
32𝑛−𝑠𝑟𝑑𝑛,𝑟(𝑥)

7𝑛3𝑠+3𝐺𝑥
[𝑟2

+
(𝑛𝑥 + 𝑟)(3𝑟 + 𝑛𝑥 + 5) + 21 + 𝑛𝑥(33 + 7𝑛𝑥) + 4𝑟(𝑛𝑥 + 3)

4
]} 

  + 
16 

15 𝑛4𝑠+4  𝐺𝑥
𝑟𝑑𝑛,𝑟(𝑥) 

× [
1.8214𝑛3𝑥3 + 15.3362𝑛2𝑥2 + 34.6249𝑛𝑥 + 1.4285 + 𝑟3 + 1.6071𝑟2

+11.5892𝑟 + 0.4999𝑟2𝑛𝑥 + 0.75𝑟𝑛2𝑥2 + 5.9642𝑟𝑛𝑥 ].                        (19)   
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Next, we establish a Voronoviskaja-type formula. 

 Theorem 3.2 (Voronoviskaja Theorem):  

Let 𝑓 ∈ 𝐶𝜌, be twice differentiable and continuous at 𝑥 ∈ (0, ∞), then 

lim
𝑛→∞

𝑛𝑠 {ℳ𝑛,𝑠(𝑓; 𝑥) − 𝑓(𝑥)}

= 𝑓 ′(𝑥) {
2𝑟

𝑛𝑠+1  𝐺𝑥
𝑑𝑛,𝑟(𝑥)}

+ 𝑓″(𝑥) {
𝑥

𝑛𝑠+1
+ 𝑟𝑑𝑛,𝑟(𝑥) (

2(𝑛𝑠 − 1)

𝑛2𝑠+1𝐺𝑥
+

3𝑛𝑥 + 𝑟 + 3

𝑛𝑠+2𝐺𝑥
−

2𝑥

𝑛𝐺𝑥
)}, 

 

Proof: By Taylor's expansion of 𝑓 about 𝑥;  

𝑓(𝑡) = 𝑓(𝑥) + (𝑡 − 𝑥)𝑓 ′(𝑥) +
(𝑡−𝑥)2

2!
 𝑓 ′′(𝑥) +  (𝑡 − 𝑥)2휀(𝑡; 𝑥)                           if   𝑡 ≠ 𝑥,  

where 휀(𝑡; 𝑥) → 0 𝑎𝑠 𝑡 → 𝑥   

Substitute 𝑡 by (𝑥 +
𝑡−𝑥

𝑛𝑠 ), 

𝑓 (𝑥 +
𝑡 − 𝑥

𝑛𝑠
) = 𝑓(𝑥) + (

𝑡 − 𝑥

𝑛𝑠
) 𝑓′(𝑥) + (

𝑡 − 𝑥

𝑛𝑠
)

2

[
1

2
𝑓 ′′(𝑥) + 휀(

𝑡 − 𝑥

𝑛𝑠
)], 

where 휀 is bounded function and limℎ→0 휀(ℎ) = 0. Now by applying the operators ℳ𝑛,𝑠 defined 

in (9), we get; 

ℳ𝑛,𝑠(𝑓; 𝑥) = 𝑓(𝑥) + 𝒯𝑛,𝑠,1(𝑥)𝑓 ′(𝑥) +
1

2
𝒯𝑛,𝑠,2(𝑥)𝑓″(𝑥) + ℳ𝑛,𝑠 ((

𝑡−𝑥

𝑛𝑠 )
2

휀 (
𝑡−𝑥

𝑛𝑠 ) ; 𝑥). 

ℳ𝑛,𝑠(𝑓; 𝑥) −𝑓(𝑥)

= {
2

𝑛𝑠+1  𝐺𝑥
𝑟𝑑𝑛,𝑟(𝑥)} 𝑓 ′(𝑥)

+ {
𝑥

𝑛2𝑠+1𝐺𝑥
+ 𝑟𝑑𝑛,𝑟(𝑥) (

2(𝑛𝑠 − 1)

𝑛2𝑠+1𝐺𝑥
+

3𝑛𝑥 + 𝑟 + 3

3𝑛2𝑠+2𝐺𝑥
−

2𝑥

𝑛𝑠+1𝐺𝑥
)} 𝑓″(𝑥)

+ ℳ𝑛,𝑠 ((
𝑡 − 𝑥

𝑛𝑠
)

2

휀 (
𝑡 − 𝑥

𝑛𝑠
) ; 𝑥) 

applying Lemma 3.3 observe that 𝑛𝑠𝒯𝑛,𝑠,1(𝑥) = 0 as  𝑛 → ∞. 
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lim
𝑛→∞

𝑛𝑠{ℳ𝑛,𝑠(𝑓; 𝑥) − 𝑓(𝑥)} = {
2

𝑛  𝐺𝑥
𝑟𝑑𝑛,𝑟(𝑥)} 𝑓 ′(𝑥)

+ {
𝑥

𝑛𝑠+1𝐺𝑥
+ 𝑟𝑑𝑛,𝑟(𝑥) (

2(𝑛𝑠 − 1)

𝑛𝑠+1𝐺𝑥
+

3𝑛𝑥 + 𝑟 + 3

3𝑛𝑠+2𝐺𝑥
−

2𝑥

𝑛𝐺𝑥
)} 𝑓″(𝑥)

+ lim
𝑛→∞

 𝑛𝑠ℳ𝑛,𝑠 ((
𝑡 − 𝑥

𝑛𝑠
)

2

휀 (
𝑡 − 𝑥

𝑛𝑠
) ; 𝑥) 

Recalling Cauchy- Schwarz inequality and equation (17), we obtain  

|𝑛𝑠ℳ𝑛,𝑠 ((
𝑡 − 𝑥

𝑛𝑠
)

2

휀 (
𝑡 − 𝑥

𝑛𝑠
) ; 𝑥)| ≤ (ℳ𝑛,𝑠 (휀2 (

𝑡 − 𝑥

𝑛𝑠
) ; 𝑥))

1
2

. (𝑛2𝑠ℳ𝑛,𝑠 ((
𝑡 − 𝑥

𝑛𝑠
)

4

; 𝑥))

1
2

. 

From Theorem 3.1 and the properties of  휀, we get: 

lim𝑛→∞ ℳ𝑛,𝑠 (휀 (
𝑡−𝑥

𝑛𝑠 ) ; 𝑥) ≡ lim𝑛→∞ℳ𝑛,𝑠(휀(𝑡); 𝑥) =  휀(𝑥) = 0, then 

lim
𝑛→∞

ℳ𝑛,𝑠 (휀2 (
𝑡 − 𝑥

𝑛𝑠
) ; 𝑥) ≡ lim

𝑛→∞
ℳ𝑛,𝑠(휀2(𝑡); 𝑥) =  휀2(𝑥) = 0. 

Now, from Lemma 3.3, we get: 

𝑛𝑠ℳ𝑛,𝑠 ((
𝑡−𝑥

𝑛𝑠 )
2

휀 (
𝑡−𝑥

𝑛𝑠 ) ; 𝑥) → 0 as  𝑛 → ∞. 

Therefore, 

lim𝑛→∞ 𝑛𝑠{ℳ𝑛,𝑠(𝑓(𝑡); 𝑥) − 𝑓(𝑥)} = {
2

𝑛  𝐺𝑥
𝑟𝑑𝑛,𝑟(𝑥)} 𝑓 ′(𝑥) + {

𝑥

𝑛𝑠+1𝐺𝑥
+ 𝑟𝑑𝑛,𝑟(𝑥) (

2(𝑛𝑠−1)

𝑛𝑠+1𝐺𝑥
+

3𝑛𝑥+𝑟+3

3𝑛𝑠+2𝐺𝑥
−

2𝑥

𝑛𝐺𝑥
)} 𝑓″(𝑥).                                                            ∎ 

 

4. Rate of Convergence 

Definition 4.1[11] (Modulus of continuity):  

Let 𝑓 ∈ 𝐶[𝑎, 𝑏]. For 𝛿 > 0 , then the modulus of continuity 𝜔(𝑓; 𝛿) is defined by  

𝜔(𝑓; 𝛿) = 𝑆𝑢𝑝|𝑡−𝑥|≤𝛿|𝑓(𝑡) − 𝑓(𝑥)|, for every 𝑡, 𝑥 ∈ [𝑎, 𝑏], for 𝑎, 𝑏 ∈ ℝ.   

Next, for the order of approximation we give the following theorem: 

 Theorem 4.1[11]: Let 𝑓 ∈ 𝐶𝜌, then |ℳ𝑛,𝑠(𝑓; 𝑥) − 𝑓(𝑥)| ≤ 2𝜔(𝑓; 𝛿), 

where 𝛿 = √
2𝑥

𝑛2𝑠+1𝐺𝑥
+ 𝑟𝑑𝑛,𝑟(𝑥) (

4(𝑛𝑠−1)

𝑛2𝑠+1𝐺𝑥
+

6𝑛𝑥+2𝑟+6

3𝑛2𝑠+2𝐺𝑥
−

4𝑥

𝑛𝑠+1𝐺𝑥
). 

Proof: By using the well-known property of modulus of continuity  
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|𝑓(𝑡) − 𝑓(𝑥)| ≤ 𝜔(𝑓; 𝛿) (
|𝑡 − 𝑥|

𝛿
+ 1) 

Since the polynomials ℳ𝑛,𝑠(𝑓; 𝑥) are linear positive operators, then we get 

|ℳ𝑛,𝑠(𝑓; 𝑥) − 𝑓(𝑥)| ≤ (
1

𝛿
ℳ𝑛,𝑠(|𝑡 − 𝑥|; 𝑥) + 1) 𝜔(𝑓; 𝛿)  

Applying Cauchy- Schwartz inequality, (10) and (17) we have 

|ℳ𝑛,𝑠(𝑓; 𝑥) − 𝑓(𝑥)| ≤ 𝜔(𝑓; 𝛿) (
1

𝛿
√(ℳ𝑛,𝑠(𝑡 − 𝑥)2; 𝑥) + 1) 

≤ 𝜔(𝑓; 𝛿) (
1

𝛿
(√|𝒯𝑛,𝑠,2(𝑥)|) + 1) 

≤ 𝜔(𝑓; 𝛿) (
1

𝛿
√

2𝑥

𝑛2𝑠+1𝐺𝑥
+ 𝑟𝑑𝑛,𝑟(𝑥) (

4(𝑛𝑠 − 1)

𝑛2𝑠+1𝐺𝑥
+

6𝑛𝑥 + 2𝑟 + 6

3𝑛2𝑠+2𝐺𝑥
−

4𝑥

𝑛𝑠+1𝐺𝑥
) + 1) 

Choose 𝛿 = √
2𝑥

𝑛2𝑠+1𝐺𝑥
+ 𝑟𝑑𝑛,𝑟(𝑥) (

4(𝑛𝑠−1)

𝑛2𝑠+1𝐺𝑥
+

6𝑛𝑥+2𝑟+6

3𝑛2𝑠+2𝐺𝑥
−

4𝑥

𝑛𝑠+1𝐺𝑥
) 

Hence, we get 

|ℳ𝑛,𝑠(𝑓; 𝑥) − 𝑓(𝑥)| ≤ 2𝜔(𝑓; 𝛿)                                                                                                   ■ 

Theorem 4.2: Let 𝑓 ∈ 𝐶𝜌  on the interval [0, ∞). Then for a real number 𝑀 > 0, the limit 

relation  lim𝑛→∞ ℳ𝑛,𝑠(𝑓; 𝑥) = 𝑓(𝑥),  

holds uniformly on the interval [0, 𝑀]. 

Proof: By using (10), (11) and (12) from Theorem 3.1 we can see that: 

‖ℳ𝑛,𝑠(1; 𝑥) − 1‖
𝐶[0,𝑀]

= 0 

‖ℳ𝑛,𝑠(𝑡; 𝑥) − 𝑥‖
𝐶[0,𝑀]

= max
𝑥∈[0,𝑀]

2𝑟

𝑛𝑠+1𝐺𝑥
𝑑𝑛,𝑟(𝑥) 

≤
2𝑟

𝑛𝑠+1𝐺𝑀
𝑑𝑛,𝑟(𝑀) → 0 as 𝑛 → ∞. 

‖ℳ𝑛,𝑠(𝑡2; 𝑥) − 𝑥2‖
𝐶[0,𝑀]

= max
𝑥∈[0,𝑀]

(
2𝑥

𝑛2𝑠+1
+ 𝑟𝑑𝑛,𝑟(𝑥) {

4(𝑛𝑠 − 1)

𝑛2𝑠+1𝐺𝑥
+

6𝑛𝑥 + 2𝑟 + 6

3𝑛2𝑠+2𝐺𝑥
}) 

≤
2𝑀

𝑛2𝑠+1 + 𝑟𝑑𝑛,𝑟(𝑀) {
4(𝑛𝑠−1)

𝑛2𝑠+1𝐺𝑀
+

6𝑛𝑀+2𝑟+6

3𝑛2𝑠+2𝐺𝑀
} → 0 for sufficiently large n. 

              

The proof of Theorem 4.2 can be obtained by P. P. Korovkin [12].           ■ 
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 𝑪𝝆تقريب دوال مقيدة بواسطة مؤثرات خطية موجبة في الفضاء 

 

 حنين جعفر صادق

 قسم الرياضيات ، كلية العلوم ، جامعة البصرة ، البصرة ، العراق

 

 المستخلص

ة الكسندر لوباس لتقريب دوال مستمرة على من مؤثرات معرفة بواسطتعريف فئة جديدة الهدف من هذا البحث هو 

,0]الفترة  بعض خصائص التقريب التي  عرضموجبة والخطية المؤثرات المتتابعة من ارب هذه الدراسة تق . غرضنا هو(∞

ا ان هذه المؤثرات تحافظ على خصائص عندما وضحن. اخيراً درسنا معدل التقارب فرونوفسكي للتقارب صيغةناا  تقودنا لا

 لدوال المستمرة.على ا مل الاستمراريةمعا

 

 

 


