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Abstract  

A extended element free Galerkin method (XEFGM) was used for crack analysis in functionally graded 
materials (FGMs). Taking into account the fact that the meshfree method does not depend on mesh, the 
fracture problems can be simulated easily using it instead of the traditional numerical method. The 
technique of the sub-triangle technique in numerical integration at discontinuity points, enrichment 
functions, as well as an appropriate support field to contain points and nodes from shaping functions 
were employed in this study.  Furthermore, the stress intensity factors are calculated by integrating the 
incompatible interactions (SIFs). Under the influence of a tensile load, exponential, affine/linear, and 
hyperbola functions are adopted for grading the materials of cracked FG plates. The work was done 
using the MATLAB software environment. 
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1. Introduction 

As a result of meeting ultra-high temperatures 
and cryogenic requirements, FGMs originated. 
Initial research aimed to achieve strength, 
flexibility, and fatigue resistance. By gathering 
materials with these favorable features, you can 
most effectively achieve your objective of 
smooth and perfect spatial variation, in this 
way, we avoid detrimental effects such as stress 
concentrations and residual stresses in discrete 
interfaces. It can be made more efficient by 
gradually changing the properties of the raw 
materials, thus reducing failures, while 
preserving the intended advantages of merging 
different materials. Nature provides 
functionally graded materials in the form of 
bones, teeth, wood, and bamboo. These 
materials are used in a variety of engineering, 
military, medical, and space science 
applications due to their unique 
microstructures and mechanical properties. In 
order to solve fracture problems that arise from 
these materials, numerical methods have been 

used [2-11]. A particular type of functionally 
graded material was studied in terms of fatigue 
loads [12-13]. Recently, the digital image 
correlation method with numerical verification 
had been used to determine the path of crack 
growth in a glass and epoxy material stepwise 
functionally graded to find stress concentration 
values [14-15]. Meanwhile, the optical method 
was employed to determine the crack path and 
the stress concentration factor as well as the T-
stress in a materials made continuously from 
graded materials [16]. Weak Galerkin 
formulation-element free method (XEFGM) is 
one of these methods that has been used in this 
study. 

 

2- Field equations 

 

In the following equation you can apply Hooke's 
law, that explains the relationship between 
stress 𝛔 and strain 𝛆 in elastic materials 𝐃. 
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𝛔 = 𝐃𝛆                                                                                                                                               
(1) 

 

where 

𝐃 =

𝐸(𝑥)

1−𝜈2
[
1 𝜈(𝑥) 0
𝜈 1 0
0 0 (1 − 𝜈(𝑥)) 2⁄

]          (Plane stress)                 

                                               (2) 

and 

                                                                                                                                                           

                                                                                                                                                           
(3) 

 

 

 

 

From equations (1) to (3) gives 

 

                                                                                                              
(4) 

 

 

A compliance matrix is represented by C. 

In FGM (Figure 1) 

 

E = f(x)                                                                                                                                             
(5) 

υ = f(x)                                                                                                                                              
(6) 

 

 

Functions or stresses close to the crack can be 
represented as follows [2, 17-18]: 

 

σ11 =
1

√2πr
[KIm11

I (θ) + KIm11
II (θ)]                                                                                                   

(7) 

σ22 =
1

√2πr
[KIm22

I (θ) + KIIm22
II (θ)]                                                                                                 

(8) 

σ12 =
1

√2πr
[KIm12

I (θ) + KIIm12
II (θ)]                                                                                                  

(9) 

 

 

u1 =
1

Gtip
√

r

2π
[KIn1

I (θ) + KIIn1
II(θ)]                                                                                                

(11) 

u2 =
1

Gtip
√

r

2π
[KIn2

I (θ) + KIIn2
II(θ)]                                                                                                

(12) 

Gtip

=
Etip

[2(1 + νtip)]
                                                                                                                                       (13) 

 

The mechanical properties in equation (11) to 
(13) will be extracted at the tip of crack.  

 

 

 

 

 

 

 

 

 

 

 

 

 
Figure 1 FGM body with crack. 
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3- XEFGM formulation  

 

From Figure (2), the equilibrium equation can 
write as follow:  

 

𝑳𝑇𝝈 + 𝒃 =
0    𝑖𝑛 𝑝𝑟𝑜𝑏𝑙𝑒𝑚𝑑 𝑑𝑚𝑎𝑖𝑛 𝛺                                                                           
                        (14) 

 

And the boundary conditions  

 

𝝈𝒏 = �̅�                       𝑜𝑛    𝛤𝑡                                                                
(15) 

 𝒖 = �̅�                        𝑜𝑛    𝛤𝑢                                                              
(16)      

 𝝈𝒏 = 0                         𝑜𝑛    𝛤𝑐                                                             
(17) 

 

And L is  

 

 

𝐿 = [

𝜕

𝜕𝑥
0

0 𝜕
𝜕𝑦

𝜕
𝜕𝑦

𝜕
𝜕𝑥

]                                                                                                                                           

(18) 

 

EFGM adopted moving least squares (MLS) 
technique [19]. In the relevant problem, the 
governing equation is: 

 

∫ (𝑳𝛿𝒖)𝑇(𝑫𝑳𝒖)𝑑𝛺
𝛺

− ∫ 𝛿
𝛺

𝒖𝑇𝒃𝑑𝛺 −

∫ 𝛿
𝛤𝑡

𝒖𝑇�̅�𝑑Γ − ∫ 𝛿
𝛤𝑢

𝝀𝑇(𝑢 − �̅�)𝑑Γ −

∫ 𝛿
𝛤𝑢

𝒖𝑇𝜆𝑑Γ = 0   (19) 

 

where 𝝀 represents the Lagrange multiplier 
variable. Steps to the represent and formulation 
this equation can be traced back to [20-25] to 
obtain the final discretized system equations,  

 

[
𝑲 𝑸

𝑸𝑻 𝟎
] [

𝑼
𝝀

] = [
𝑭
𝒒

]                                                                                                                         

(20) 

 

 

The vectors in equation (26)  

 

𝑸 =  − ∫ 𝑵𝑇𝜙
𝛤𝑢

𝑑Γ                                                                                                

(21) 

𝒒 =  − ∫ 𝑵𝑇�̅�
𝛤𝑢

𝑑Γ                                                                                                                           

(22) 

𝝀(𝐱) = ∑ 𝑁𝑖(𝐱)𝝀𝑖
𝑛𝜆
𝑖=1                                                                                                                         

(23) 

 

U is the universal displacement vector and it 
can be found as: 

 

𝑈 = {𝒖 𝒃𝟏 𝒃𝟐 𝒃𝟑 𝒃𝟒}𝑇                                                                                                         
(24) 

 

𝒃𝟏−𝟒  are the enrichment functions. 
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Figure 2 Two dimension cracked body. 

 

4-Fracture analysis 

In the fracture analysis, Incompatibility 
formulation can be applied to find  J-integral 
[26,27]. 

 

                                                               (25) 

 

where 

 

                                                                                       
(26) 

 

with 

                                                                    (27) 

 

From Figure 3: 

 

𝐽 = ∫ (𝜎𝑖𝑗𝑢𝑖,1 − 𝑤𝛿1𝑗)𝑞,𝑗  𝑑𝐴 +
𝐴 ∫ (𝜎𝑖𝑗𝑢𝑖,1 −

𝐴

𝑤𝛿1𝑗)
,𝑗

 𝑞𝑑𝐴                                                           (28) 

 

w is the strain energy density: 

𝑤

=
1

2
𝜎𝑖𝑗휀𝑖𝑗                                                                                                                                                      (29) 

 

 The interaction integral and J integral can be 
defined [28-30]: 

 

𝑀

= ∫ {𝜎𝑖𝑗𝑢𝑖,1
𝑎𝑢𝑥 + 𝜎𝑖𝑗

𝑎𝑢𝑥𝑢𝑖,1
𝐴

−
1

2
(𝜎𝑖𝑘𝑢𝑖𝑘

𝑎𝑢𝑥 + 𝜎𝑖𝑘
𝑎𝑢𝑥𝑢𝑖)𝛿1𝑗} 𝑞,𝑗 𝑑𝐴

+ ∫ {𝜎𝑖𝑗 (𝑐𝑖𝑗𝑘𝑙
𝑡𝑖𝑝

𝐴

− 𝑐𝑖𝑗𝑘𝑙 (𝑥)) 𝜎𝑘𝑙,1
𝑎𝑢𝑥} 𝑞𝑑𝐴                                                                          (30) 

 

 

 

𝐽𝑙𝑜𝑐𝑎𝑙 = (𝐾𝐼
2 + 𝐾𝐼𝐼

2)/𝐸𝑡𝑖𝑝                                                                                                                  

(31) 

 

 

𝐽𝑙𝑜𝑐𝑎𝑙
𝑠 =

(𝐾𝐼 + 𝐾𝐼
𝑎𝑢𝑥 )

2
+ (𝐾𝐼𝐼 + 𝐾𝐼𝐼

𝑎𝑢𝑥 )
2

𝐸𝑡𝑖𝑝

 

          = 𝐽𝑙𝑜𝑐𝑎𝑙 + 𝐽𝑙𝑜𝑐𝑎𝑙
𝑎𝑢𝑥 +

𝑀𝑙𝑜𝑐𝑎𝑙                                                                                                                     (32) 
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𝐽𝑙𝑜𝑐𝑎𝑙
𝑎𝑢𝑥

= [(𝐾𝐼
𝑎𝑢𝑥)2 + (𝐾𝐼𝐼

𝑎𝑢𝑥 )2] 𝐸𝑡𝑖𝑝
 ⁄                                                                                                            (33) 

 

and Mlocal is given by 

 

𝑀𝑙𝑜𝑐𝑎𝑙

= 2(𝐾𝐼𝐾𝐼
𝑎𝑢𝑥

+ 𝐾𝐼𝐼𝐾𝐼𝐼
𝑎𝑢𝑥)  𝐸𝑡𝑖𝑝

 ⁄                                                                                                       (34) 

 

 

𝐾𝐼

= 𝑀𝑙𝑜𝑐𝑎𝑙
(1)

𝐸𝑡𝑖𝑝
  2 ,         (𝐾𝐼

𝑎𝑢𝑥 = 1.0 , 𝐾𝐼𝐼
𝑎𝑢𝑥 = 0.0)⁄ ,                            

 

𝐾𝐼𝐼

= 𝑀𝑙𝑜𝑐𝑎𝑙
(2)

𝐸𝑡𝑖𝑝
  2 ,         (𝐾𝐼

𝑎𝑢𝑥 = 0.0 , 𝐾𝐼𝐼
𝑎𝑢𝑥 = 1.0)⁄ .                                                                         (35) 

 

 

In functionally graded materials, the last 
equation calculates the stress concentration 
values. 

 

 

 

 

 

 

Figure 3 Cracks have an integral contour at the tip. 

5.  Materials manufacturing grading function 

 

The functionally graded materials have a 
gradual manufacturing function, which affects 
formation, continuity, and external stresses. 
From Figure 1, it is very clear that the 
mechanical properties are variable in these 
materials in the direction of the dimensions. 
Gradual change of properties is what 
distinguishes this type of materials. Previously 

with XEFGM, many materials were used 
adopting the logarithmic function, and in this 
research, it will adopt other linear and 
trigonometric functions. Table 1 depicts the 
functions that will be considered in the case 
study, for a crack plate made from functionally 
graded material. Centrifugation process can be 
used for the Exponential function and 
Hyperbola function, while the linear function 
can be synthesized by hand layup method [31]. 

 

Table 1 Functions of manufacturing that will be considered in the case study. 
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No. Manufacturing function E (x1) = f (x1), υ=0.25 Previously adopted with XEFGM 

1 Exponential function E (x1) =98200×exp (0.002× x1)-97200 [9], [32] 

2 Hyperbola function E(x1) = −2 × (x1)2+210 ×x1+1000 - 

3 Affine/Linear function E (x1) =190× x1+1020 - 

 

6. Numerical case study  

A crack with material gradation occurs in this problem on an FGM rectangular plate. As illustrated in 
Figure 4, the specimen was subjected to a uniform tensile load. Material traits of a graduated beam are 
shown in Table 2. 

 

Table 2 Data used in the numerical method. 

 

 

 

 

 

 

 

 

Figure 4 cracked functionally graded plate with three manufacturing grades. 

Figures 5 and 6 depict the distribution of nodes and the background. As shown in Figure 7, Gauss points 
distribution using traditional and sub-triangle techniques. Three values are adopted to the support 
domain size dmax, which are 1.4, 1.7 and 2. 

X1 X2 
E (MPa) 

at x1=0 – 30  

Gaussian 
quadrature in 

general cell 

Gauss points 
near crack tips 

cell 

Distributed 
nodes 

0-10 0-30 1000 ⁓3000 2×2 13 993 

http://www.neuroquantology.com/
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Figure 5 the distribution of nodes. 

 

 

 

Figure 6 the distribution of the background cells. 
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Figure 7 Gauss points distribution using traditional and sub-triangle techniques. 

 

From Table 3, the stress concentration factor SIF values for the three manufacturing functions show a 
great deal of affinity. 

 

Table 3 Normalized stress concentration factor SIF values for the three manufacturing functions with 
different crack length (at size of J-integral equals to 0.5). 

 

 

 

 

 

 

 

 

 

 

 

 

Obviously, as the crack length increases, the 
stress concentration factor SIF increases. It is 
also clear that the values of SIF when the 
gradient modulation of the properties is of the 
Hyperbola type are less than the other gradual 

types. This impression is very important to 
know, as the results obtained at a tensile stress 
equal to one MPa, therefore the more the 
applied stress increases, the more the use of the 
hypo hyperbolic is required. The reason for this 
behavior may be, the values of elastic modulus 
change monotonically under hyperbolic 

dmax=1.7, rj=0.5 

a 
(mm) 

KI using 
Exponential 

function 

KI using 

Affine/Linear 
function 

KI using 

Hyperbola 
function 

3 1.4993 1.4978 1.4797 

4 1.9256 1.9246 1.9057 

5 2.6535 2.653 2.6318 

6 4.0723 4.0724 4.0462 

7 6.6353 6.6374 6.5858 

8 12.3116 12.3143 12.2667 
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conditions where the hyperbolic function has a 
steeper trajectory than the exp function. 

 

To verify the results (Table 4), the support 
domain size is changed and the contour size is 

fixed, as it is found that the SIFs results are 
close and acceptable. The reason for this is that 
the numerical method XEFGM is strong for 
analyzing and evaluating the different fracture 
problems. 

 

Table 4 Stress concentration factor values by changing the crack length and support domain size. 

 

rj=0.5 (Exponential function) 

No. dmax =1.7 dmax =2 dmax =1.4 

a (mm) KI KI KI 

3 1.4797 1.531 1.3817 

4 1.9057 1.9503 1.2128 

5 2.6318 2.7668 2.5781 

6 4.0462 4.0163 3.8335 

7 6.5858 6.1623 6.2397 

8 12.2667 13.5134 10.8551 

 

For further verification, and as shown in Table 5, the values of the dmax were fixed and the rj changed, as 
well as a highly acceptable investigation are obtained. 

 

Table 5 Stress concentration factor values by changing the crack length and J-integral size.  

 

dmax =1.7 rj = 0.7 rj = 0.9 

a mm KI KI 

3 1.4894 1.4982 

4 1.9083 1.9246 

5 2.6447 2.6899 

6 4.0927 4.1004 

7 6.7138 6.8652 

8 15.0159 15.1461 

 

Figure 8 shows the contours of the total 
stresses on the plate in various directions. 
Additionally, this depicts that XEFGM method 

gives accurate results with a smooth 
distribution without updating or refinement in 
the distribution of nodes. 
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Figure 8 Contours of stress components using XEFGM. 

 

7. Conclusion 

Obviously the XEFGM method has also shown to 
be accurate even for functionally graded 
materials with different gradation 
manufacturing functions. Exponential, 
affine/linear, and hyperbola functions are 
adopted as functions of manufacturing the 
graded materials of cracked FG plate under the 
influence of a tensile load. It is obvious that the 
crack length affects the stress concentration 
factor SIF. Similarly, the values of SIF are lower 
when the gradient modulation of the properties 
is of the Hyperbola type as opposed to the other 
gradual types. As the results obtained at a 
tensile stress equal to one MPa are very 
important to understand, as the higher the 
applied stress, the more the hyperbolic rule 
becomes necessary. Under hyperbolic 
conditions where the hyperbolic function has a 
steeper trajectory than the exp function, the 
values of elastic modulus change monotonically. 

 

References 

[1] R. M. Mahamood and E.T. Akinlabi, 
“Functionally Graded Materials”, springer, 1 Ed, 
ISBN 978-3-319-53755-9.  

[2] B.N. Rao and S. Rahman, “Mesh-free analysis 
of cracks in isotropic functionally graded 
materials” Engineering Fracture Mechanics 70 
(2003) 1–27.  

[3] J.-H. Kim and G.H. Paulino, “Simulation of 
crack propagation in functionally graded 
materials under mixed-mode and non-
proportional loading” International Journal of 
Mechanics and Materials in Design 1: 63–94, 
2004. 

[4] J.-H. Kim and G.H. Paulino, "On Fracture 
Criteria for Mixed-Mode Crack Propagation in 
Functionally Graded Materials", Mechanics of 
Advanced Materials and Structures, 14:227–
244, 2007.  

[5] B.N. Rao and Sharif Rahman, "A continuum 
shape sensitivity method for fracture analysis of 
orthotropic functionally graded materials", 
Mechanics of Materials 37 (2005) 1007–1025  

[6] Rolf Mahnken, "Geometry update driven by 
material forces for simulation of brittle crack 
growth in functionally graded materials", Int. J. 
Numer. Meth. Engng 2009; 77:1753–1788.  

[7] Sayyed Shahram Ghorashi, Soheil 
Mohammadi, Saeed-Reza and Sabbagh-Yazdi, 
"Orthotropic enriched element free Galerkin 

http://www.neuroquantology.com/


Neuro Quantology | Jul 2022 | Volume 20 | Issue 7 | Page 726-737 | doi: 10.14704/nq.2022.20.7.NQ33094 
Raad Jamal Jassim/Investigating the effect of materials manufacturing grading functions on cracked FG plate stress intensity factors in XEFGM  

 

736 

eISSN 1303-5150 www.neuroquantology.com 

 

method for fracture analysisof composites", 
Engineering Fracture Mechanics Volume 78, 
Issue 9, June 2011, 1906-1927  

[8] Hamid Bayesteh, Soheil Mohammadi, "XFEM 
fracture analysis of orthotropic functionally 
graded materials", Composites: Part B 44 
(2013) 8–25  

[9] Haider Khazal, Hamid Bayesteh, Soheil 
Mohammadi, Sayyed Shahram Ghorashi, and 
Ameen Ahmed, “An extended element free 
Galerkin method for fracture analysis of 
functionally graded materials” mechanics of 
advanced materials and structures 23 
(2016)513-528.  

[10] N. Muthua,b,d, S.K.Maitib,n, B.G.Falzon c, 
WenyiYan, "Crack propagation in non-
homogenous materials: Evaluation of mixed-
mode SIFs, T-stress and kinking angle using a 
variant of EFG Method", Engineering 
AnalysiswithBoundaryElements72(2016)11–
26.  

[11] J.Li, J.Z.Liu, T.Korakianitis, P.H.Wen " Finite 
block method in fracture analysis with 
functionally graded materials ", Engineering 
Analysis with Boundary Elements, Volume 82, 
September 2017, Pages 57-67  

[12] Popovich, V. A., et al. "Creep and 
thermomechanical fatigue of functionally 
graded Inconel 718 produced by additive 
manufacturing." TMS annual meeting & 
exhibition. Springer, Cham, 2018.  

[13] Zhao, S., et al. "Compressive and fatigue 
behavior of functionally graded Ti-6Al-4V 
meshes fabricated by electron beam melting." 
Acta Materialia 150 (2018): 1-15.  

[14] Farouq, Wafaa, Haider Khazal, and Abdul 
Kareem F. Hassan. "Fracture analysis of 
functionally graded material using digital image 
correlation technique and extended element-
free Galerkin method." Optics and Lasers in 
Engineering 121 (2019): 307-322.  

[15] H. Khazal, A. Hassan, W. Farouq, and H. 
Bayesteh, "Computation of Fracture Parameters 
in Stepwise Functionally Graded Materials 
Using Digital Image Correlation Technique," 
Materials Performance and Characterization 8, 
no. 1 (2019): 344-354.  

[16] Abood, Ahmed M., Haider Khazal, and 
Abdulkareem F. Hasan. "Evaluation of mixed-
mode stress intensity factor and T-stress in 

continuous epoxy glass functionally graded 
beam using digital image correlation." Materials 
Today: Proceedings (2021).  

[17] Eischen JW. Fracture of nonhomogeneous 
materials. Int J Fract 1987; 34:3–22.  

[18] Anderson TL. Fracture mechanics––
fundamentals and applications. 2nd ed. Boca 
Raton, FL: CRC Press; 1995.  

[19] P. Lancaster and K. Salkauskas "Surfaces 
Generated by Moving Least Squares Methods", 
Mathematics of Computation, Vol. 37, pp. 141-
158, 1981  

[20] G.R. Liu “Meshfree methods moving 
beyond the finite element method”, second 
edition- 2010 by Taylor and Francis Group, LLC.  

[21] S. Mohammadi, “Extended finite element 
method for fracture analysis of structures” First 
Edition 2007-Blackwell Publishers, UK.  

[22] S. Mohammadi, “XFEM fracture analysis of 
composites”, 2012, A John Wiley & Sons, Ltd. 
Publication. 

[23] A. Asadpoure and S. Mohammadi, 
“Developing new enrichment functions for 
crack simulation in orthotropic media by the 
extended finite element method” Int. J. Numer. 
Meth. Engng 2007; 69:2150–2172.  

[24] S.S. Ghorashi, S. Mohammadi and 
S.R.S.Yazdi, “Orthotropic enriched element free 
Galerkin method for fracture analysis of 
composites” Engineering Fracture Mechanics-
Volume 78, Issue 9, June 2011, Pages 1906–
1927.  

[25] J. Dolbow “An extended finite element 
method with discontinuous enrichment for 
applied mechanics”, Ph.D. thesis. Northwestern 
University, Evanston, IL, USA, 1999.  

[26] J.-H. Kim and G. H. Paulino, “Consistent 
Formulations of the Interaction Integral Method 
for Fracture of Functionally Graded Materials” 
Journal of Applied Mechanics ,ASME- May 
2005,Vol. 72, pp 351-364.  

[27] S.S. Hosseini, H. Bayesteh and S. 
Mohammad," Thermo-mechanical XFEM crack 
propagation analysis of functionally graded 
materials", Materials Science and Engineering: 
A, Volume 561, 20 January 2013, Pages 285–
302.  

[28] L. Guo, F. Guo, H. Yu and L. Zhang, “An 
interaction energy integral method for 

http://www.neuroquantology.com/


Neuro Quantology | Jul 2022 | Volume 20 | Issue 7 | Page 726-737 | doi: 10.14704/nq.2022.20.7.NQ33094 
Raad Jamal Jassim/Investigating the effect of materials manufacturing grading functions on cracked FG plate stress intensity factors in XEFGM  

 

737 

eISSN 1303-5150 www.neuroquantology.com 

 

nonhomogeneous materials with interfaces 
under thermal loading” International Journal of 
Solids and Structures 49 (2012) 355–365.  

[29] J.-H. Kim and G.H. Paulino, “Mixed-mode 
fracture of orthotropic functionally graded 
materials using finite elements and the 
modified crack closure method”, Engineering 
Fracture Mechanics, 69 (14–16), 1557–1586, 
2002.  

[30] J.-H. Kim and G. H. Paulino, “On fracture 
criteria for mixed-mode crack propagation in 
functionally graded materials”, Mechanics of 
Advanced Materials and Structures, 14:227–
244, 2007.  

[31] Abdulkareem F. Hassan, Ahmed M. Abood, 
Hassanein I. Khalaf, Wafaa Farouq, Haider 
Khazal, “A review of functionally graded 
materials including their manufacture and 
applications”, International Journal of 
Mechanical Engineering, Vol. 7 No. 1 January, 
2022, 744-755.  

[32] Khazal, Haider, and Nathera A. Saleh. 
"XEFGM for crack propagation analysis of 
functionally graded materials under mixed-
mode and non-proportional loading." 
Mechanics of Advanced Materials and 
Structures 26.11 (2019): 975-983. 

 

http://www.neuroquantology.com/

