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 Abstract:    

 In this paper, we introduce a generalization of linear positive operators  𝐿𝑛
~(𝑓; 𝑥)  which we studied in 

[1], generalized in two dimensions (𝑥, 𝑦). We defined a sequence of linear positive operators to 

approximate unbounded functions in the domain (ℝ0 × ℝ0). We study some approximation properties for 

this operators 𝐿𝑛,𝑚
~ (𝑓; 𝑥, 𝑦)  like Korovkin theorem and we proved Voronoviskaja – type asymptotic 

formula for the operators 𝐿𝑛,𝑚
~ (𝑓; 𝑥, 𝑦) , whom we defined. 

Key words: Linear positive operators, Korovkin Theorem, Voronoviskaja Theorem.        

 

   1.Introduction 

  In 1995 Lupas[9], defined and studied the identity; 

1

(1−𝑎)𝛼 = ∑
(𝛼)𝑘

𝑘!

∞
𝑘=0 𝑎𝑘 , |𝑎| <  1;           Where(𝛼)𝑘 = { 

𝛼(𝛼 + 1) … (𝛼 + 𝑘 − 1) 𝑘 ∈ 𝑁 ≔ {1,2, … }
1          ,           𝑘 = 0

.          

         (1.1) 

  for more details, see [9],[2],[4] and[5]) and  he introduced the linear positive operators     

  𝐿𝑛(𝑓; 𝑥) = (1 − 𝑎)𝑛𝑥 ∑
(𝑛𝑥)𝑘

𝑘!
 𝑎𝑘 𝑓(

𝑘

𝑛
)∞

𝑘=0 . 

By letting 𝛼 = 𝑛𝑥 and 𝑥 ≥ 0. Where 𝑓: ℝ0 → ℝ. In 1999 Agratini [2], Supposing        that 𝐿𝑛(1; 𝑥) = 1, 

he found that 𝑎 =
1

2
. Hence Lupas defined the linear positive                operators;  

𝐿𝑛(𝑓; 𝑥) = 2−𝑛𝑥 ∑
(𝑛𝑥)𝑘

2𝑘𝑘!
  𝑓(

𝑘

𝑛
)∞

𝑘=0                                                                         (1.2) 

 In 2007 A. Erencyn and Fatma Tasdelen, [5], define a sequence of positive linear   

 operators and study some approximation properties for it that he fine the     

 generalization of the operators (1.2) above, so he define this operators: 

𝐿𝑛(𝑓; 𝑥) = 2−𝑎𝑛𝑥 ∑
(𝑎𝑛𝑥)𝑘

2𝑘𝑘!
  𝑓(

𝑘

𝑏𝑛
)∞

𝑘=0 , where 𝑥 ∈ ℝ0, 𝑛 ∈ ℕ, {𝑎𝑛}, {𝑏𝑛} some increasing and unbounded 

sequence. In 2014 Mohammed and Sadiq [1]  defined a new sequence of positive and linear operators as 

fellow: 

 𝐿𝑛
~(𝑓; 𝑥) =

1

𝐺𝑥
  2−𝑛𝑥 ∑

(𝑛𝑥)𝑘+𝑟

2𝑘+𝑟  (𝑘+𝑟)!
  𝑓(

𝑘+𝑟

𝑛
)∞

𝑘=0                                                      (1.3)  

where 𝐺𝑥 =   2−𝑛𝑥 ∑
(𝑛𝑥)𝑘

2𝑘  𝑘!

𝑟
𝑘=0    or   𝐺𝑥 =   2−𝑛𝑥 ∑

(𝑛𝑥)𝑘+𝑟

2𝑘+𝑟  (𝑘+𝑟)!

∞
𝑘=0  

𝐺𝑥: = ∑ 𝑑𝑛,𝑘(𝑥)  𝑟
𝑘=0  or 𝐺𝑥: = ∑ 𝑑𝑛,𝑘+𝑟(𝑥)  ∞

𝑘=0 

Then, it can be written the operator (1.3) as follow 

𝐿𝑛
~(𝑓; 𝑥) =

1

𝐺𝑥
∑ 𝑑𝑛,𝑘+𝑟(𝑥)  𝑓(

𝑘+𝑟

𝑛
)∞

𝑘=0                                                                     where  𝑥 ∈ ℝ0, 𝑛 ∈ ℕ, 

ℝ0 = [0, ∞), ℕ ≔ {1,2, … } and 𝑟 ∈ ℕ. 

In this paper, we define and study the operators 𝐿𝑛,𝑚
~ (𝑓; 𝑥, 𝑦) which represents the generalization of the 

operators (1.3) in two dimensions  (𝑥, 𝑦)( [8], [6] and [12]) as follow:  

𝐿𝑛,𝑚
~ (𝑓; 𝑥, 𝑦) =

1

𝐺𝑥

1

𝐺𝑦
∑ 𝑑𝑛,𝑘+𝑟(𝑥) ∑ 𝑑𝑚,𝑗+𝑠(𝑦)∞

𝑗=0   𝑓(
𝑘+𝑟

𝑛
,

𝑗+𝑠

𝑚
)∞

𝑘=0      (1.4) 

 

http://www.iiste.org/
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where  𝑑𝑛,𝑘+𝑟(𝑥) = 2−𝑛𝑥 ∑
(𝑛𝑥)𝑘+𝑟

2𝑘+𝑟 (𝑘+𝑟)!

∞
𝑘=0 

and 𝑥, 𝑦 ∈ ℝ0, 𝑓 ∈ 𝐶𝜌,𝑞(ℝ0 × ℝ0),  

𝐶𝜌,𝑞: The space of all continuous and unbounded functions 𝑓 on the area ℝ0 × ℝ0, with growth 

(𝑂(2𝜌+𝑞)), for some 𝜌, 𝑞 > 0,with the norm  

‖𝑓(𝑥, 𝑦)‖𝜌,𝑞 = 𝑆𝑢𝑝(𝑥,𝑦)𝜖(ℝ0×ℝ0)
|𝑓(𝑥,𝑦)|

𝜌(𝑥)𝑞(𝑦)
 , where 𝜌(𝑥) = 2𝑥. 

  

 2. Main Results: 

Firstly, we study the convergent conditions on the operators (1.4), and  

     before that we need to offer some theorems ( Korovkin theorem [3] and [11] )   

     Mohammed and Sadiq proved in 2014 [1], on the operators (1.3): 

    

[1]rem):Theorem(2.1) (Korovkin Theo 

For 𝑥 ∈ ℝ0, 𝑓 ∈ 𝐶𝜌 and by applying Korovkin Theorem on the operator 𝐿𝑛
~(𝑓; 𝑥), we have: 

  1) 𝐿𝑛
~(1; 𝑥) = 1 

2) 𝐿𝑛
~(𝑡; 𝑥) = 𝑥 +

2𝑟

𝑛  𝐺𝑥
𝑑𝑛,𝑟(𝑥). 

3) 𝐿𝑛
~(𝑡2; 𝑥) = 𝑥2 +

2𝑥

𝑛
+ 𝑟𝑑𝑛,𝑟(𝑥) [

6𝑛𝑥+2𝑟+6

3𝑛2𝐺𝑥
] 

4)  𝐿3
~ =

8

7
𝑟𝑑𝑛,𝑟(𝑥) [𝑟2 +

(𝑛𝑥+𝑟)(3𝑟+𝑛𝑥+5)+21+𝑛𝑥(33+7𝑛𝑥)+4𝑟(𝑛𝑥+3)

4
] 

 5)  𝐿4
~ = +𝑛4𝑥4𝐺𝑥 + 12𝑛3𝑥3𝐺𝑥 + 36𝑛2𝑥2𝐺𝑥 + 26𝑛𝑥𝐺𝑥  

+
16

15
𝑟𝑑𝑛,𝑟(𝑥) [

1.8214𝑛3𝑥3 + 15.3362𝑛2𝑥2 + 34.6249𝑛𝑥 + 1.4285 + 𝑟3 + 1.6071𝑟2

+11.5892𝑟 + 0.4999𝑟2𝑛𝑥 + 0.75𝑟𝑛2𝑥2 + 5.9642𝑟𝑛𝑥 ].  

 

 have: , we𝑓(𝑡, 𝑢) ∈ 𝐶𝜌,𝑞(ℝ0 × ℝ0), where 𝐿𝑛
~(𝑓; 𝑥, 𝑦)For the operator  Lemma (2.2):

lim𝑛,𝑚→∞‖𝐿𝑛,𝑚
~ (𝑓; 𝑥, 𝑦) − 𝑓(𝑥, 𝑦)‖

𝜌,𝑞
= 0 if and only if  

1) lim𝑛,𝑚→∞‖𝐿𝑛,𝑚
~ (1; 𝑥, 𝑦) − 1‖

𝜌,𝑞
= 0                   ;                                                 (2.1) 

2) lim𝑛,𝑚→∞‖𝐿𝑛,𝑚
~ (𝑡; 𝑥, 𝑦) − 𝑥‖

𝜌,𝑞
= 0                    ;                                                (2.2) 

3) lim𝑛,𝑚→∞‖𝐿𝑛,𝑚
~ (𝑢; 𝑥, 𝑦) − 𝑦‖

𝜌,𝑞
= 0              ;                                                     (2.3)                                             

4) lim𝑛,𝑚→∞‖𝐿𝑛,𝑚
~ (𝑡2 + 𝑢2; 𝑥, 𝑦) − (𝑥2 + 𝑦2)‖

𝜌,𝑞
= 0   ;                                        (2.4) 

for 𝑥, 𝑦 ∈ ℝ0 and 𝑓 ∈ 𝐶𝜌,𝑞(ℝ0 × ℝ0).  

Clearly,  Proof: 

1) lim𝑛,𝑚→∞‖𝐿𝑛,𝑚
~ (1; 𝑥, 𝑦) − 1‖

𝜌,𝑞
= 

|
1

𝐺𝑥

1

𝐺𝑦

∑ 𝑑𝑛,𝑘+𝑟(𝑥) ∑ 𝑑𝑚,𝑗+𝑠(𝑦)

∞

𝑗=0

  ) − 1

∞

𝑘=0

| = 0 

2) lim𝑛,𝑚→∞‖𝐿𝑛,𝑚
~ (𝑡; 𝑥, 𝑦) − 𝑥‖

𝜌,𝑞
= |

1

𝐺𝑥

1

𝐺𝑦
∑ (

𝑘+𝑟

𝑛
) 𝑑𝑛,𝑘+𝑟(𝑥) ∑ 𝑑𝑚,𝑗+𝑠(𝑦)∞

𝑗=0 − 𝑥∞
𝑘=0 | =  

|
1

𝐺𝑥
∑ (

𝑘+𝑟

𝑛
) 𝑑𝑛,𝑘+𝑟(𝑥) − 𝑥∞

𝑘=0 | 

By using theorem (2.1) (2) we get; 

𝐿𝑛
~(𝑡; 𝑥) = 𝑥 +

2𝑟

𝑛  𝐺𝑥
𝑑𝑛,𝑟(𝑥)  

that means  
1

𝐺𝑥
∑ (

𝑘+𝑟

𝑛
) 𝑑𝑛,𝑘+𝑟(𝑥) =∞

𝑘=0 𝑥 +
2𝑟

𝑛  𝐺𝑥
𝑑𝑛,𝑟(𝑥) and this a broach to 𝑥 as 𝑛 → ∞. 

 Then |
1

𝐺𝑥
∑ (

𝑘+𝑟

𝑛
) 𝑑𝑛,𝑘+𝑟(𝑥) − 𝑥∞

𝑘=0 | → 0 as 𝑛 → ∞. 

Therefore  lim𝑛,𝑚→∞‖𝐿𝑛,𝑚
~ (𝑡; 𝑥, 𝑦) − 𝑥‖

𝜌,𝑞
=

2𝑟

𝑛𝐺𝑥
𝑑𝑛,𝑟(𝑥) which tend to 0 as 𝑛 → ∞. 

We proved (2.1) and (2.2), by the same way we shall prove (2.3) 

http://www.iiste.org/
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3) lim𝑛,𝑚→∞‖𝐿𝑛
~(𝑢; 𝑥, 𝑦) − 𝑦‖𝜌,𝑞 = |

1

𝐺𝑥

1

𝐺𝑦
∑ 𝑑𝑛,𝑘+𝑟(𝑥) ∑ (

𝑗+𝑠

𝑚
) 𝑑𝑚,𝑗+𝑠(𝑦)∞

𝑗=0  − 𝑦∞
𝑘=0 | = 

 |
1

𝐺𝑦
∑ (

𝑗+𝑠

𝑚
) 𝑑𝑚,𝑗+𝑠(𝑦) − 𝑦∞

𝑗=0 | 

By using theorem (2.1) (2) we have; 

𝐿𝑚
~ (𝑢; 𝑦) = 𝑦 +

2𝑠

𝑚  𝐺𝑦
𝑑𝑚,𝑠(𝑦); 

Then |
1

𝐺𝑦
∑ (

𝑗+𝑠

𝑚
) 𝑑𝑚,𝑗+𝑠(𝑦) − 𝑦∞

𝑗=0 | → 0 as 𝑚 → ∞. 

Therefore  lim𝑛,𝑚→∞‖𝐿𝑛,𝑚
~ (𝑢; 𝑥, 𝑦) − 𝑦‖

𝜌,𝑞
=

2𝑠

𝑚𝐺𝑦
𝑑𝑚,𝑠(𝑦) which tend to 0 as 𝑚 → ∞. 

Now, we want to prove (2.4) bellow; 

4) lim𝑛,𝑚→∞‖𝐿𝑛,𝑚
~ (𝑡2 + 𝑢2; 𝑥, 𝑦) − (𝑥2 + 𝑦2)‖

𝜌,𝑞
 

= lim
𝑛,𝑚→∞

‖𝐿𝑛,𝑚
~ ((

𝑘 + 𝑟

𝑛
)

2

+ (
𝑗 + 𝑠

𝑚
)

2

; 𝑥, 𝑦) − (𝑥2 + 𝑦2)‖
𝜌,𝑞

 

= |
1

𝐺𝑥

1

𝐺𝑦
∑ ∑ ((

𝑘+𝑟

𝑛
)

2

+ (
𝑗+𝑠

𝑚
)

2

) 𝑑𝑛,𝑘+𝑟(𝑥)𝑑𝑚,𝑗+𝑠(𝑦)  − (𝑥2 + 𝑦2)∞
𝑗=0  ∞

𝑘=0 |  

= (
1

𝐺𝑥
∑  (

𝑘+𝑟

𝑛
)

2
∞
𝑘=0 𝑑𝑛,𝑘+𝑟(𝑥) − 𝑥2) (

1

𝐺𝑦
∑ (

𝑗+𝑠

𝑚
)

2

𝑑𝑚,𝑗+𝑠(𝑦)  − 𝑦2∞
𝑗=0 )  

        By using theorem (2.1) (3) we have; 

       𝐿𝑛
~(𝑡2; 𝑥) = 𝑥2 +

2𝑥

𝑛
+ 𝑟𝑑𝑛,𝑟(𝑥) [

6𝑛𝑥+2𝑟+6

3𝑛2𝐺𝑥
],  

So, (
1

𝐺𝑥
∑  (

𝑘+𝑟

𝑛
)

2
∞
𝑘=0 𝑑𝑛,𝑘+𝑟(𝑥) − 𝑥2) =

2𝑥

𝑛
+ 𝑟𝑑𝑛,𝑟(𝑥) [

6𝑛𝑥+2𝑟+6

3𝑛2𝐺𝑥
] 

which tend to 0 when 𝑛 → ∞. 

and 
1

𝐺𝑦
∑ (

𝑗+𝑠

𝑚
)

2

𝑑𝑚,𝑗+𝑠(𝑦)  − 𝑦2∞
𝑗=0 =

2𝑦

𝑚
+ 𝑠𝑑𝑚,𝑠(𝑦) [

6𝑚𝑦+2𝑠+6

3𝑚2𝐺𝑦
]  

which tend to 0 as 𝑚 → ∞.         

So the proof is complete.                                                                                                           ∎ 

    Later, we shall prove Voronoviskaja theorem on the operators (1.4) and to prove it we need the next 

lemma to get the moment to the operators (1.3) which proved by Mohammed and Sadiq in 2014 in [1].   

we have ,𝑛 ∈ ℕ and 𝑥 ∈ ℝ0 then for all, 𝑟 ∈ ℕ Let [1] Lemma (2.3): 

1) 𝑇𝑛,0
~ (𝑥) = 1. 

2) 𝑇𝑛,1
~ (𝑥) =

2𝑟

𝑛  𝐺𝑥
𝑑𝑛,𝑟(𝑥). 

3) 𝑇𝑛,2
~ (𝑥) = 𝑟𝑑𝑛,𝑟(𝑥) (

6𝑛𝑥+2𝑟+6

3𝑛2𝐺𝑥
+

4𝑥

𝑛𝐺𝑥
) +

2𝑥

𝑛
. 

4) 𝑇𝑛,3
~ (𝑥) = 𝑟𝑑𝑛,𝑟(𝑥) (

8𝑟2+2(𝑛𝑥+𝑟)(3𝑟+𝑛𝑥+5)+42+2𝑛𝑥(33+7𝑛𝑥)+8𝑟(𝑛𝑥+3)

7𝑛3𝐺𝑥
−

2𝑟𝑥+6

𝑛2𝐺𝑥
) +

6𝑥

𝑛2. 

5) 𝑇𝑛,4
~ (𝑥) = 𝑟𝑑𝑛,𝑟(𝑥) [5.9428

𝑥3

𝑛𝐺𝑥
+ 28.358

𝑥2

𝑛2𝐺𝑥
+ 36.9332

𝑥

𝑛3𝐺𝑥
+ 4.8

𝑟𝑥2

𝑛2𝐺𝑥
+ 0.3618

𝑟𝑥

𝑛3𝐺𝑥
+ +

1.5237

𝑛4𝐺𝑥
+

1.0666
𝑟3

𝑛4𝐺𝑥
+ 1.7142

𝑟2

𝑛4𝐺𝑥
− 7.9999

𝑟2

𝑛3𝐺𝑥
+ 12.3618

𝑟

𝑛4𝐺𝑥
+ 0.5332

𝑥𝑟2

𝑛3𝐺𝑥
− 9.1428

𝑟𝑥

𝑛2𝐺𝑥
− 9.1428

𝑥2

𝑛𝐺𝑥
−

9.4285
𝑥

𝑛2𝐺𝑥
− 19.4285

𝑟

𝑛3𝐺𝑥
−

24

𝑛3𝐺𝑥
] +

12𝑥2

𝑛2 +
36𝑥

𝑛3 .   

 

Now, we ready to state and prove Voronovskaja theorem  

( Voronovskaja theorem)Theorem (2.4):[11] 

Suppose that 𝑓 ∈ 𝐶𝜌,𝑞(ℝ0 × ℝ0), 𝜌, 𝑞𝜖ℕ0, and suppose that  

𝜕2𝑓(𝑥,𝑦)

𝜕𝑥2  and 
𝜕2𝑓(𝑥,𝑦)

𝜕𝑦2  exist at a point (𝑥, 𝑦) ∈ ℝ0 × ℝ0. 

Then   

  lim𝑛→∞ 𝑛 (𝐿𝑛,𝑛
~ (𝑓(𝑡, 𝑢); 𝑥, 𝑦) − 𝑓(𝑥, 𝑦)) = 𝑥

𝜕2𝑓(𝑥,𝑦)

𝜕𝑥2 + 𝑦
𝜕2𝑓(𝑥,𝑦)

𝜕𝑦2 .  

Proof: By using Taylor
'
s expansion for 𝑓(𝑡, 𝑢) about (𝑥, 𝑦) ,we have; [10]  
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𝑓(𝑡, 𝑢) = 𝑓(𝑥, 𝑦) + 𝑓𝑥
′(𝑥, 𝑦)(𝑡 − 𝑥) + 𝑓𝑦

′(𝑥, 𝑦)(𝑧 − 𝑦) +
1

2
(𝑓𝑥𝑥

" (𝑥, 𝑦)(𝑡 − 𝑥)2 + 2𝑓𝑥𝑦
" (𝑥, 𝑦)(𝑢 − 𝑦)2) 

+𝜑(𝑡, 𝑢; 𝑥, 𝑦)√(𝑡 − 𝑥)4) − (𝑢 − 𝑦)4 

 

where (𝑡, 𝑢) ∈ (0, ∞) × (0, ∞), and 𝜑(𝑡, 𝑢) = 𝜑(𝑡, 𝑢; 𝑥, 𝑦)is a function belonging to 𝐶𝜌,𝑞 ∈ [0, ∞) ×

[0, ∞) and 𝜑(𝑡, 𝑢) → 0 when (𝑡, 𝑢) → (𝑥, 𝑦) for 𝑛, 𝑚 ∈ ℕ. 

       So, by depending on 𝐿𝑛,𝑛
~ (𝑓; 𝑥) is a sequence of linear positive operators, we have; 

𝐿𝑛,𝑛
~ (𝑓(𝑡, 𝑢); 𝑥, 𝑦) = 𝑓(𝑥, 𝑦) +

𝜕𝑓(𝑥,𝑦)

𝜕𝑥
𝐿𝑛

~((𝑡 − 𝑥); 𝑥) 

+
𝜕𝑓(𝑥, 𝑦)

𝜕𝑦
𝐿𝑛

~((𝑢 − 𝑦); 𝑦) 

+
1

2
[

𝜕2𝑓(𝑥,𝑦)

𝜕𝑥2 𝐿𝑛
~((𝑡 − 𝑥)2; 𝑥) +

𝜕2𝑓(𝑥,𝑦)

𝜕𝑥𝜕𝑦
   𝐿𝑛

~((𝑡 − 𝑥); 𝑥)𝐿𝑛
~((𝑢 − 𝑦); 𝑦) +

𝜕2𝑓(𝑥,𝑦)

𝜕𝑦2 𝐿𝑛
~((𝑢 − 𝑦)2; 𝑦)] +

𝐿𝑛,𝑛
~ (𝜑(𝑡, 𝑢)√(𝑡 − 𝑥)4 + (𝑢 − 𝑦)4; 𝑥, 𝑦)  

Here, using lemma (2.3), we have: 

lim𝑛→∞ 𝑛 (𝐿𝑛,𝑛
~ (𝑓(𝑡, 𝑢); 𝑥, 𝑦) − 𝑓(𝑥, 𝑦)) =

𝜕𝑓(𝑥,𝑦)

𝜕𝑥

2𝑟

𝑛𝐺𝑥
𝑑𝑛,𝑟(𝑥) +

𝜕𝑓(𝑥,𝑦)

𝜕𝑦

2𝑟

𝑛𝐺𝑥
𝑑𝑛,𝑟(𝑥) +

1

2
[

𝜕2𝑓(𝑥,𝑦)

𝜕𝑥2 {𝑟𝑑𝑛,𝑟(𝑥) + (
6𝑛𝑥+2𝑟+6

3𝑛2𝐺𝑥
+

4𝑥

𝑛𝐺𝑥
)

2𝑥

𝑛
} +

𝜕2𝑓(𝑥,𝑦)

𝜕𝑥𝜕𝑦

2𝑟

𝑛𝐺𝑥
𝑑𝑛,𝑟(𝑥)

2𝑟

𝑛𝐺𝑦
𝑑𝑛,𝑟(𝑦) +

𝜕2𝑓(𝑥,𝑦)

𝜕𝑦2 {𝑟𝑑𝑛,𝑟(𝑦) +

(
6𝑛𝑦+2𝑟+6

3𝑛2𝐺𝑦
+

4𝑦

𝑛𝐺𝑦
)

2𝑦

𝑛
}] + 𝑛𝐿𝑛,𝑛

~ (𝜑(𝑡, 𝑢)√(𝑡 − 𝑥)4 + (𝑢 − 𝑦)4; 𝑥, 𝑦)  

lim𝑛→∞ 𝑛 (𝐿𝑛,𝑛
~ (𝑓(𝑡, 𝑢); 𝑥, 𝑦) − 𝑓(𝑥, 𝑦)) =

𝑥
𝜕2𝑓(𝑥,𝑦)

𝜕𝑥2 + 𝑦
𝜕2𝑓(𝑥,𝑦)

𝜕𝑦2 + lim𝑛→∞ 𝑛 𝐿𝑛,𝑛
~ (𝜑(𝑡, 𝑢)√(𝑡 − 𝑥)4 + (𝑢 − 𝑦)4; 𝑥, 𝑦). 

 By using the Cauchy - Schwartz inequality; we get: 

|𝐿𝑛,𝑛
~ (𝜑(𝑡, 𝑢)√(𝑡 − 𝑥)4 + (𝑢 − 𝑦)4; 𝑥, 𝑦)| 

≤ (𝐿𝑛,𝑛
~ (𝜑2(𝑡, 𝑢); 𝑥, 𝑦))

1
2⁄

∙ (𝐿𝑛
~((𝑡 − 𝑥)4; 𝑥) + 𝐿𝑛

~((𝑢 − 𝑦)4; 𝑦))
1

2⁄  

≤ 𝜑2(𝐿𝑛
~((𝑡 − 𝑥)4; 𝑥) + 𝐿𝑛

~((𝑢 − 𝑦)4; 𝑦))
1

2⁄  

Which tend to zero when 𝑛 tend to ∞, (by applying lemma {(2.3) (5) }. 

Hence,  lim𝑛→∞ 𝑛 𝐿𝑛,𝑛
~ (𝜑(𝑡, 𝑢)√(𝑡 − 𝑥)4 + (𝑢 − 𝑦)4; 𝑥, 𝑦) = 0.  

Therefore,   

  lim𝑛→∞ 𝑛 (𝐿𝑛,𝑛
~ (𝑓(𝑡, 𝑢); 𝑥, 𝑦) − 𝑓(𝑥, 𝑦)) = 𝑥

𝜕2𝑓(𝑥,𝑦)

𝜕𝑥2 + 𝑦
𝜕2𝑓(𝑥,𝑦)

𝜕𝑦2 .          ∎ 
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