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1. INTRODUCTION 

To approximate some real valued functions and continuous on the interval [0,∞), Baskakov [1] in 1968 

defined a certain sequence of L.P.O. {𝐿𝑛}. 𝐿𝑛: 𝐶[ 0 ,∞) → 𝐶[ 0 , 𝐴] where  0 ≤ 𝓍 < ∞ as: 

𝐿𝑛(𝑓; 𝓍) = ∑ (−1)𝜄 𝜑𝑛
(𝜄)

(𝓍)

𝜄!
(𝓍)𝜄𝑓 (

𝜄

𝑛
)∞

𝜄=0 , for 𝑛 = 1,2, …                                                               (1) 

Also, Baskakov in the same paper redefined these operators when he defined 𝜑𝑛
(𝜄)(𝓍) as the following formula,   

𝐿𝑛( 𝑓 ;  𝓍 ) =
1

( 1 + 𝓍 )𝑛
∑

𝑛 ( 𝑛 + 1 )…( 𝑛 + 𝜄 − 1)

𝜄!
(

𝓍.

1+𝓍
)

𝜄

𝑓 (
𝜄

𝑛
)∞

𝜄=0                                                                    (2) 

Which led to the bellow formula  

𝐿𝑛(𝑓; 𝓍) = ∑ (
𝑛 + 𝜄 − 1

𝜄
) 𝓍𝜄(1 + 𝓍)−𝑛−𝜄𝑓 (

𝜄

𝑛
)∞

𝜄=0 .                                                                                (3) 

A relation between two generalizations of Baskakov type operators which depending on a some parameters interduced 

in 1982 by J. A. H. Alkemade[2], also, V. Gupta[3] studied a local and global direct results in ordinary and simultaneous 

for some modified Baskakov type operators. 

Ulrich Abel, M. Ivan and Hongkai Li [4] 2007 intoduced the local approximation by generalized Baskakov –Durrmeyer 

type operators. 

 A. Wafi and S. Khatoon [5] 2008 etablished the convergence order for the generalization of Baskakov – type operators. 

also, they found the derivatives of generalized Baskakov- type operators and then they established a Voronovskaya – 

type theorem for the derivative for these operators. [17], [18], [19] 
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Lots of researchers interested in the well known theorem (the Voronoviskaya –type theorem),and they studied the rate 

of convergence in weighted space, they introduced and proved them for some oeperators one of them the modifieds 

Baskakov operators  [6] and [7].  

In 2020 H. J. Sadiq [8]  introduced a new Baskakov operators defined as follow  

ℋℓ(𝑓(𝓊); 𝓍): =
1

𝜂(𝓍,𝑠)
∑ 𝓀ℓ,𝑠,𝜄(𝓍)∞

𝜄=0 ,                                                                                                     (4) 

for, 𝓀ℓ,𝑠,𝜄(𝓍) = (
ℓ + 𝜄 + 𝑠 − 1

𝜄 + 𝑠
) 𝓍𝜄+𝑠(1 + 𝓍)−ℓ−𝜄−𝑆,                                                                           (5) 

𝜂(𝓍, 𝑠) ≔ ∑ 𝓀ℓ,𝑠,𝜄(𝓍)∞
𝜄=0  , 𝜂(𝓍, 𝑠) ∈ (0,1), 𝓍 ∈ (ℝ+). 

Note that 𝓀ℓ,𝑠,0(𝓍) = (
ℓ + 𝑠 − 1

𝑠
) 𝓍𝑠(1 + 𝓍)−ℓ−𝑠  

Let 𝛼 > 0 , 𝐶𝛼(ℝ+) = {𝑓 ∈ 𝐶(ℝ+);  𝑓 is continuous real value function, 𝑆𝛼( 𝓍 ) is bounded, continuous in ℝ+},  [9] 

and [10] 

where 𝑆𝛼(𝓍) = {
1                                   𝑖𝑓 𝛼 = 0

(1 + 𝓍𝛼)−1                𝑖𝑓 𝛼 ∈ 𝑁
                                                            

The norm which normed the polynomial weight space is  

‖ 𝑓( 𝓍 )‖𝛼 ≔ 𝑠𝑢𝑝𝓍∈(ℝ+)𝑆𝛼( 𝓍 )|𝑓( 𝓍 )|. 

Also, we have 𝐶𝛼
𝑚[0, ∞) = {𝑓 ∈ 𝐶𝛼[0, ∞); 𝑓(𝜄) ∈ 𝐶𝛼[0, ∞), for 𝑓 = 1,2, … , 𝑚} , 𝑚 ∈ 𝑁.     

Then study some approximation properties also prove the convergence theorems for the operators defined in eq. (4). 

In 2008 A. Wafi and Salma Khatoon [5] introduced the derivative of some generalized Baskakov operators 𝐵𝑛
𝑎(𝑓; 𝓍). 

𝐵𝑛
𝑎(𝑓; 𝓍) = ∑ 𝑃𝑛,𝜄(𝓍, 𝑎)𝑓(𝜄 𝑎⁄ )∞

𝜄=0 , 𝑥 ∈ 𝑅0, 𝜄 = 0,1,2, … 𝑎 = 1,2, …                                                      (6) 

Where 𝑃𝑛,𝜄(𝓍, 𝑎) = 𝑒
−𝑎𝓍

1+𝑥
𝑃𝜄(𝑛,𝑎)

𝜄!

𝑥𝜄

(1+𝑥)𝑛+𝜄 , for 𝑎 ≥ 0.                                                                               (7) 

Some papers were recruit to find the derivatives of a sequence of positive and linear operators and to study them properties 

by some authors, it is possible to review the references ([11]-[14]).  

2. PRELIMINARIES AND NOTATIONS 

The operators ℋℓ(. ; 𝓍) have proved the Korovkin’s theorem in [8], and the following results were obtained. 

THEOREM 2.1 (BOHMAN- KOROVKIN THEOREM): The operators ℋℓ(𝑓(𝓊); 𝓍) satisfy the bellow conditions 

for every 𝓍 ∈ [0, ∞) and 𝑓 ∈ 𝐶𝛼. 

1 − ℋℓ(1; 𝓍) = 1,                                                                                                                                                       (8) 

2 − ℋℓ(𝓊; 𝓍) = 𝓍 +
𝑠(1+𝓍)

ℓ𝜂(𝓍,𝑠)
𝓀ℓ,𝑠,0(𝓍),                                                                                                                 (9) 

3 − ℋℓ(𝓊2; 𝓍) = 𝓍2 (1 +
1

ℓ
) +

𝓍

ℓ
+

𝑠(1+𝓍)

ℓ𝜂(𝓍,𝑠)
𝓀ℓ,𝑠,0(𝓍) {

1+𝓍(ℓ+1)

ℓ
},                                                                             (10) 

4-  ℋℓ(𝓊3; 𝓍) =  
𝓍3( ℓ + 1 )( ℓ + 2 )

ℓ2 +
3𝓍2( ℓ +1)

ℓ
+

𝓍

ℓ
+

𝑠(1+𝓍)𝓀ℓ,𝑠,0(𝓍)

ℓ𝜂(𝓍,𝑠)
[

𝓍(2ℓ+1)+𝓍(ℓ+2)[𝓍(ℓ+1)+𝑠]+𝑠2

ℓ2 ],                           (11)                                               

5-  ℋℓ(𝓊4; 𝓍) = =
𝓍4( ℓ + 1 )( ℓ + 2 )(ℓ+3)

ℓ3 +
6𝓍3( ℓ + 1 )( ℓ + 2 )

ℓ3 + 𝓍2 ( ℓ + 3)+2(3 ℓ + 2 )

ℓ3 +
𝓍

ℓ3 +
𝑠(1+𝓍)𝓀ℓ,𝑠,0(𝓍)

ℓ𝜂(𝓍,𝑠)
[

𝑠3

ℓ3 +

𝓍(2ℓ+1)+𝓍(ℓ+2)[𝓍( ℓ + 1 )+𝑠]+𝑠2

ℓ2 +
3𝓍2( ℓ + 1)2+𝑥(6ℓ+4)

ℓ3 ].                                                                                                                                                

(12) 
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 It is the suitable chance to give the definition of the 𝜎 −th order moment for the operators ℋℓ(. ; 𝓍)  as the formula 

Υℓ,𝑠,𝜎(𝓍): = ℋℓ((𝓊 − 𝓍)𝜎; 𝓍), 𝜎 ∈ 𝑁0, 𝑁0 = 0,1,2, … . By returning to [8] Sadiq found it as the following:  

for every 𝓍 ∈ [0, ∞) and 𝑓 ∈ 𝐶𝛼, 

Υℓ,𝑠,𝜎(𝓍): = ℋℓ((𝓊 − 𝓍)𝜎; 𝓍): =
1

𝜂(𝓍,𝑠)
∑ 𝓀ℓ,𝑠,𝑘(𝓍)(

𝑘+𝑠

ℓ
− 𝓍)𝜎∞

𝑘=0 . 

LEMMA 2.2 Let Υℓ,𝑠,𝜎(𝓍): = ℋℓ((𝓊 − 𝓍)𝜎; 𝓍), 𝜎 ∈ 𝑁0. Then we get 

1- Υℓ,𝑠,0(𝓍) = 1,                                                                                                                                                     (13) 

2- Υℓ,𝑠,1(𝓍) =
𝑠(1+𝓍)

ℓ𝜂(𝓍,𝑠)
𝓀ℓ,𝑠,0(𝓍),                                                                                       (14) 

3- Υℓ,𝑠,2(𝓍) =
𝓍2

ℓ
+

𝓍

ℓ
+

𝑠(1+𝓍)

ℓ𝜂(𝓍,𝑠)
𝓀ℓ,𝑠,0(𝓍) {

𝓍

ℓ
+ (𝓍 − 1)𝑠},                                                                           (15) 

4- Υℓ,𝑠,3(𝓍) =
2𝓍3

ℓ2 +
3𝓍2

ℓ2 +
𝓍

ℓ2 +
𝑠(1+𝓍)

ℓ𝜂(𝓍,𝑠)
𝓀ℓ,𝑠,0(𝓍) {2𝓍 (

ℓ2−ℓ+1

ℓ2 ) +
𝓍

ℓ
(

ℓ(4−3𝑠)+1

ℓ
) +

𝑠2+ℓ(1+𝓍)

ℓ
},                                (16)                                                  

5-Υℓ,𝑠,4(𝓍) = 𝓍4 {
3(ℓ+2)

ℓ3 } + 𝓍3 {
4(4ℓ+3)

ℓ3 } + 𝓍2 {
3ℓ+7

ℓ3 } +
𝓍

ℓ3 

+
𝑠(1+𝓍)

ℓ𝜂(𝓍,𝑠)
𝓀ℓ,𝑠,0(𝓍) {𝓍3 [

(ℓ+3)

ℓ
−

4(ℓ+1)(ℓ+2)

ℓ3 ] + 𝓍2 [
3(ℓ+1)2

ℓ3 +
(ℓ+1)(ℓ+2)−4(2ℓ+1)−4𝑠(ℓ+2)

ℓ2 +
6

ℓ
] + 𝓍

(2ℓ+1)−4𝑠2+𝑠(ℓ+2)

ℓ2 +
𝑠2

ℓ2 (
𝑠

ℓ
+

1)}.                                                                                                                                                                    (17)  

3. AUXILIARY RESULTS: CONVERGENCE THEOREMS FOR DERIVATIVE OF 

𝓗𝓵(𝒇; 𝔁) 

  

Firstly, we need to study the properties of the 𝜎 − 𝑡ℎ moment of the operators ℋℓ(. , 𝓍).  

LEMMA 3.1 For 𝓍 ≥ 0, ℓ ∈ 𝑁 we have 

1- lim
ℓ→∞

ℋℓ(𝓊 − 𝓍; 𝓍) = 0, lim
ℓ→∞

ℋℓ((𝓊 − 𝓍 )2;  𝓍 ) = 0,                                                                           (18) 

2- lim 
ℓ→∞

ℓℋℓ(𝓊 − 𝓍 ;  𝓍) =
𝑠(1+𝓍)

𝜂(𝓍,𝑠)
𝓀ℓ,𝑠,0(𝓍),                                                                                                 (19) 

3- lim
ℓ→∞

ℓ ℋℓ((𝓊 − 𝓍)2; 𝓍) =  𝓍(𝓍 + 1) +
𝑠(1+𝓍)

𝜂(𝓍,𝑠)
𝓀ℓ,𝑠,0(𝓍){(𝓍 − 1)𝑠}.                                                       (20) 

 

Here, we discuss the uniform convergence for the operators ℋℓ(. , 𝓍).  

THEOREM3.2 For the operators ℋ𝑛 and ℎ ∈ 𝐶[0, ∞) satisfying for 𝓍 > 0, 
ℎ(𝓍)

1+𝓍2 is convergent as 𝓍 → ∞. Then the 

operators ℋℓ has a uniform convergence to 𝑓, in symbols ℋℓ ⇉ 𝑓.   

Proof. From the uniformity for the operators ℋℓ, by using the Korovkin’s conditions [15], [16]. Then it is enough to 

prove that  

ℋℓ(𝓊𝑚; 𝓍) ⟶ 𝓍𝑚 for 𝑚 = 0,1,2.  

using theorem (2.1), then we get  ℋℓ(𝓊𝑚; 𝓍) ⟶ 𝓍𝑚 as ℓ ⟶ ∞ for 𝑚 = 0,1,2. 

 So, we arrive at the required.                                                                                         □  

Next, the most important theorem we based on in this paper is to find the derivative of the operators ℋℓ(𝑓; 𝓍).  
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THEOREM 3.3 For 𝑓 ∈ 𝐶𝛼[0, ∞), 𝑥 ≥ 0 then the operators ℋℓ(𝑓; 𝓍) have the following derivative  

(ℋℓ(𝑓))𝓍
′ =

ℓ

𝓍(1+𝓍)
Υℓ,𝑠,1(𝓍) −

(𝜂(𝓍,𝑠))
𝓍

′

𝜂(𝓍,𝑠)
.                                                                   (21) 

 Proof. ℋℓ(𝑓(𝓊); 𝓍): =
1

𝜂(𝓍,𝑠)
∑ 𝓀ℓ,𝑠,𝜄(𝓍)∞

𝜄=0 𝑓(𝓊) (from Eq. (6)) 

for, 𝓀ℓ,𝑠,𝜄(𝓍) = (
ℓ + 𝜄 + 𝑠 − 1

𝜄 + 𝑠
) 𝓍𝜄+𝑠(1 + 𝓍)−ℓ−𝜄−𝑠, 

𝜂(𝓍, 𝑠) ≔ ∑ 𝓀ℓ,𝑠,𝜄(𝓍)∞
𝜄=0  , 𝜂(𝓍, 𝑠) ∈ (0,1), 𝓍 ∈ [0, ∞). Therefore, we get 

(ℋℓ(𝑓(𝓊); 𝓍))𝓍
′ =

𝑑

𝑑𝑥
ℋℓ(𝑓( 𝓊 ) ;  𝓍) 

=
1

𝜂( 𝓍 , 𝑠 )

𝑑

𝑑𝓍
∑ 𝓀ℓ,𝑠,𝜄(𝓍) 𝑓(𝓊)

∞

𝜄=0

+ ∑ 𝓀ℓ,𝑠,𝜄(𝓍)𝑓(𝓊)
𝑑

𝑑𝓍

∞

𝜄=0

1

𝜂(𝓍, 𝑠)
 

=
1

𝜂(𝓍, 𝑠)
∑ (

ℓ + 𝜄 + 𝑠 − 1

𝜄 + 𝑠
) 𝑓(𝓊) {𝓍𝜄+𝑠

𝑑

𝑑𝑥
(1 + 𝓍)−ℓ−𝜄−𝑠 + (1 + 𝓍)−ℓ−𝜄−𝑠

𝑑

𝑑𝓍
𝑥𝜄+𝑠}

∞

𝜄=0

− ∑ 𝓀ℓ,𝑠,𝜄(𝓍)𝑓(𝓊)
(𝜂(𝓍, 𝑠))𝓍

′

(𝜂(𝓍, 𝑠))2

∞

𝜄=0

 

=
1

𝜂(𝓍, 𝑠)
∑ (

ℓ + 𝜄 + 𝑠 − 1

𝜄 + 𝑠
) 𝑓(𝓊){𝓍𝜄+𝑠(−𝑛 − 𝜄 − 𝑠)(1 + 𝓍)−ℓ−𝜄−𝑠−1 + (1 + 𝓍)−ℓ−𝜄−𝑠(𝜄 + 𝑠)𝑥𝜄+𝑠−1}

∞

𝜄=0

− ∑ 𝓀ℓ,𝑠,𝜄(𝓍)𝑓(𝓊)
(𝜂(𝓍, 𝑠))𝓍

′

(𝜂(𝓍, 𝑠))2

∞

𝜄=0

 

(ℋℓ(𝑓(𝓊); 𝓍))𝓍
′ =

1

𝜂(𝓍, 𝑠)
∑ 𝓀ℓ,𝑠,𝜄(𝓍)𝑓(𝓊)

𝓍(−𝑛 − 𝜄 − 𝑠) + (𝜄 + 𝑠)(1 + 𝓍)

1 + 𝓍

∞

𝜄=0

−
1

𝜂(𝓍, 𝑠)
∑ 𝓀ℓ,𝑠,𝜄(𝓍)𝑓(𝓊)

(𝜂(𝓍, 𝑠))𝓍
′

𝜂(𝓍, 𝑠)

∞

𝜄=0

 

𝓍(1 + 𝓍)(ℋℓ(𝑓(𝓊); 𝓍))𝓍
′ =

1

𝜂(𝓍, 𝑠)
∑ 𝓀ℓ,𝑠,𝜄(𝓍)𝑓(𝓊)(𝜄 + 𝑠 − ℓ𝓍)

∞

𝜄=0

−
𝓍(1 + 𝓍)

𝜂(𝓍, 𝑠)
∑ 𝓀ℓ,𝑠,𝜄(𝓍)𝑓(𝓊)

(𝜂(𝓍, 𝑠))𝓍
′

𝜂(𝓍, 𝑠)

∞

𝜄=0

 

𝓍(1 + 𝓍)

ℓ
(ℋℓ(𝑓(𝓊); 𝓍))𝓍

′ =
1

𝜂(𝓍, 𝑠)
∑ 𝓀ℓ,𝑠,𝜄(𝓍)𝑓(𝓊)(

𝜄 + 𝑠

ℓ
− 𝓍)

∞

𝜄=0

−
𝓍(1 + 𝓍)

ℓ 𝜂(𝓍, 𝑠)
∑ 𝓀ℓ,𝑠,𝜄(𝓍)𝑓(𝓊)

(𝜂(𝓍, 𝑠))𝓍
′

𝜂(𝓍, 𝑠)

∞

𝜄=0

 

𝓍(1 + 𝓍)

ℓ
(ℋℓ(𝑓(𝓊); 𝓍))𝓍

′ = ℋℓ((𝓊 − 𝓍); 𝓍) −
𝓍(1 + 𝓍)

ℓ 
ℋℓ(1; 𝓍)

(𝜂(𝓍, 𝑠))𝓍
′

𝜂(𝓍, 𝑠)
 

𝓍(1 + 𝓍)

ℓ
(ℋℓ(𝑓(𝓊); 𝓍))𝓍

′ = Υℓ,𝑠,1(𝓍) −
𝓍(1 + 𝓍)

ℓ 

(𝜂(𝓍, 𝑠))𝓍
′

𝜂(𝓍, 𝑠)
 

(ℋℓ(𝑓(𝓊); 𝓍))𝓍
′ =

ℓ

𝓍(1 + 𝓍)
Υℓ,𝑠,1(𝓍) −

(𝜂(𝓍, 𝑠))𝓍
′

𝜂(𝓍, 𝑠)
 

(ℋℓ(𝑓(𝓊); 𝓍))𝓍
′ =

𝑠

𝓍𝜂(𝓍,𝑠)
𝓀ℓ,𝑠,0(𝓍) −

(𝜂(𝓍,𝑠))
𝓍

′

𝜂(𝓍,𝑠)
.          

      

we can prove the convergence of the first derivative for the operators ℋℓ(. ; 𝓍) at the next theorem 

THEOREM 3.4 For 𝑓 ∈ 𝐶𝛼
1(ℝ+), so we have for every 𝓍(0, ∞); 

lim
ℓ→∞

(ℋℓ(𝑓))
𝑥

′
(𝓍) = 𝑓(𝓍)

𝑠

𝜂(𝓍,𝑠)
𝓀ℓ,𝑠,0(𝓍) + 𝑓′(𝓍) {𝓍 +

𝑠2(𝓍−1)

𝜂(𝓍,𝑠)
𝓀ℓ,𝑠,0(𝓍)} −

(𝜂(𝓍,𝑠))
𝓍

′

𝜂(𝓍,𝑠)
.                                         (22)  

 Proof. For 𝓍 ∈ (0, ∞), 𝑓 ∈ 𝐶𝛼
1[0, ∞) by Taylor formula we get 

𝑓(𝓊) = 𝑓( 𝓍 ) + 𝑓′( 𝓍 )(𝓊) + 𝜑(𝓊, 𝓍)(𝓊), 𝓊 ∈ ( ℝ+).                                                                                     (23) 
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where (𝓊) = ( 𝓊 − 𝓍 )for the function 𝜑(𝓊) = 𝜑(𝓊, 𝓍) ∈ 𝐶𝛼[0, ∞) and  

lim
ℓ→∞

𝜑(𝓊) = 0. 

Using Eq. (18) and (23), we get for ℓ ∈ ℕ 

(ℋℓ( 𝑓 ))
𝓍

′
( 𝓍 ) =

ℓ

(1 + 𝓍)
ℋℓ((𝓊 − 𝓍){𝑓( 𝓍 ) + 𝑓′( 𝓍 )(𝓊) + 𝜑( 𝓊, 𝓍 )(𝓊)}; 𝓍) −

(𝜂(𝓍, 𝑠))
𝓍

′

𝜂(𝓍, 𝑠)
 

=
ℓ

( 1+𝓍 )
𝑓( 𝓍 )Υℓ,𝑠,1(𝓍) +

ℓ

(1+𝓍)
𝑓′( 𝓍 )Υℓ,𝑠,2(𝓍) +

ℓ

(1+𝓍)
ℋℓ((𝓊)2𝜑(𝓊 , 𝓍); 𝓍) −

(𝜂( 𝓍,𝑠))
𝓍

′

𝜂( 𝓍,𝑠 )
.                             

(24)                                                                                                                                         

                                                                                                                                 

Applying Eq. (18), we get 

= 𝑓( 𝓍 )
𝑠

𝜂( 𝓍 , 𝑠)
𝓀ℓ,𝑠,0( 𝓍 ) + 𝑓′(𝓍) {𝓍 +

𝑠2( 𝓍 − 1 )

𝜂(𝓍, 𝑠)
𝓀ℓ,𝑠,0(𝓍)} +

ℓ

(1 + 𝓍)
ℋℓ((𝓊)2𝜑(𝑡 , 𝓍 ); 𝓍) −

(𝜂(𝓍 , 𝑠))
𝑥

′

𝜂(𝓍, 𝑠)
. 

Depending on some attributes of 𝜑(𝓊, 𝓍 ), lemma (2.2) and (2.3), we get the following 

lim
ℓ→∞

ℋℓ((𝓊)𝜑( 𝓊 , 𝓍 ) ; 𝓍) = 0, and lim
ℓ→∞

ℋℓ(𝜑2( 𝓊 , 𝓍) ; 𝓍) = 0                                                             (25) 

Applying the Hölder inequality, we get 

|ℋℓ((𝓊)𝜑( 𝓊 , 𝓍 ); 𝓍)| ≤ [ℋℓ(𝜑2( 𝓊 , 𝓍 ); 𝓍 )]
1
2[Υℓ,𝑠,4(𝓍)]

1
2 

Using Eq. (25) in above, we get 

lim
ℓ→∞

ℋℓ((𝓊)2𝜑(𝓊 , 𝓍 ); 𝓍) = 0                                                                                                                         (26) 

By using Eq. (18, 19, 20, 25) and (26) we obtain the required.                                                                                   □ 

Next, we establish and prove a main result it is a Voronoviskaja-type theorem for the first derivatives of the operators 

ℋℓ(. ; 𝓍).   

THEOREM 3.5 For 𝑓 ∈ 𝐶𝛼
3(ℝ+) then for every 𝓍 ∈ (0, ∞); we get 

lim
ℓ→∞

ℓ [(ℋℓ(𝑓))
𝑥

′
(𝓍) − 𝑓′(𝓍)] = 𝑓 ′′(𝓍) (

2𝓍2+3𝓍+1

2(1+𝓍)
) + 𝑓′′′(𝓍) {

3𝓍3+16𝓍2+3𝓍

6(1+𝓍)
} −

(𝜂(𝓍,𝑠))
𝓍

′

𝜂(𝓍,𝑠)
.                                     (27)                                                                                                                 

                              

 Proof. For 𝓍 ∈ (0, ∞), 𝑓 ∈ 𝐶𝛼
3[0, ∞) by Taylor’s expansion we get 

𝑓( 𝓊 ) = ∑
(𝓊−𝑥)𝑘

𝑘!

3
𝑘=0 𝑓(𝑘)( 𝓍 ) + 𝜑(𝓊, 𝓍)(𝓊 − 𝓍)3, 𝓊 ∈ ( ℝ0)                                                                             (28) 

where the function 𝜑(𝓊) ≡ 𝜑(𝓊, 𝓍) ∈ 𝐶𝛼[0, ∞) and lim
ℓ→∞

𝜑(𝓊) = 0 

since (ℋℓ(𝑓(𝓊); 𝓍))𝓍
′ =

ℓ

𝓍(1+𝓍)
Υℓ,𝑠,1(𝓍) −

(𝜂(𝓍,𝑠))𝓍
′

𝜂(𝓍,𝑠)
 

(ℋℓ(𝑓(𝓊); 𝓍))𝓍
′  

=
ℓ

𝓍(1 + 𝓍)
ℋℓ((𝓊 − 𝓍) {∑

(𝓊 − 𝑥)𝑘

𝑘!

3

𝑘=0

𝑓(𝑘)( 𝓍 ) + 𝜑(𝓊, 𝓍)(𝓊 − 𝓍)3} ; 𝓍) −
(𝜂(𝓍, 𝑠))

𝓍

′

𝜂(𝓍, 𝑠)
 

(ℋℓ(𝑓(𝓊); 𝓍))𝓍
′  

=
ℓ

𝓍(1 + 𝓍)
ℋℓ((𝓊 − 𝓍) {𝑓(𝓍) + (𝓊 − 𝓍)𝑓′( 𝓍 ) +

(𝓊 − 𝓍)2

2!
𝑓′′(𝓍) +

(𝓊 − 𝓍)3

3!
𝑓′′′(𝓍) + 𝜑(𝓊, 𝓍)(𝓊 − 𝓍)3} ; 𝓍)

−
(𝜂(𝓍, 𝑠))

𝓍

′

𝜂(𝓍, 𝑠)
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(ℋℓ(𝑓(𝓊); 𝓍))𝓍
′ =

ℓ

𝓍(1 + 𝓍)
𝑓(𝓍) ℋℓ((𝓊 − 𝓍); 𝓍) +

ℓ

𝓍(1 + 𝓍)
𝑓′(𝓍) ℋℓ((𝓊 − 𝓍)2; 𝓍)

+
ℓ

𝓍(1 + 𝓍)
𝑓′′(𝓍) ℋℓ (

(𝓊 − 𝓍)3

2!
; 𝓍) +

ℓ

𝓍(1 + 𝓍)
𝑓′′′(𝓍) ℋℓ (

(𝓊 − 𝓍)4

3!
; 𝓍)

+
ℓ

𝓍(1 + 𝓍)
 ℋℓ((𝓊 − 𝓍)4𝜑(𝓊, 𝓍); 𝓍) −

(𝜂(𝓍, 𝑠))
𝓍

′

𝜂(𝓍, 𝑠)
 

[(ℋℓ(𝑓(𝓊); 𝓍))
𝑥

′
(𝓍) − 𝑓′(𝓍)] = 𝑓(𝓍)

1

𝜂(𝓍,𝑠)
𝓀ℓ,𝑠,0(𝓍) + 𝑓 ′(𝓍)

𝑠

𝑥𝜂(𝓍,𝑠)
𝓀ℓ,𝑠,0(𝓍) {

𝓍+ℓ(𝓍−1)𝑠

ℓ
} +

1

(1+𝓍)

𝑓′′(𝓍)

2!
(

2𝓍2+3𝓍+1

ℓ
) +

𝑓′′(𝓍)

2!
{

𝑠

𝜂(𝓍,𝑠)
𝓀ℓ,𝑠,0(𝓍) {2 (

ℓ2−ℓ+1

ℓ2 ) +
1

ℓ
(

ℓ(4−3𝑠)+1

ℓ
) +

𝑠2+ℓ(1+𝓍)

𝓍ℓ
}} +

1

(1+𝓍)

𝑓′′′(𝓍)

6
{𝓍3 {

(3ℓ+2)

ℓ2 } + 𝓍2 {
(12ℓ2+27ℓ+21)

ℓ2 } +

𝓍 {
2ℓ+4

ℓ2 } +
1

ℓ2} +
𝑓′′′(𝓍)

6

𝑠

𝜂(𝓍,𝑠)
𝓀ℓ,𝑠,0(𝓍) {𝓍2 [

(ℓ+3)

ℓ
−

4(ℓ+1)(ℓ+2)

ℓ3 ] + 𝓍 [
3(ℓ+1)2

ℓ3 +
(ℓ+1)(ℓ+2)−4(2ℓ+1)−4𝑠(ℓ+2)

ℓ2 +
6

ℓ
] +

(2ℓ+1)−4𝑠2+𝑠(ℓ+2)

ℓ2 +
𝑠2

𝓍ℓ2 (
𝑠

ℓ
+ 1)} +

ℓ

𝓍(1+𝓍)
 ℋℓ((𝓊 − 𝓍)4𝜑(𝓊, 𝓍); 𝓍) −

(𝜂(𝓍,𝑠))
𝓍

′

𝜂(𝓍,𝑠)
. 

Observe that lim
ℓ→∞

1

𝜂(𝓍,𝑠)
𝓀ℓ,𝑠,0(𝓍) → 0 when ℓ → ∞. 

So, we get   

lim
ℓ→∞

ℓ [(ℋℓ(𝑓(𝓊); 𝓍))
𝑥

′
(𝓍) − 𝑓′(𝓍)] =

𝑓′′(𝓍)

2
(

2𝓍2+3𝓍+1

(1+𝓍)
) +

1

(1+𝓍)

𝑓′′′(𝓍)

6
{𝓍3 {

3(ℓ+2)

ℓ
} + 𝓍2 {

4(4ℓ+3)

ℓ
} + 𝓍 {

3ℓ+7

ℓ
} +

1

ℓ
} +

ℓ

𝓍(1+𝓍)
 ℋℓ((𝓊 − 𝓍)4𝜑(𝓊, 𝓍); 𝓍) −

(𝜂(𝓍,𝑠))
𝓍

′

𝜂(𝓍,𝑠)
.                  (29)                                                  

                    

By the features of 𝜑(𝓊, 𝓍), lemma (2.1) and theorem (3.2) when ℓ approach to ∞, we get  

lim
ℓ→∞

 ℋℓ((𝓊 − 𝓍)4𝜑(𝓊, 𝓍); 𝓍) = 0, lim
ℓ→∞

 ℋℓ(𝜑2(𝓊, 𝓍); 𝓍) = 0                                                                           (30) 

According to the Holder inequality we get 

| ℋℓ((𝓊 − 𝓍)2𝜑(𝓊, 𝓍); 𝓍)| ≤ ( ℋℓ((𝓊 − 𝓍)4; 𝓍))
1 2⁄

( ℋℓ(𝜑2(𝓊, 𝓍); 𝓍))
1 2⁄

. 

Using the hypothesis in equation (30) in above, we have  

lim
ℓ→∞

 ℓℋℓ((𝓊 − 𝓍)2𝜑(𝓊, 𝓍); 𝓍) = 0                                                                                                                    (31) 

Substitute the hypothesis in (31) we have when ℓ approach to ∞.      

lim
ℓ→∞

ℓ [(ℋℓ(𝑓(𝓊); 𝓍))
𝑥

′
(𝓍) − 𝑓′(𝓍)] = 𝑓 ′′(𝓍) (

2𝓍2+3𝓍+1

2(1+𝓍)
) + 𝑓′′′(𝓍) (

3𝓍3+16𝓍2+3𝓍

6(1+𝓍)
) −

(𝜂(𝓍,𝑠))
𝓍

′

𝜂(𝓍,𝑠)
.                     □                                                                      

 4. CONCLUSIONS  

      In the present paper we have found a derivative of some new family of modified Baskakov – type operators. We 

have introduced some convergence results for the first derivatives of ℋℓ(. ; 𝓍). Moreover, we have investigated some 

results about convergence properties of the derivative of ℋℓ(. ; 𝓍). Finally, we have introduced the Voronovskaya 

theorem for the first derivatives of ℋℓ(. ; 𝓍) for 𝑓 ∈ 𝐶𝛼
3(ℝ+). 
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