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Abstract. This article discusses on a new q-differential operator defined by a generalized q-Mittag-Leffler function. Motivated by
this operator, we state a new subclass for λ -uniformly starlike of order ϖ . Further, we study coefficient estimate and partial sums
for this class.

INTRODUCTION

Let A be the class of analytic and univalent functions f (z) in the open unit disk H = {z ∈ C : |z|< 1} with the
normalized form

f (z) = z+
∞

∑
l=2

alzl . (1)

Also, we consider the subclass of the class A denoted by T generated of the following functions:

f (z) = z−
∞

∑
j=2

a jz j (a j ≥ 0). (2)

The Hadamard product of two functions f and F denoted by f ∗F is defined by

( f ∗F )(z) := z+
∞

∑
l=2

aldlzl =: (F ∗ f )(z) ,

where f (z) has been mentioned in (1) and F (z) = z+∑
∞
l=2 dlzl .

For 0 ≤ ζ < 1, the subclasses S ∗(ζ ) and Ĉ (ζ ) of the class A which are called starlike and convex functions of
order ζ , respectively and given by

S ∗ (ζ ) =

{
f ∈A : R

(
z f ′ (z)
f (z)

)
> ζ

}
,

and

Ĉ (ζ ) =

{
f ∈A : R

(
z f ′′ (z)

f (z)
+1
)
> ζ

}
.

Lately, many authors have focused on the field of q-calculus; it is well known as q-analysis. This interest is due to
the importance of its applications in various mathematics and quantum physics fields. In 1908, Jackson [1]the first to
introduced and developed the concepts of q-derivative and q-integral. Also, the geometries for q-analysis have been
found in many studies presented on quantum groups. It has also been identified that there is a relationship between
q-integral and q-derivative. Recently, certain classes of functions that are analytic in H using fractional q-calculus
operators have been investigated by many authors (for examples, see [2, 3, 4, 5, 6]).

Definition .1. [1] For 0 < q < 1, the q-factorial denoted by [n]q! is defined by:

[ j]q! :=
{

[ j]q[ j−1]q . . . [2]q[1]q, j = 1,2,3, . . .
1, j = 0.
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Then the q-numbers [ j]q is given by

[ j]q :=



1−q j

1−q
( j ∈ C)

n−1
∑
j=0

q j ( j = n ∈ N)

0 ( j = 0).

Definition .2. [1] The q-generalized Pochhammer symbol [κ]l,q, κ ∈ C is given by

[κ]l,q = [κ]q[κ +1]q[κ +2]q . . . [κ + l−1]q,

and the q-Gamma function is given as below

Γq (κ +1) = [κ]qΓq(κ) and Γq(1) = 1.

Definition .3. [1] The q-derivative operator is defined as below

Dq f (z) =
f (qz)− f (z)
(q−1)z

.(z 6= 0)

To calculate the q-derivative of the function f (z) in (1), we have

Dq f (z) = 1+
∞

∑
l=2

[l]qalzl−1.

We note that

limq→1−Dq f (z) = f ′ (z) .

In 2019, [4] defined the classes of starlike and convex functions of the derivative function Dq f (z) as below

S̈ ∗
q (ζ ) = R

(
1+

1
ζ

(
zDq f (z)

f (z)
−1
))

> 0,

and

Ĉq (ζ ) = R

(
1+

1
ζ

(
Dq (zDq f (z))

Dq f (z)

))
> 0,

where ζ ∈ C\{0} and 0 < q < 1.
The Mittag-Leffler function has a large role in solving differential and integral equations. Recently, it has become
a topic of great interest in the field in a calculus and its applications. So, some mathematicians consider the classic
Mittag-Leffler function to be the Queen function of fractional calculus ( for example, see [7]).
Mittag Leffler in 1903 [8] established the function Eτ(z) as follows

Eτ (z) =
∞

∑
l=0

zl

Γ(τl +1)
,(τ,z ∈ C,R(τ)> 0).

Wiman in 1905 [9] presented the generalization of Mittag-Leffler function given by

Eτ,µ (z) =
∞

∑
l=0

zl

Γ(τl +µ)
(τ,µ,z ∈ C, [R(τ),R(µ)]> 0).

Prabhakar in 1971 [10] provided the function Eρ

τ,µ (z) as the following form

Eρ

τ,µ (z) =
∞

∑
l=0

(ρ)l

Γ(µ + τl)
zl

l!
(τ,µ,ρ,z ∈ C, [R(τ),R(µ),R(ρ)]> 0).
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Likewise, Shukla and Prajapati [11] (also see [12]) presented a generalization of Mittag-Leffler function

Eρ,k
τ,µ (z) =

∞

∑
l=0

(ρ)kl

Γ(τl +µ)

zl

l!
, (τ,µ,ρ,z ∈ C, [R (τ) ,R (µ) ,R (ρ)]> 0)

where k ∈ (0,1)
⋃
N and (ρ)kl =

Γ(ρ+kl)
Γ(ρ) is the generalized Pochhammer symbol particularly reduce to

kkl
k

∏
m=1

(
ρ +m−1

k

)
l

if k ∈ N.

Many studies have focused on the study of the Mittag-Leffler function and its generalizations (see, [13, 14, 15, 16, 17,
18, 19]).
Mansour [20] introduced a new concept of the q-Mittag-Leffler function as follows

Eτ,µ (q;z) =
∞

∑
l=0

zl

Γq (τl +µ)
,(µ ∈ C,τ > 0; |z|< (1−q)−τ).

Hadi et al. [21] defined a generalization of q-Mittag-Leffler function given by

MLρ

τ,µ (q;z) = z+
∞

∑
l=2

(ρ)kl

Γq(µ + τl)
zl

l!
(τ,µ,ρ ∈ C, [R (τ) ,R (µ) ,R (ρ)]> 0) (3)

where k ∈ (0,1)
⋃
N and (ρ)kl =

Γ(ρ+kl)
Γ(ρ) is the generalized Pochhammer symbol.

Next, we define a new q-differential operator Mη ,δ , j
τ,µ,ρ f (z) : A →A depending on the q-Mittag-Leffler in (3) as follows

Mη
τ,µ,ρ f (z) = MLρ

τ,µ (q;z)∗ f (z), (4)

Mη ,δ ,1
τ,µ,ρ f (z) =(1− (η−δ ))

(
MLρ

τ,µ (q;z)∗ f (z)
)
+(η−δ )zDq(MLρ

τ,µ (q;z)∗ f (z)), (5)

...

Mη ,δ , j
τ,µ,ρ f (z) = Mη ,δ ,1

τ,µ,ρ

(
Mη ,δ , j−1

τ,µ,ρ (q;z) f (z)
)
. (6)

Now, by (5) and (6), we show that

Mη ,δ , j
τ,µ,ρ f (z) = z+

∞

∑
l=2

[1+([l]q−1)(η−δ )] j (ρ)kl

Γq(µ + τl)
alzl

l!

= z+
∞

∑
l=2

Ξ jalzl ,

(7)

where Ξ j = [1+([l]q−1)(η−δ )] j (ρ)kl
Γq(µ+τl)l! , j ∈ N

⋃
{0}, and 0≤ δ ≤ η .

Making use of the new q-differential operator Mη ,δ , j
τ,µ,ρ f (z) and the class of λ -uniformly starlike functions of order ϖ

defined by [22], we introduce the following subclass:

Definition .4. For 0 ≤ α ≤ 1, 0 ≤ ϖ < 1, λ ≥ 0, a function f (z) belongs to the subclass G
ρ,ϖ ,λ ,α
τ,µ,η ,δ (q, j;z) of λ -

uniformly starlike function of order ϖ if and only if

R

(
zDq(M

η ,δ , j
τ,µ,ρ f (z))

(1−α)z+α(Mη ,δ , j
τ,µ,ρ f (z))

−ϖ

)
> λ

∣∣∣∣∣ zDq(M
η ,δ , j
τ,µ,ρ f (z))

(1−α)z+α(Mη ,δ , j
τ,µ,ρ f (z))

−1

∣∣∣∣∣ z ∈H . (8)

We also set

T G
ρ,ϖ ,λ ,α
τ,µ,η ,δ (q, j;z) = G

ρ,ϖ ,λ ,α
τ,µ,η ,δ (q, j;z)

⋂
T .
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SET OF MAIN RESULTS

In the first theorem, we present the coefficient estimate for the function f (z) in (1) to be in the subclass G
ρ,ϖ ,λ ,α
τ,µ,η ,δ (q, j;z).

Theorem .1. For 0 ≤ α ≤ 1,0 ≤ ϖ < 1,and λ ≥ 0. A class G
ρ,ϖ ,λ ,α
τ,µ,η ,δ (q, j;z) contains the function f (z) if it satisfies

the condition below
∞

∑
l=2

([l]q (1+λ )−α(ϖ +λ ))Ξ j |al | ≤ 1−ϖ . (9)

Proof. To show that the function f (z) ∈ G
ρ,ϖ ,λ ,α
τ,µ,η ,δ (q, j;z), we just need to prove that

λ

∣∣∣∣∣ zDq(M
η ,δ , j
τ,µ,ρ f (z))

(1−α)z+α(Mη ,δ , j
τ,µ,ρ f (z))

−1

∣∣∣∣∣−R

(
zDq(M

η ,δ , j
τ,µ,ρ f (z))

(1−α)z+α(Mη ,δ , j
τ,µ,ρ f (z))

−1

)
≤ 1−ϖ .

Since −R(z)≤ |z|, we note that

λ

∣∣∣∣∣ zDq(M
η ,δ , j
τ,µ,ρ f (z))

(1−α)z+α(Mη ,δ , j
τ,µ,ρ f (z))

−1

∣∣∣∣∣−R

(
zDq(M

η ,δ , j
τ,µ,ρ f (z))

(1−α)z+α(Mη ,δ , j
τ,µ,ρ f (z))

−1

)

≤ (1+λ )

∣∣∣∣∣ zDq(M
η ,δ , j
τ,µ,ρ f (z))

(1−α)z+α(Mη ,δ , j
τ,µ,ρ f (z))

−1

∣∣∣∣∣≤ (1+λ )
∑

∞
l=2 ([l]q−α)Ξ j |al | |z|l

|z|−α ∑
∞
l=2 Ξ j |al | |z|l

= (1+λ )
∑

∞
l=2 ([l]q−α)Ξ j |al |
1−α ∑

∞
l=2 Ξ j |al |

≤ 1−ϖ .

where we have employed the inequalities |z|< 1 and (9). This completes the proof of Theorem .1.

Theorem .2. For 0 ≤ α ≤ 1,0 ≤ ϖ < 1,and λ ≥ 0. A function f (z) belongs to the class T G
ρ,ϖ ,λ ,α
τ,µ,η ,δ (q, j;z) if and

only if
∞

∑
l=2

([l]q (1+λ )−α(ϖ +λ ))Ξ j |al | ≤ 1−ϖ . (10)

Proof. Since T is the subclass of A , then the sufficient condition holds by Theorem .1 and the functions (2). Now, we
have to prove the necessity condition.

Suppose that the function f (z) ∈T G
ρ,ϖ ,λ ,α
τ,µ,η ,δ (q, j;z) . Then, from the fact |R(z)| ≤ |z| for z ∈ U, we obtain∣∣∣∣∣ z−∑

∞
l=2 [l]qΞ jalzl

z−∑
∞
l=2 αΞ jalzl −ϖ

∣∣∣∣∣> λ

∣∣∣∣∑∞
l=2 ([l]q−α)Ξ jalzl

z−∑
∞
l=2 αΞ jalzl

∣∣∣∣ . (11)

In the real axis, we select the z values for which Dq f (z) is real. Putting z→ 1− in real values and upon clearing the
denominator of (11),

∞

∑
l=2

([l]q (1+λ )−α(ϖ +λ ))Ξ j |al |−1−ϖ ≤ 0.

Corollary .1. Let f (z) ∈T G
ρ,ϖ ,λ ,α
τ,µ,η ,δ (q, j;z), then

|al | ≤
1−ϖ

φ
j

l

, (12)

for 0≤ α ≤ 1, 0≤ ϖ < 1,and λ ≥ 0, with

f (z) = z+
1−ϖ

φ
j

l

zl ,
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where φ
j

l = ([l]q (1+λ )−α(ϖ +λ ))Ξ j.
If l = 2, then

|a2| ≤
1−ϖ

φ
j

2

,

where φ
j

2 = ([2]q (1+λ )−α(ϖ +λ ))Ξ j.

PARTIAL SUMS FOR THE CLASS T G
ρ,ϖ ,λ ,α
τ,µ,η ,δ (q, j;z)

Lately, many results were given related to partial sums of Mittag-Leffler function and its generalizations (see for
example, [23]).
Previous works were establish by Silverman [24] and many authors (see, [25, 26, 27]) on partial sums of analytic
functions. In this part, we study the partial sums property for the function defined by (1) in relation to its sequence of
partial sums of the form

fm (z) = z+
m

∑
l=2

alzl .

Theorem .3. If the function f (z) satisfies the inequality (9), then

R

(
f (z)
fm(z)

)
≥

φ
j

m+1−1+ϖ

φ
j

m+1

, (z ∈H ) (13)

where

φ
j

l ≥
{

1−ϖ , if l = 2,3, . . . ,m
φ

j
m+1, if l = m+1,m+2, . . .

. (14)

The inequality in (13) is sharp with the function defined by

f (z) = z+
1−ϖ

φ
j

m+1

zm+1. (15)

Proof. Let the function u(z) be given by

1+u(z)
1−u(z)

=
φ

j
m+1

1−ϖ

[
f (z)
fm (z)

−
φ

j
m+1−1+ϖ

φ
j

m+1

]
=

1+∑
m
l=2 alzl−1 +

(
φ

j
m+1

1−ϖ

)
∑

∞
l=m+1 alzl−1

1+∑
m
l=2 alzl−1 . (16)

It is necessary to prove that |u(z)| ≤ 1.
Next, based on (16) we can define

u(z) =

(
φ

j
m+1

1−ϖ

)
∑

∞
l=m+1 alzl−1

2+2∑
m
l=2 alzl−1 +

(
φ

j
m+1

1−ϖ

)
∑

∞
l=m+1 alzl−1

.

So we get

|u(z) | ≤

(
φ

j
m+1

1−ϖ

)
∑

∞
l=m+1 |al |

2−2∑
m
l=2 |al |−

(
φ

j
m+1

1−ϖ

)
∑

∞
l=m+1 |al |

.
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Now |u(z)| ≤ 1 if

2

(
φ

j
m+1

1−ϖ

)
∞

∑
l=m+1

|al | ≤ 2−2
m

∑
l=2
|al | ,

and equivalently

m

∑
l=2
|al |+

∞

∑
l=m+1

φ
j

m+1

1−ϖ
|al | ≤ 1.

From the inequality (9), it suffices to prove that

m

∑
l=2
|al |+

∞

∑
l=m+1

φ
j

m+1

1−ϖ
|al | ≤

∞

∑
l=2

φ
j

l
1−ϖ

|al | ,

which is equal to

m

∑
l=2

(
φ

j
m−1+ϖ

1−ϖ

)
|al |+

∞

∑
l=m+1

(
φ

j
m−φ

j
m+1

1−ϖ

)
|al | ≥ 0.

Theorem .4. If the function f (z) satisfies the inequality (9), then

R

(
fm(z)
f (z)

)
≥

φ
j

m+1

φ
j

m+1 +1−ϖ
, (z ∈H ) (17)

where φ
j

m+1 ≥ 1−ϖ with

φ
j

l ≥
{

1−ϖ , if l = 2,3, . . . ,m
φ

j
m+1, if l = m+1,m+2, . . .

. (18)

The inequality in (17) is sharp with the function defined by

f (z) = z+
1−ϖ

φ
j

m+1

zm+1. (19)

Proof. From definition u(z) by

1+u(z)
1−u(z)

=
φ

j
m+1 +1−ϖ

1−ϖ

[
fm (z)
f (z)

−
φ

j
m+1

φ
j

m+1 +1−ϖ

]
,

and following the same method in Theorem (.3).

Theorem .5. Let the function f (z) satisfies the inequality (9), then

R

(
Dq( f (z))
Dq( fm (z))

)
≥

φ
j

m+1− [m+1]q (1−ϖ)

φ
j

m+1

(z ∈H ) (20)

and

R

(
Dq( fm (z))
Dq( f (z))

)
≥

φ
j

m+1

φ
j

m+1 +[m+1]q (1−ϖ)
(z ∈H ) (21)

where φ
j

m+1 ≥ [m+1]q (1−ϖ) with

φ
j

l ≥

 [l]q(1−ϖ), if l = 2,3, . . . ,m

[l]q(
φ

j
m+1

[m+1]q
), if l = m+1,m+2, . . .

. (22)
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The inequalities in (20) and (21) are sharp with the function defined by (15).
Proof. Let the function u(z) be given by

1+u(z)
1−u(z)

=
φ

j
m+1

[m+1]q(1−ϖ)

[
Dq( f (z))
Dq( fm (z))

−
φ

j
m+1− [m+1]q(1−ϖ)

φ
j

m+1

]
, (23)

where

u(z) =

(
φ

j
m+1

[m+1]q(1−ϖ)

)
∑

∞
l=m+1 [l]qalzl−1

2+2∑
m
l=2 [l]qalzl−1 +

(
φ

j
m+1

[m+1]q(1−ϖ)

)
∑

∞
l=m+1 [ l]qalzl−1

.

Now, |u(z)| ≤ 1 if and only if

m

∑
l=2

[l]q |al |+
φ

j
m+1

[m+1]q(1−ϖ)

∞

∑
l=m+1

[l]q |al | ≤ 1.

From the inequality (9), we have to prove that

m

∑
l=2

[l]q |al |+
φ

j
m+1

[m+1]q(1−ϖ)

∞

∑
l=m+1

[l]q |al | ≤
∞

∑
l=2

φ
j

l
1−ϖ

|al | ,

which is equivalent to

m

∑
l=2

(
φ

j
l − [l]q(1−ϖ)

1−ϖ

)
|al |+

∞

∑
l=m+1

[m+1]qφ
j

l − [l]qφ
j

m+1

[m+1]q(1−ϖ)
|al | ≥ 0.

To prove the condition (21), define the function u(z) as follows:

1+u(z)
1−u(z)

=
[m+1]q(1−ϖ)+φ

j
m+1

[m+1]q(1−ϖ)

[
Dq( fm (z))
Dq( f (z))

−
φ

j
m+1

[m+1]q(1−ϖ)+φ
j

m+1

]

and we get the desired result by using similar claims in the first part.

CONCLUSION

Recently, q-calculus has received a great attention due to wide applications in many fields, especially mathematical and
quantum physics. In this article, we defined a new q-differential operator associated with q-Mittag-Leffler function.
Using this operator, we introduced a new subclass of λ -uniformly starlike functions of order ϖ . Moreover, we studied
the partial sums of this subclass.
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