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Abstract
With the aid of the q-binomial coefficients and utilizing the convolution, we define a new q-convolution operator that helps

us introduce two new families of bi-univalent functions. These classes are connected by subordination with a function Gm,n.
We give upper bounds for the coefficients estimate |aj| (j = 2, 3) of the functions that belong to these families, followed by
some special cases. Moreover, we found estimates for the Fekete-Szegö inequality for both of these families, followed by simple
particular results. We emphasize that the defined convolution q-difference operator generalizes some other operators given
by several authors. As an application of this study, Fekete-Szegö inequalities for these classes of functions defined by Pascal
distribution are investigated.
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1. Introduction and motivation

Let A be the class of functions of the form

f(z) = z+

∞∑
j=2

ajz
j, (1.1)

that are analytic in the open unit disk U := {z ∈ C : |z| < 1}. The subclass of A made up of all functions
that are univalent in U will also be defined by S.

By the Koebe One Quarter Theorem [14], a function f ∈ S has an inverse function f−1 which is defined
by

f−1 (f(z)) = z, z ∈ U and f
(
f−1(w)

)
= w

(
|w| < r0(f), r0(f) >

1
4

)
,
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where

f−1(w) = w+

∞∑
j=2

gjw
j.

Since

w = f
(
f−1(w)

)
= w+ (g2 + a2)w

2 +
(
g3 − 2a2

2 + a3
)
w3 +

(
g4 + 5a3

2 − 5a2a3 + a4
)
w4 + · · · ,

we get g2 = −a2,g3 = 2a2
2 − a3, and g4 = −5a3

2 + 5a2a3 − a4, then we obtain

f−1(w) = w− a2w
2 +
(
2a2

2 − a3
)
w3 −

(
5a3

2 − 5a2a3 + a4
)
w4 + · · · .

Assume that the inverse function f−1 has an analytic extension in U. In U, if f and f−1 are univalent,
then f is considered to be bi-univalent in U, and we express the class of bi-univalent functions by ΣU. For
more explanation, the following functions belong to the class ΣU:

1
2

log
(

1 + z

1 − z

)
,

z

1 − z
, − log(1 − z),

with the following associated inverse functions

e2w − 1
e2w + 1

,
w

1 +w
,

ew − 1
ew

.

Many investigators have concerned in examining of bi-univalent functions and investigated the bounds
of the coefficients estimate |an| (see [2, 6, 8, 9, 11, 36, 38]).

The Bieberbach conjecture-related Fekete-Szegö problem centers on an inequality for the coefficients
of univalent functions f in (1.1), that have been discovered by Fekete and Szegö [18]. The inequality
consists of determining an estimate of the maximum value of the coefficient functional

∣∣a3 − ξa
2
2

∣∣ (see
[10, 12, 15, 21, 25, 29, 31, 32]).

For any analytic functions f and g in U, if there is a Schwarz function φ, that is, φ is analytic in U,
with φ(z) = 0, |φ(z)| < 1, such that f(z) = g (φ(z)), then f is considered a subordinate to g, indicated by
f(z) ≺ g(z). If g is univalent in U, then the next relationship holds:

f(z) ≺ g(z)⇔ f(0) = g(0) and f(U) ⊂ g(U).

Lately, many investigators have concentrated on the scope of q-calculus, motivated by the success of
q-calculus applications in physics, mathematics and other fields, such as differential equations, special
functions, combinatorics, special polynomials, operator theory, and other related fields. In 1908, Jackson
([24]), was the first to introduce the concepts of q-analysis (derivative and integral). Also, the geometries
for q-analysis have been explored in numerous works introduced on quantum groups. Recently, numer-
ous studies have examined certain classes analytic functions in U utilizing fractional q-calculus operators.
In the present paper, some parts of the q-calculus theory will be employed to reach our results: see the
following papers for more information on the notions of q-calculus ([4, 17, 20, 22, 23, 34, 37]).

Recently, some investigators have developed the q-calculus using the parameter p, such that 0 <

q < p 6 1. Subsequently, Srivastava [35] has demonstrated that the value of p does not contribute to
developing q-calculus, and it is a trivial and inconsequential value. Therefore, we support the study of
the q-calculus and its applications. We are now going to provide the concepts of q-calculus that we need
to comprehend this work.

Definition 1.1 ([24]).

(i) Let 0 < q < 1 and [j]q! indicates the q-factorial, which is expressed as follows:

[j]q! =
{

[j]q [j− 1]q · · · [2]q [1]q, if j = 1, 2, 3, . . . ,
1, if j = 0,
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where

[j]q :=
1 − qj

1 − q
and [0]q := 0.

(ii) For 0 < q < 1, the q-derivative operator is established by

Dqf(z) :=
f(qz) − f(z)

(q− 1)z
, z 6= 0.

We let the q-exponential function eq defined by (see [27])

eq(z) :=

∞∑
j=0

zj

[j]q!
, (z ∈ U).

Furthermore, we define the q-binomial series (see [13])

(1 − η)rq :=

r∑
s=0

(
r

s

)
q

(−1)sηs, r ∈N, s ∈N0 := N∪ {0},

where (
r

s

)
q

:=
[r]q!

[s]q! [r− s]q!
,

represents the q-binomial coefficients (or Gaussian binomial coefficients). We use these q-binomial coeffi-
cients to introduce the differential operator Lr,q,k

η : A→ A by

Lr,q,0
η f(z) := f(z),

Lr,q,1
η f(z) := (1 − η)rq f(z) +

(
1 − (1 − η)rq

)
zDqf(z),

...

Lr,q,k
η f(z) := Lr,q,1

η f(z)
(
Lr,q,k−1
η f(z)

)
, k > 2.

(1.2)

If f is given by (1.1), from (1.2) we obtain

Lr,q,k
η f(z) = z+

∞∑
j=2

(
1 + ([j]q − 1)χrq(η)

)k
ajz

j, z ∈ U, (1.3)

where χrq(η) :=
∑r
s=0

(
r
s

)
q
(−1)s+1ηs.

Remark 1.2. Note the following operators of particular cases of the operator Lr,q,k
η previously determined

by other authors.

1. Taking q→ 1−, we acquire the operator Dζm,λ introduced by Frasin ([3, 19]).

2. For q→ 1− and L1,k
η , this last operator reduces to the operator defined by Al-Oboudi [5].

3. If q→ 1− and L1,k
1 , we obtain the operator of Sălăgean [33].

Definition 1.3. For a function f ∈ A, by utilizing the convolution principle, we define a q-convolution
operator Qη,r,k

q f(z) : A→ A given as follows:

Qη,r,k
q f(z) = Lr,q,k

η f(z) ∗ eq.



S. H. Hadi, M. Darus, T. Bulboacă, J. Math. Computer Sci., 31 (2023), 433–447 436

From the above definition, it follows that

Qη,r,k
q f(z) = z+

∞∑
j=2

Υ(j)ajz
j, (z ∈ U), (1.4)

with

Υ(j) :=

(
1 + ([j]q − 1)χrq(η)

)k
[j]q!

. (1.5)

Moreover, from (1.3) it is easy to show the next relationship:

χrq(η)zDq
(
Lr,q,k
η f(z)

)
= Lr,q,k+1

η f(z) −
(

1 − χrq(η)
)
Lr,q,k
η f(z), z ∈ U.

In 2012, Lee and Asci [26] established the (m,n)-Lucas polynomial Lm,n,j(x) based on the frequency
relationship between the polynomials m(x) and n(x) with real coefficients, as follows:

Lm,n,0(x) = 2, Lm,n,1(x) = m(x), and Lm,n,2(x) = m
2(x) + 2n(x),

Lm,n,j(x) = m(x)Lm,n,j−1(x) +n(x)Lm,n,j−2(x), j > 2,
(1.6)

and the generating function of the (m,n)-Lucas Polynomial is given by

Gm,n(z) :=

∞∑
j=2

Lm,n,j(x)z
j =

2 −m(x)z

1 −m(x)z−n(x)z2 .

Depending on the values of m and n, some special polynomials can be obtained from the (m,n)-Lucas
polynomial like the Lucas polynomials Lx,1,j(x), the Pell-Lucas polynomials L2x,1,j(x), the Jacobsthal poly-
nomials L1,2x,j(x), the Fermat-Lucas polynomials L3x,−2,j(x), and the first-kind Chebyshev polynomials
L2x,−1,j(x). Many authors have provided studies on the (m,n)-Lucas polynomial ([1, 7, 39–41]).

This work aims to define a q-convolution operator that contains the q-binomial series and q-exponen-
tial function, and to determine upper bounds for several families of analytic functions defined by sub-
ordination. After that, our findings deal with the Fekete-Szegö inequality for (m,n)-Lucas polynomials.
Finally, we determine the upper bounds of Fekete-Szegö inequality by using Pascal distribution.

2. Initial coefficient bounds for some families connected with the (m,n)-Lucas polynomials

This section begins by introducing the concept of new families FKq(η, r,k; ρ, ζ) and JFq(η, r,k; ρ, ζ).
To demonstrate our first results, it needs to mention the following lemma.

Lemma 2.1 ([30], p. 172). Let ω(z) =
∞∑
n=1

ωnz
n be an analytic function in U such that |ω(z)| < 1 for all z ∈ U.

Then,
|ω1| 6 1, |ωn| 6 1 − |ω1|

2, n = 2, 3, . . . .

Definition 2.2. A function f ∈ ΣU is said to be in the family FKq(η, r,k; ρ, ζ) if the below conditions hold:

1 +
1
ζ

 z
(
Q
η,r,k
q f(z)

)′
+ ρz2

(
Q
η,r,k
q f(z)

)′′
(1 − ρ)Qη,r,k

q f(z) + ρz
(
Q
η,r,k
q f(z)

)′ − 1

 ≺ Gm,n(z) − 1

and

1 +
1
ζ

 z
(
Q
η,r,k
q f−1(w)

)′
+ ρz2

(
Q
η,r,k
q f−1(w)

)′′
(1 − ρ)Qη,r,k

q f−1(w) + ρz
(
Q
η,r,k
q f−1(w)

)′ − 1

 ≺ Gm,n(w) − 1,

where ρ ∈ [0, 1], ζ ∈ C \ {0} and Q
η,r,k
q f(z) defined in (1.4).
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Example 2.3.

(i) For k = 0, we get the subfamily FKq(η, r, s, 0; ρ, ζ) = FKq(η, r, s; ρ, ζ) defined by

1 +
1
ζ

(
z
(
Qqf(z)

)′
+ ρz2

(
Qqf(z)

)′′
(1 − ρ)Qqf(z) + ρz

(
Qqf(z)

)′ − 1

)
≺ Gm,n(z) − 1

and

1 +
1
ζ

(
z
(
Qqf

−1(w)
)′
+ ρz2

(
Qqf

−1(w)
)′′

(1 − ρ)Qqf−1(w) + ρz
(
Qqf−1(w)

)′ − 1

)
≺ Gm,n(w) − 1,

where ρ ∈ [0, 1], ζ ∈ C \ {0} and Υ(j) := 1
[j]q! = σj.

(ii) For ρ = 1, we get the subfamily FKq(η, r,k; 1, ζ) = FKq(η, r,k; ζ) defined by

1 +
1
ζ

z
(
Q
η,r,k
q f(z)

)′′
(
Q
η,r,k
q f(z)

)′
 ≺ Gm,n(z) − 1 and 1 +

1
ζ

z
(
Q
η,r,k
q f−1(w)

)′′
(
Q
η,r,k
q f−1(w)

)′
 ≺ Gm,n(w) − 1,

where ζ ∈ C \ {0} and Q
η,r,k
q f(z) defined in (1.4).

Definition 2.4. A function f ∈ ΣU is said to be in the family JFq(η, r,k; ρ, ζ) if the next conditions hold:

1 +
1
ζ

 z
(
Q
η,r,k
q f(z)

)′
(1 − ρ)Qη,r,k

q f(z) + ρz
(
Q
η,r,k
q f(z)

)′ − 1

 ≺ Gm,n(z) − 1

and

1 +
1
ζ

 z
(
Q
η,r,m
q f−1(w)

)′
(1 − ρ)Qη,r,m

q f−1(w) + ρz
(
Q
η,r,m
q f−1(w)

)′ − 1

 ≺ Gm,n(w) − 1,

where ρ ∈ [0, 1), ζ ∈ C \ {0} and Q
η,r,k
q f(z) defined in (1.4).

Example 2.5. For ρ = 0, we get the subfamily JFq(η, r,k; 0, ζ) defined by

1 +
1
ζ

z
(
Q
η,r,k
q f(z)

)′
Q
η,r,k
q f(z)

− 1

 ≺ Gm,n(z) − 1 and 1 +
1
ζ

z
(
Q
η,r,k
q f−1(w)

)′
Q
η,r,k
q f−1(w)

− 1

 ≺ Gm,n(w) − 1,

where ζ ∈ C \ {0} and Q
η,r,k
q f(z) defined in (1.4).

Theorem 2.6. If f ∈ FKq(η, r,k; ρ, ζ) has the form (1.1), then

|a2| 6 min{A;B}, |a3| 6
m2(x) |ζ|

(1 + ρ)2 |Υ2(2)|
+

|m(x)| |ζ|

2(1 + 2ρ) |Υ(3)|
,

where

A :=
|m(x)|

√
|m(x)| |ζ|√

2
∣∣∣∣m2(x)

(
(1 + 2ρ)Υ(3) − (1 + ρ)2Υ2(2)

)
− 2n(x)(1 + ρ)2Υ2(2)

∣∣∣∣
, B :=

|ζ|m2(x)

(1 + ρ)2 |Υ2(2)|
,

ρ ∈ [0, 1], ζ ∈ C \ {0}, and Υ is defined by (1.5).
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Proof. If we suppose that f ∈ FKq(η, r,k; ρ, ζ), then there exist two analytic functions φ and ϕ, with
φ(0) = ϕ(0) = 0, |φ(z)| < 1, |ϕ(w)| < 1, for all z,w ∈ U, such that

1 +
1
ζ

 z
(
Q
η,r,k
q f(z)

)′
+ ρz2

(
Q
η,r,k
q f(z)

)′′
(1 − ρ)Qη,r,k

q f(z) + ρz
(
Q
η,r,k
q f(z)

)′ − 1

 = Gm,n (φ(z)) − 1, z ∈ U, (2.1)

and

1 +
1
ζ

 z
(
Q
η,r,k
q f−1(w)

)′
+ ρz2

(
Q
η,r,k
q f−1(w)

)′
(1 − ρ)Qη,r,k

q f−1(w) + ρz
(
Q
η,r,k
q f−1(w)

)′ − 1

 = Gm,n (ϕ(w)) − 1, w ∈ U, (2.2)

where φ and ϕ have the form

φ(z) = σ1z+ σ2z
2 + σ3z

3 + · · · , z ∈ U, ϕ(w) = l1w+ l2w
2 + l3w

3 + · · · , w ∈ U. (2.3)

Since

Gm,n (φ(z)) − 1 = −1 +Lm,n,0(x) +Lm,n,1(x)φ(z) +Lm,n,2(x)φ
2(z) + · · · , z ∈ U, (2.4)

Gm,n (ϕ(w)) − 1 = −1 +Lm,n,0(x) +Lm,n,1(x)ϕ(w) +Lm,n,2(x)ϕ
2(w) + · · · , w ∈ U, (2.5)

equating the first two corresponding coefficients of the equalities (2.1) and (2.2), we get

(1 + ρ)Υ(2)a2

ζ
= Lm,n,1(x)σ1, (2.6)

2(1 + 2ρ)Υ(3)a3 − (1 + ρ)2Υ2(2)a2
2

ζ
= Lm,n,1(x)σ2 +Lm,n,2(x)σ

2
1, (2.7)

−
(1 + ρ)Υ(2)a2

ζ
= Lm,n,1(x)l1, (2.8)

2(1 + 2ρ)Υ(3)
(
2a2

2 − a3
)
− (1 + ρ)2Υ2(2)a2

2

ζ
= Lm,n,1(x)l2 +Lm,n,2(x)l

2
1. (2.9)

From (2.6) and (2.8) we get
σ1 = −l1, (2.10)

and
2(1 + ρ)2Υ2(2)a2

2
ζ

= L2
m,n,1(x)

(
σ2

1 + l
2
1
)

. (2.11)

Adding (2.7) and (2.9) we have

2
[
2(1 + 2ρ)Υ(3) − (1 + ρ)2Υ2(2)

]
ζ

a2
2 = Lm,n,1(x)(σ2 + l2) +Lm,n,2(x)

(
σ2

1 + l
2
1
)

, (2.12)

and if we substitute the value of
(
σ2

1 + l
2
1

)
from (2.11) into the relation (2.12), then

a2
2 =

ζL3
m,n,1(x)(σ2 + l2)

2
[
2L2
m,n,1(x)

(
(1 + 2ρ)Υ(3) − (1 + ρ)2Υ2(2)

)
− 2Lm,n,2(x)(1 + ρ)2Υ2(2)

] . (2.13)

Using (1.6) and the first inequality of Lemma 2.1, from (2.13) it follows that

|a2| =

√√√√√
∣∣∣∣∣∣ ζL3

m,n,1(x)(σ2 + l2)

2
[
2L2
m,n,1(x)

(
(1 + 2ρ)Υ(3) − (1 + ρ)2Υ2(2)

)
− 2Lm,n,2(x)(1 + ρ)2Υ2(2)

]
∣∣∣∣∣∣,



S. H. Hadi, M. Darus, T. Bulboacă, J. Math. Computer Sci., 31 (2023), 433–447 439

therefore

|a2| 6
|m(x)|

√
|m(x)| |ζ|√

2
∣∣∣∣m2(x)

(
(1 + 2ρ)Υ(3) − (1 + ρ)2Υ2(2)

)
− 2n(x)(1 + ρ)2Υ2(2)

∣∣∣∣
= A.

Another upper bound for |a2| could be obtained from (2.11), because it implies

a2
2 =

ζL2
m,n,1(x)

(
σ2

1 + l
2
1

)
2(1 + ρ)2Υ2(2)

,

hence

|a2| =

√√√√∣∣∣∣∣ζL2
m,n,1(x)

(
σ2

1 + l
2
1

)
2(1 + ρ)2Υ2(2)

∣∣∣∣∣ 6 |ζ|m2(x)

(1 + ρ)2 |Υ2(2)|
= B.

Now, from the two upper bound values of |a2| we conclude that

|a2| 6 min{A;B}.

To get a majorant for |a3|, using (2.10) and subtracting (2.9) from (2.7) we get

4(1 + 2ρ)Υ(3)
ζ

(
a3 − a

2
2
)
= Lm,n,1(x) (σ2 − l2) +Lm,n,2(x)

(
σ2

1 − l
2
1
)

. (2.14)

Based on (2.10) and (2.14) it follows that

a3 =
L2
m,n,1(x)ζ

(
σ2

1 + l
2
1

)
2(1 + ρ)2Υ2(2)

+
Lm,n,1(x)ζ (σ2 − l2)

4(1 + 2ρ)Υ(3)
,

and

|a3| 6

∣∣∣∣∣L2
m,n,1(x)ζ

(
σ2

1 + l
2
1

)
2(1 + ρ)2Υ2(2)

∣∣∣∣∣+
∣∣∣∣Lm,n,1(x)ζ (σ2 − l2)

4(1 + 2ρ)Υ(3)

∣∣∣∣
6

∣∣∣∣∣ L2
m,n,1(x)ζ · 2

2(1 + ρ)2Υ2(2)

∣∣∣∣∣+
∣∣∣∣Lm,n,1(x)ζ · 2
4(1 + 2ρ)Υ(3)

∣∣∣∣ =
∣∣∣∣∣ L2

m,n,1(x)ζ

(1 + ρ)2Υ2(2)

∣∣∣∣∣+
∣∣∣∣ Lm,n,1(x)ζ

2(1 + 2ρ)Υ(3)

∣∣∣∣ .
Hence

|a3| 6
m2(x) |ζ|

(1 + ρ)2 |Υ2(2)|
+

|m(x)| |ζ|

2(1 + 2ρ) |Υ(3)|
.

For the particular case k = 0, Theorem 2.6 gives the following.

Corollary 2.7. If f ∈ FKq(η, r, s, 0; ρ, ζ) has the form (1.1), then

|a2| 6 min
{
Â1; B̂1

}
, |a3| 6

m2(x) |ζ|

(1 + ρ)2
∣∣σ2

2

∣∣ + |m(x)| |ζ|

2(1 + 2ρ) |σ3|
,

where

Â1 :=
|m(x)|

√
|m(x)| |ζ|√

2
∣∣∣∣m2(x)

(
(1 + 2ρ)σ3 − (1 + ρ)2σ2

2

)
− 2n(x)(1 + ρ)2σ2

2

∣∣∣∣
, B̂1 :=

|ζ|m2(x)

(1 + ρ)2
∣∣σ2

2

∣∣ ,

ρ ∈ [0, 1], ζ ∈ C \ {0}, and σj :=
1

[j]q!
, j = 2, 3.
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If we take ρ = 1 in Theorem 2.6, we deduce the next special case.

Corollary 2.8. If f ∈ FKq(η, r,k; ζ) has the form (1.1), then

|a2| 6 min
{
Â2; B̂2

}
, |a3| 6

m2(x) |ζ|

4 |Υ2(2)|
+

|m(x)| |ζ|

6 |Υ(3)|
,

where

Â2 :=
|m(x)|

√
|m(x)| |ζ|√

2
∣∣∣∣m2(x)

(
3Υ(3) − 2Υ2(2)

)
− 4n(x)Υ2(2)

∣∣∣∣
, B̂2 :=

|ζ|m2(x)

4 |Υ2(2)|
,

ζ ∈ C \ {0}, and Υ is defined by (1.5).

Theorem 2.9. If f ∈ JFq(η, r,k; ρ, ζ) has the form (1.1), then

|a2| 6 min{C;D}, |a3| 6
m2(x) |ζ|

(1 − ρ)2 |Υ2(2)|
+

|m(x)| |ζ|

2(1 − ρ) |Υ(3)|
,

where

C :=
|m(x)|

√
|m(x)| |ζ|√

2
∣∣∣m2(x)

(
(1 − ρ)Υ(3) − (1 − ρ)2Υ2(2)

)
− 2n(x)(1 − ρ)2Υ2(2)

∣∣∣ , D :=
|ζ|m2(x)

(1 − ρ)2 |Υ2(2)|
,

ρ ∈ [0, 1), ζ ∈ C \ {0}, and Υ is defined by (1.5).

Proof. If we assume that f ∈ JFq(η, r,k; ρ, ζ), then there exist two analytic functions φ and ϕ, with
φ(0) = ϕ(0) = 0, |φ(z)| < 1, |ϕ(w)| < 1, for all z,w ∈ U, such that

1 +
1
ζ

 z
(
Q
η,r,k
q f(z)

)′
(1 − ρ)Qη,r,k

q f(z) + ρz
(
Q
η,r,k
q f(z)

)′ − 1

 ≺ Gm,n (φ(z)) − 1, z ∈ U, (2.15)

and

1 +
1
ζ

 z
(
Q
η,r,k
q f−1(w)

)′
(1 − ρ)Qη,r,k

q f−1(w) + ρz
(
Q
η,r,k
q f−1(w)

)′ − 1

 ≺ Gm,n (ϕ(w)) − 1, w ∈ U, (2.16)

where φ and ϕ have the form (2.3).
Since Gm,n (φ(z)) and Gm,n (ϕ(w)) have the form (2.4) and (2.5), respectively, equating the first two

corresponding coefficients of the equalities (2.15) and (2.16), we have

(1 − ρ)Υ(2)a2

ζ
= Lm,n,1(x)σ1, (2.17)

2(1 − ρ)Υ(3)a3 − (1 − ρ)2Υ2(2)a2
2

ζ
= Lm,n,1(x)σ2 +Lm,n,2(x)σ

2
1, (2.18)

−
(1 − ρ)Υ(2)a2

ζ
= Lm,n,1(x)l1, (2.19)

2(1 − ρ)Υ(3)
(
2a2

2 − a3
)
− (1 − ρ)2Υ2(2)a2

2

ζ
= Lm,n,1(x)l2 +Lm,n,2(x)l

2
1. (2.20)
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From (2.17) and (2.19) we get
σ1 = −l1 (2.21)

and
2(1 − ρ)2Υ2(2)a2

2
ζ

= L2
m,n,1(x)

(
σ2

1 + l
2
1
)

. (2.22)

Adding (2.18) to (2.20) we have

2
[
2(1 − ρ)Υ(3) − (1 − ρ)2Υ2(2)

]
ζ

a2
2 = Lm,n,1(x)(σ2 + l2) +Lm,n,2(x)

(
σ2

1 + l
2
1
)

, (2.23)

and substituting the value of
(
σ2

1 + l
2
1

)
from (2.22) into the equation (2.23) it follows that

a2
2 =

ζL3
m,n,1(x)(σ2 + l2)

2
[
2L2
m,n,1(x)

(
(1 − ρ)Υ(3) − (1 − ρ)2Υ2(2)

)
− 2Lm,n,2(x)(1 − ρ)2Υ2(2)

] . (2.24)

Using (1.6) and the first inequality of Lemma 2.1, from (2.24) it follows that

|a2| =

√√√√√
∣∣∣∣∣∣ ζL3

m,n,1(x)(σ2 + l2)

2
[
2L2
m,n,1(x)

(
(1 − ρ)Υ(3) − (1 − ρ)2Υ2(2)

)
− 2Lm,n,2(x)(1 − ρ)2Υ2(2)

]
∣∣∣∣∣∣,

and

|a2| 6
|m(x)|

√
|m(x)| |ζ|√

2
∣∣∣m2(x)

(
(1 − ρ)Υ(3) − (1 − ρ)2Υ2(2)

)
− 2n(x)(1 − ρ)2Υ2(2)

∣∣∣ = C.

Another upper bound for |a2| could be obtained from (2.22), since this relation implies

a2
2 =

ζL2
m,n,1(x)

(
σ2

1 + l
2
1

)
2(1 − ρ)2Υ2(2)

,

thus

|a2| =

√√√√∣∣∣∣∣ζL2
m,n,1(x)

(
σ2

1 + l
2
1

)
2(1 − ρ)2Υ2(2)

∣∣∣∣∣ 6
∣∣ζ|m2(x)

∣∣
(1 − ρ)2 |Υ2(2)|

= D,

and we conclude that
|a2| 6 min{C;D}.

To get a majorant for |a3|, using (2.21) and subtracting (2.20) from (2.18) we get

4(1 − ρ)Υ(3)
ζ

(a3 − a
2
2) = Lm,n,1(x) (σ2 − l2) +Lm,n,2(x)

(
σ2

1 − l
2
1
)

. (2.25)

From (2.21) and (2.25) it follows that

a3 =
L2
m,n,1(x)ζ

(
σ2

1 + l
2
1

)
2(1 − ρ)2Υ2(2)

+
Lm,n,1(x)ζ (σ2 − l2)

4(1 − ρ)Υ(3)
,

then

|a3| 6

∣∣∣∣∣L2
m,n,1(x)ζ

(
σ2

1 + l
2
1

)
2(1 − ρ)2Υ2(2)

∣∣∣∣∣+
∣∣∣∣Lm,n,1(x)ζ (σ2 − l2)

4(1 − ρ)Υ(3)

∣∣∣∣
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6

∣∣∣∣∣ L2
m,n,1(x)ζ · 2

2(1 − ρ)2Υ2(2)

∣∣∣∣∣+
∣∣∣∣Lm,n,1(x)ζ · 2

4(1 − ρ)Υ(3)

∣∣∣∣ =
∣∣∣∣∣ L2

m,n,1(x)ζ

(1 − ρ)2Υ2(2)

∣∣∣∣∣+
∣∣∣∣ Lm,n,1(x)ζ

2(1 − ρ)Υ(3)

∣∣∣∣ ,
that is

|a3| 6
m2(x) |ζ|

(1 − ρ)2 |Υ2(2)|
+

|m(x)| |ζ|

2(1 − ρ) |Υ(3)|
.

If we take ρ = 0 in Theorem 2.9, we obtain the following special case.

Corollary 2.10. If f ∈ JFq(η, r,k; 0, ζ) has the form (1.1), then

|a2| 6 min
{
C̃; D̃
}

, |a3| 6
m2(x) |ζ|

|Υ2(2)|
+

|m(x)| |ζ|

2 |Υ(3)|
,

where

C̃ :=
|m(x)|

√
|m(x)| |ζ|√

2
∣∣∣m2(x)

(
Υ(3) −Υ2(2)

)
− 2n(x)Υ2(2)

∣∣∣ , D̃ :=
|ζ|m2(x)

|Υ2(2)|
,

ζ ∈ C \ {0} and Υ defined by (1.5).

2.1. Fekete-Szegö problem for the families FKq(η, r,k; ρ, ζ) and JFq(η, r,k; ρ, ζ)
This part determines upper bounds for the Fekete-Szegö functional

∣∣a3 − ξa
2
2

∣∣ for the classes
FKq(η, r,k; ρ, ζ) and JFq(η, r,k; ρ, ζ).

Theorem 2.11. Let f ∈ FKq(η, r,k; ρ, ζ) and ξ ∈ R. Then,

∣∣∣a3 − ξa
2
2

∣∣∣ 6


|m(x)|

2(1 + 2ρ)Υ(3)
, if |ξ− 1| 6

1
(1 + 2ρ)Υ(3)

∣∣∣Ωρ,1
m,n

∣∣∣ ,
|1 − ξ|

∣∣m3(x)
∣∣

2
∣∣∣m2(x)

(
(1 + 2ρ)Υ(3) − (1 + ρ)2Υ2(2)

)
− 2n(x)(1 + ρ)2Υ2(2)

∣∣∣ , if |ξ− 1| >
1

(1 + 2ρ)Υ(3)

∣∣∣Ωρ,1
m,n

∣∣∣ ,
where

Ωρ,1
m,n := 2

(
(1 + 2ρ)Υ(3) − (1 + ρ)2Υ2(2)

)
− 2

n(x)

m2(x)
(1 + ρ)2Υ2(2),

ρ ∈ [0, 1], ζ ∈ C \ {0}, and Υ is defined by (1.5).

Proof. If f ∈ FKq(η, r,k; ρ, ζ), then from the relations (2.13) and (2.14) it follows that

a3 − ξa
2
2 =

ζL3
m,n,1(x)(1 − ξ)(σ2 + l2)

2
[
2L2
m,n,1(x)

(
(1 + 2ρ)Υ(3) − (1 + ρ)2Υ2(2)

)
− 2Lm,n,2(x)(1 + ρ)2Υ2(2)

] − Lm,n,1(x)ζ (σ2 − l2)

4(1 + 2ρ)Υ(3)

= Lm,n,1(x)

{(
Φξ1 (x) +

1
4(1 + 2ρ)Υ(3)

)
σ2 +

(
Φξ1 (x) −

1
4(1 + 2ρ)Υ(3)

)
l2

}
,

where

Φξ1 (x) :=
L2
m,n,1(x)ζ(1 − ξ)

2
[
2L2
m,n,1(x)

(
(1 + 2ρ)Υ(3) − (1 + ρ)2Υ2(2)

)
− 2Lm,n,2(x)(1 + ρ)2Υ2(2)

]
a2

2

.

Thus, according to the relation (2.8) and using (1.6) we conclude that

∣∣a3 − ξa
2
2
∣∣ 6


|m(x)|

2(1 + 2ρ)Υ(3)
, if

∣∣∣Φξ1 (x)∣∣∣ 6 1
4(1 + 2ρ)Υ(3)

,

2 |m(x)|
∣∣∣Φξ1 (x)∣∣∣ , if

∣∣∣Φξ1 (x)∣∣∣ > 1
4(1 + 2ρ)Υ(3)

,

that is equivalent to our result.
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Theorem 2.12. Let f ∈ JFq(η, r,k; ρ, ζ) and ξ ∈ R. Then,

∣∣∣a3 − ξa
2
2

∣∣∣ 6


|m(x)|

2(1 − ρ)Υ(3)
, if |ξ− 1| 6

1
(1 − ρ)Υ(3)

∣∣∣Ωρ,2
m,n

∣∣∣ ,
|1 − ξ|

∣∣m3(x)
∣∣

2
∣∣∣m2(x)

(
(1 − ρ)Υ(3) − (1 − ρ)2Υ2(2)

)
− 2n(x)(1 − ρ)2Υ2(2)

∣∣∣ , if |ξ− 1| >
1

(1 − ρ)Υ(3)

∣∣∣Ωρ,2
m,n

∣∣∣ ,
where

Ωρ,2
m,n := 2

(
(1 − ρ)Υ(3) − (1 − ρ)2Υ2(2)

)
− 2

n(x)

m2(x)
(1 − ρ)2Υ2(2),

ρ ∈ [0, 1), ζ ∈ C \ {0}, and Υ is defined by (1.5).

Proof. If f ∈ JFq(η, r,k; ρ, ζ), then using the relations (2.24) and (2.25) we get

a3 − ξa
2
2 =

ζL3
m,n,1(x)(1 − ξ)(σ2 + l2)

2
[
2L2
m,n,1(x)

(
(1 − ρ)Υ(3) − (1 − ρ)2Υ2(2)

)
− 2Lm,n,2(x)(1 − ρ)2Υ2(2)

] − Lm,n,1(x)ζ (σ2 − l2)

4(1 − ρ)Υ(3)

= Lm,n,1(x)

{(
Φξ2 (x) +

1
4(1 − ρ)Υ(3)

)
σ2 +

(
Φξ2 (x) −

1
4(1 − ρ)Υ(3)

)
l2

}
,

where

Φξ2 (x) :=
L2
m,n,1(x)ζ (1 − ξ)

2
[
2L2
m,n,1(x)

(
(1 − ρ)Υ(3) − (1 − ρ)2Υ2(2)

)
− 2Lm,n,2(x)(1 − ρ)2Υ2(2)

]
a2

2

.

Using now the relations (2.8) and (1.6) we obtain that

∣∣a3 − ξa
2
2
∣∣ 6


|m(x)|

2(1 − ρ)Υ(3)
, if

∣∣∣Φξ2 (x)∣∣∣ 6 1
4(1 − ρ)Υ(3)

,

2 |m(x)|
∣∣∣Φξ2 (x)∣∣∣ , if

∣∣∣Φξ2 (x)∣∣∣ > 1
4(1 − ρ)Υ(3)

,

that represents our result.

If we take k = 0 in Theorem 2.11 and ρ = 0 in Theorem 2.12, then we obtain the next special cases,
respectively.

Corollary 2.13. If f ∈ FKq(η, r, s, 0; ρ, ζ) and ξ ∈ R, then

∣∣a3 − ξa
2
2
∣∣ 6


|m(x)|

2(1 + 2ρ)σ3
, if |ξ− 1| 6

1
(1 + 2ρ)σ3

∣∣∣Ωρ,3
m,n

∣∣∣ ,
|1 − ξ|

∣∣m3(x)
∣∣

2
∣∣∣m2(x)

(
(1 + 2ρ)σ3 − (1 + ρ)2σ2

2

)
− 2n(x)(1 + ρ)2σ2

2

∣∣∣ , if |ξ− 1| >
1

(1 + 2ρ)σ3

∣∣∣Ωρ,3
m,n

∣∣∣ ,
where

Ωρ,3
m,n := 2

(
(1 + 2ρ)σ3 − (1 + ρ)2σ2

2

)
− 2

n(x)

m2(x)
(1 + ρ)2σ2

2,

ρ ∈ [0, 1], ζ ∈ C \ {0}, and σj :=
1

[j]q!
, j = 2, 3.

Corollary 2.14. If f ∈ JFq(η, r,k; 0, ζ) and ξ ∈ R, then

∣∣a3 − ξa
2
2
∣∣ 6


|m(x)|

2Υ(3)
, if |ξ− 1| 6

1
Υ(3)

∣∣∣Ωρ,4
m,n

∣∣∣ ,
|1 − ξ|

∣∣m3(x)
∣∣

2
∣∣∣m2(x)

(
Υ(3) −Υ2(2)

)
− 2n(x)Υ2(2)

∣∣∣ , if |ξ− 1| >
1
Υ(3)

∣∣∣Ωρ,4
m,n

∣∣∣ ,
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where
Ωρ,4
m,n := 2

(
Υ(3) −Υ2(2)

)
− 2

n(x)

m2(x)
Υ2(2),

and Υ is defined by (1.5).

2.2. Application of functions defined by Pascal distribution
The power series whose coefficients are probabilities of the Pascal distribution have been studied by

El-Deeb et al. [16]. Using the function

Φr
θ(z) := z+

∞∑
j=2

(
j+ r− 2
r − 1

)
θj−1(1 − θ)rzj, (r > 1, 0 6 θ 6 1 z ∈ U),

and motivated by this function, Murugusundaramoorthy et al. [28] investigated the convolution operator
Wr
θ : S→ S formulated by

Wr
θf(z) := Φ

r
θ(z) ∗ f(z) = z+

∞∑
j=2

(
j+ r− 2
r − 1

)
θj−1(1 − θ)rajz

j, (z ∈ U),

where f(z) in the formula (1.1). Since

Wr
θf(z) = z+

∞∑
j=2

(
j+ r− 2
r − 1

)
θj−1(1 − θ)rajz

j = z+ r θ(1 − θ)ra2z
2 +

r(r + 1)
2

θ2(1 − θ)ra3z
3 + · · · (z ∈ U),

if we replace in the Theorems 2.11, 2.12, and in Corollaries 2.13 and 2.14 the function f by Wr
θf defined

above, then we obtain the subsequent outcomes.

Theorem 2.15. Let Wr
θf ∈ FKq(η, r,k; ρ, ζ) and ξ ∈ R, where f ∈ S has the form (1.1), then∣∣∣(r + 1) θa3 − 2ξ r(1 − θ)r a2

2

∣∣∣
6

2
r θ (1 − θ)r

·


|m(x)|

2(1 + 2ρ)Υ(3)
, if |ξ− 1| 6

1
(1 + 2ρ)Υ(3)

∣∣∣Ωρ,1
m,n

∣∣∣ ,
|1 − ξ|

∣∣m3(x)
∣∣

2
∣∣∣m2(x)

(
(1 + 2ρ)Υ(3) − (1 + ρ)2Υ2(2)

)
− 2n(x)(1 + ρ)2Υ2(2)

∣∣∣ , if |ξ− 1| >
1

(1 + 2ρ)Υ(3)

∣∣∣Ωρ,1
m,n

∣∣∣ ,
where

Ωρ,1
m,n := 2

(
(1 + 2ρ)Υ(3) − (1 + ρ)2Υ2(2)

)
− 2

n(x)

m2(x)
(1 + ρ)2Υ2(2),

Υ is defined by (1.5), ρ ∈ [0, 1], ζ ∈ C \ {0}, and 0 6 θ < 1.

Theorem 2.16. Let Wr
θf ∈ JFq(η, r,k; ρ, ζ) and ξ ∈ R, where f ∈ S has the form (1.1). Then,∣∣∣(r + 1) θa3 − 2ξ r(1 − θ)r a2

2

∣∣∣
6

2
r θ (1 − θ)r

·


|m(x)|

2(1 − ρ)Υ(3)
, if |ξ− 1| 6

1
(1 − ρ)Υ(3)

∣∣∣Ωρ,2
m,n

∣∣∣ ,
|1 − ξ|

∣∣m3(x)
∣∣

2
∣∣∣m2(x)

(
(1 − ρ)Υ(3) − (1 − ρ)2Υ2(2)

)
− 2n(x)(1 − ρ)2Υ2(2)

∣∣∣ , if |ξ− 1| >
1

(1 − ρ)Υ(3)

∣∣∣Ωρ,2
m,n

∣∣∣ ,
where

Ωρ,2
m,n := 2

(
(1 − ρ)Υ(3) − (1 − ρ)2Υ2(2)

)
− 2

n(x)

m2(x)
(1 − ρ)2Υ2(2),

Υ is defined by (1.5), ρ ∈ [0, 1), ζ ∈ C \ {0}, and 0 6 θ < 1.
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Corollary 2.17. If Wr
θ ∈ FKq(η, r, s, 0; ρ, ζ) and ξ ∈ R, where f ∈ S has the form (1.1), then∣∣(r + 1) θa3 − 2ξ r(1 − θ)r a2

2
∣∣

6
2

r θ (1 − θ)r
·


|m(x)|

2(1 + 2ρ)σ3
, if |ξ− 1| 6

1
(1 + 2ρ)σ3

∣∣∣Ωρ,3
m,n

∣∣∣ ,
|1 − ξ|

∣∣m3(x)
∣∣

2
∣∣∣m2(x)

(
(1 + 2ρ)σ3 − (1 + ρ)2σ2

2

)
− 2n(x)(1 + ρ)2σ2

2

∣∣∣ , if |ξ− 1| >
1

(1 + 2ρ)σ3

∣∣∣Ωρ,3
m,n

∣∣∣ ,
where

Ωρ,3
m,n := 2

(
(1 + 2ρ)σ3 − (1 + ρ)2σ2

2

)
− 2

n(x)

m2(x)
(1 + ρ)2σ2

2,

σj :=
1

[j]q!
, j = 2, 3, ζ ∈ C \ {0}, and 0 6 θ < 1.

Corollary 2.18. If Wr
θ ∈ JFq(η, r,k; 0, ζ) and ξ ∈ R, where f ∈ S has the form (1.1), then∣∣(r + 1) θa3 − 2ξ r(1 − θ)r a2

2
∣∣

6
2

r θ (1 − θ)r
·


|m(x)|

2Υ(3)
, if |ξ− 1| 6

1
Υ(3)

∣∣∣Ωρ,4
m,n

∣∣∣ ,
|1 − ξ|

∣∣m3(x)
∣∣

2
∣∣∣m2(x)

(
Υ(3) −Υ2(2)

)
− 2n(x)Υ2(2)

∣∣∣ , if |ξ− 1| >
1
Υ(3)

∣∣∣Ωρ,4
m,n

∣∣∣ ,
where

Ωρ,4
m,n := 2

(
Υ(3) −Υ2(2)

)
− 2

n(x)

m2(x)
Υ2(2),

Υ is defined by (1.5), ζ ∈ C \ {0}, and 0 6 θ < 1.

Remark 2.19. Setting q → 1−, r = k = s = η = 1, and replacing Gm,n(z) − 1 by Φ(z), such that
Φ(0) = 1 and Φ′(0) > 0, in Theorems 2.6 and 2.11, then we deduce Theorems 2.3 and 2.4, that have
been investigated by Kazımoğlu and Deniz [25].

3. Conclusion

Recently, many studies have focused on introducing new concepts by using q-calculus, due to its
wide applications in physics, mathematics and other fields. We used the q-calculus to define a new q-
differential operator that involves the q-binomial series, which is a generalization to an operator provided
by Frasin [19]. With the aid of this operator and by using the concept of subordination, we defined two
families of functions FKq(η, r,k; ρ, ζ) and JFq(η, r,k; ρ, ζ). These subordinations are connected with the
function Gm,n, where some special polynomials can be obtained from the (m,n)-Lucas Polynomial like
the Lucas polynomials.

We found estimates for the first two coefficients for the functions of classes, followed by some special
cases obtained for special values of the parameters. Also, we determined estimates for the Fekete-Szegö
inequality for these families and some special cases of the main results are given.

The importance of these results consists in the next facts: the new differential operator L
r,q,k
η con-

nected with the q-binomial coefficients extend some operators previously defined by other authors, and
the subordinations used to define the new classes which are connected to the well-known (m,n)-Lucas
polynomial like the Lucas polynomials. The results we obtained are simple to use, giving an upper bound
for the modules of the first two coefficients, and for the Fekete-Szegö functional for these new classes.

We consider that those who are interested in the topics of Geometric Function Theory of one variable
functions connected with special functions could use these results for some possible studies.
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and bi-Univalent functions, Ukr. Kyi Mat. Zhurnal, 75 (2023), 198–206. 1

[32] S. Riaz, T. G. Shaba, Q. Xin, F. Tchier, B. Khan, S. N. Malik, Fekete–Szegö problem and second Hankel determinant for a
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