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K E Y W O R D S :   A B S T R A C T  
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 The cross sections of the electron scattering from atoms and spin 

polarization has been calculated for the scattering of electrons from Mg 

and Ca atoms at different energies using the relativistic Dirac equation. 

The interest of these calculations is to obtain an information about the 

scattering process. The incident electron- target  interaction is 

represented by an a  potential, which is consist of a sum of real model 

potentials used in the solution of  relativistic Dirac equation. The 

comparison of the results obtained by this method are  very good 

agreement with the other available results. 

http://dx.doi.org/10.31257/2018/JKP/100212 

 رراث الوغنيسيوم والكالسيوم عنذ طاقاث هختلفت نـتروناث هـحساباث ديراك النسبيت لإستطارة الالك

 حلام خضير ياسر                                     أ عقيل هاشن حسين فلحي عبذ الحسن علي

 جاٍعت اىبصشة/  مييت اىعيىًقسٌ اىفيزياء / 

 تـــلاصـــخ  ــــال  :تالكلواث الوفتاحي

 اىْسبيت 

  الإىنخشوُاسخطاسة 

 اىزساث 

 ٍعادىت ديشاك 

 ًاىبش 

الاىنخشوّاث ٍِ اىزساث ومزىل اسخقطاب اىبشً ٍِ  حٌ حساب اىَقاطع اىعشضيت لاسخطاسة 

، والاهخَاً بهزٓ ٍعادىت ديشاك اىْسبيت واىناىسيىً عْذ طاقاث ٍخخيفت بأسخخذاً يسيىًرساث اىَغْ

، وحٌ حَثيو حفاعلو الاىنخلشوُ اىسلاق  سخطاسةعيى ٍعيىٍاث حىه عَييت الإاىحساباث ىيحصىه 

. وحَلج سلخعَيج ىحلو ٍعادىلت ديلشاك اىْسلبيتأ  ٍع اىهلذ  بههلذ يخنلَِ ٍهَىعلت َّلارد جهلىد 

 ذ.، وماُ هْاك حىافق جي  ئج ٍع اىْخائج اىَخىفشة ىباحثيِ آخشيٍِقاسّت هزٓ اىْخا
 

1. Introduction 

The electron scattering from atoms is a 

fundamental atomic process in nature to obtain 

information about the structure and dynamics of 

astrophysical objects [1]. The cross sections of 

the electron scattering from atoms are needed in 

such different  fields as astrophysics, 

atmospheric physics, plasma physics, and 

biophysics. Theoretical studies of relativistic 

effects and spin-dependent phenomena in 

collisions between electrons with atoms have 

been progressed significantly as given by the 

review of Kessler [1]. During the scattering of 

electrons, their magnetic moments interact with 

the magnetic field generated by the orbital 

motion of these particles with respect to the 

target atom, leading to the well-known spin-

orbit interaction term. Hence, even though the 

incident beam of projectiles may be 

unpolarized, the spin-orbit interaction can adjust 
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the spins of the scattered particles in a preferred 

direction causing a net spin polarization. The 

study of spin polarization of the incident 

projectiles according to scattering provides 

more detailed information about the projectile-

target interaction. In the present work, the 

calculations are started with the Dirac equation 

to describe the scattering system and calculate 

the cross sections and Sherman functions 

according to scattering from Mg and Ca atoms 

at different incident energies. The relativistic 

treatment of electron collisions enables us  to 

calculate the spin polarization function or the 

so-called Sherman function, which describes the 

calculated spin-up and spin-down asymmetries 

in the number of scattered electrons .  In sec.2, 

the theory used in this paper will be introduced 

,in which the calculated spin polarization 

parameter and the total interaction between an 

electron and a target atom will be  described 

.While, sec.3, deals with the results and 

discussion obtained from the calculated results, 

the conclusions are given in sec.4  .  

2. Theoretical  Part 

The Dirac equation for the projectile of rest 

mass mo traveling in a central field  at a 

velocity v is given by[2]: 

 )(. 2 rVcmPc o  
 Ψ = E  Ψ            (1) 

Where 
22 cmEcmE oio    is the 

total energy , 2
1

22 )/1(


 cv ,and Ei is the 

kinetic energy of the incident particle. and   

are the usual 4 X 4 Dirac matrices.The spinor Ψ 

has the four components and Ψ = (ψ 1 ,ψ 2 ,ψ 3 ,ψ

4 ), where (ψ 1 ,ψ 2 ) are large components and (ψ

3 ,ψ 4 ) are small components of ψ. For a central 

potential, the Dirac equation can be reduced to a 

set of two equations [3]: 
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Here, single and double primes denote the 

first and second derivatives with respect to r, 

respectively. It should be noted that the last 

term of Ul
±
 in Equations (3) and (4) corresponds 

to the two eigenvalues of the well-known spin-

orbit interaction, one according to spin up and 

other according to spin down[3]: 

L
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Here,   is related to spin S as S2  and 

the value of L  equals l for
2

1
 lj  and 

)1(  l  for
2

1
 lj . The proper solution of 

Equation (2)  behaves asymptotically as[4]: 

g
)]()tan()([),( KrKrjKrrK llll   

 , 

when r . (6) 

Where, lj  and l  are the spherical Bessel 

functions of the first and second kind, 

respectively. The plus and the minus signs 

attached to the phase shifts 


l  correspond to 

incident particles with spin up and with spin 
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down, respectively. The phase shifts 


l  can be 

obtained from the values of the radial wave 

function g


l at the two adjacent points    and 

    (     )at very large   as [4 ] : 

)]([)()()()(
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In the present calculation, the wave 

functions 


lg
 are obtained by using numeral 

method of Equation (2). The two complex 

scattering amplitudes ),( Kf (the direct 

amplitude) and ),( Kg (the spin-flip 

amplitude) are defined as[5]: 
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Where,   is the scattering angle and 

)(coslP
and

)(cos1 lp
are the Legendre 

polynomial and the associated Legendre 

functions, respectively. The elastic differential 

cross section for the  scattering of the 

unpolarized incident electron beam is given 

by[3]: 
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And the spin polarization parameter )(S

has the form[6]: 
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The Sherman function S  describes the spin 

polarization parameter of the scattered electrons 

if the incident electron beam is unpolarized. The 

total interaction between an electron and a 

target atom is described by an effective 

potential )(rV , which is chosen to be a sum of 

three terms, the static
)(rVst ,exchange

)(rVex ,and 

the correlation  polarization 
)(rVcpol , potentials. 

These potential terms are functions of the 

electronic density of the target and 

approximately account for the dynamics of the 

collision. The electrostatic interaction energy 

between the projectile and the target atom is 

obtained by [7]: 

)]()([)()( rreZreZrV enoost  
   (12) 

Where 
eZo is the charge of the projectile 

and )(r is the electrostatic potential of the 

target atom which is express as the sum of 

contributions from the nucleus and the electron 

cloud, 
)(rn and 

)(re , respectively , by[7]: 
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Where 
)(rn and 

)(re denote the space 

densities (particles per unit volume) of protons 

in the nucleus and orbital electrons, 

respectively. To quantify the screening of the 

nuclear charge by the atomic electrons, there is 

a screening function, χ(r), defined as the 

fraction of the nuclear charge seen by a particle 

at a distance r from the center of the 

nucleus,and obtained by[7]: 

        
)()( r

Ze

r
r  

.                             (15) 

The electrostatic potential and the particle 

densities of the atom are linked by Poisson’s 
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equation which for spherically symmetric 

systems and )0( r is simplified to  [7] : 

2

2

2

2 )(

4
)]([

4

1
)()(

dr

rd

r

Z
rr

dr

d

er
rr en







 

.                                                             (16) 

Where 
)(rn is obtained by Fermi 

distribution as [7] : 
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Where cmtZ 1310546.0)3ln4/(   and 

cmt 13104.2  (the skin thickness) defined as 

the distance over which the density drops from 

0.9 to 0.1 of its central value, also 

cmARn
3

1
131007.1 

, is the mean radius 

(half-density radius). The constant o , which is 

twice the proton density at nRr 
, is to be 

determined by normalization. The electrostatic 

potential of the Fermi distribution, 
)(rn , has to 

be calculated numerically. For
)(re  in the 

present work,where it has used the most 

accurate electron densities available for free 

atoms which are obtained from self-consistent 

relativistic Dirac–Fock (DF) calculations [8]. 

The same density )(re is used to obtain the 

electron exchange potential.In the present 

work,the exchange potential model of Furness 

and McCarthy[9]which is local approximation 

to the exchange interaction is used to perform 

the calculations and is given  by [7] : 
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Where E  is the total energy of the 

projectile. For the correlation-polarization 

potential
)(rVcpol , 

a parameter-free polarization potential is 

based on the correlation energy of the target 

atom which is used.It has two components, the 

short-range 
)(rVSR obtained from the local-

density approximation by assuming that the 

correlation energy of the projectile at     is the 

same as if it were moving within a free-electron 

gas of density    equal to the local atomic 

electron density and the long-range )(rVLR parts 

and are given by [2] : 
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Here, cr  is the point where the two forms 

cross each other for the first time. The short-

range form for electron scattering from atoms is 

given by Perdew and Zunger [10], where the 

correlation potentialis given by [10]: 
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Where 
3

1

(r)]}{3/[4 eSr 
 is density 

parameter ,
)(re is the undistorted electronic 

density of the target.The long-range form of  

polarization potential is given by Buckingham 

model[7]: 
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dr
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Where, ( d
) is the relativistic dipole 

polarizability of the target atom. For   atom it 

is taken to be (10.06          ) and for   

atom it is taken to be (22.80         ) 

[11].The value of ( d )is a phenomenological 

cut-off parameter that servesto prevent the 

polarization potential from diverging at r = 0, 
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whereit is given by the expression of Mittleman 

and Watson [12] as:  

23
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4

2

1
pold bZad



  
                        (22) 

Where, 0a
 is atomic unit assumed equal to 

one and
2

polb
 is an adjustable energy-dependent 

parameter which is given by [13]: 

2

polb
= max {(E-50 eV)/(16 eV),1} (23) 

So ,in this work the assuming is that the 

Buckingham potential, is given by Eqs.(21)-(23) 

3. Results and Discussion 

In the present work, the relativistic Dirac 

method is used to calculate the scattering cross 

– sections, and momentum transfer cross 

sections of the electrons scattered  by Mg and 

Ca- atoms by using the ELSEPA code of Salvat 

.et .al [7] Figure (1) shows the different incident 

energies for Mg–atoms at different incident 

energies (10,15,20,40,60,80,100,300) eV , our 

results were consistent with results of other 

investigators, the static effect  is the dominant 

factor in the Scattering process, whereas the 

differences at low energies is due to the other 

limits of the efforts being included because the 

potential is sensitive to the incident electron 

energy especially at low energies ,also Figure 

( )  hows the total cross sections (T    s) for 

Mg- atoms ,Which is compared with theoretical 

calculation of Ismail et.al [14] and experimental 

measurements of Williams et. al [15 ] and 

predojevi et . al.[16 ], Where we did not agree 

with our results where it is observed at low 

energies, the value of these sections is great 

because the beam of electrons falling down 

affects the potential strongly at these energies. 

Figure(3) explains the momentum transfer cross 

sections from  Mg - atoms, where no results 

were  available to compare with them, but it 

was observed at high energies the  Momentum 

transfer cross- sections decreases slowly as a 

function of the energy of the electron and  

potential . Figure (4) shows the differential 

cross – section from Ca- atoms for an incident 

electron energies ( 10 , 40, 60 , 200 , 300 , and 

500 ) eV , our results are  compared with the 

results of other  investigators and were 

theoretically compatible with Hassan et.al. [17 ] 

, Pandya  [18] and Khare [19] and experimental 

measurements of milisavljevic et. al. [20] .The 

DCSs can be greatest at the small angle because 

the beam of electrons falling close to the center 

of the control of central potential of the target. 

Figure (5) also shows the total cross 

sections for  electrons from Ca- atoms , where it  

these are  a mismatch in the results and the  

difference in the potential used, also found in 

figure(6),that  the momentum transfer cross 

sections for the scattering electrons from Ca– 

atoms.  Also, we calculate the values of the  

spin polarization   (Ɵ) for scattering of  

electrons by two atoms , Magnesium atoms at 

various impact energies between (10-500) eV 

were calculated relatives tically by using the 

interaction potential in the Dirac equation , as 

show in Figure (7) , it was noted that there is a 

difference in the results due to the different 

incident energies, the effort of the reaction and 

the relative corrections applied to spin – orbit 

interaction (SOI) , as we not that limit is very 

sensitive at low energies, our results are the 

best,When the incident energy increases, we did 

not get the theoretical or experimental results to 

compare with our results . 

Figure(8) explain the  spin  polarization 

parameters S,T,U  at  10 eV for Scattering as 

shown in Figer (8)  (a,b,c) and 200 eV of (d,e,f) 

by Mg-atoms ,also, Figures (9) shows the 

variation of   pin polarization parameters  (Ɵ)  

with scattering angle at incident energies(10 – 

80 ) eV . for Ca – atoms . Figure (10) explains 

the spin polarization parameter S,T,U  at  10 eV 

for Scattering of (a,b,c) and 200 eV of (d,e,f) by 

Ca -atoms .Our results calculated by this  

method are in very good agreement with other 

at all. 
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Figure (1): Differential cross-sections (a0
2
/sr) for the Scattering of electrons from  Mg- atoms for an incident  

electron energy  (a)10 eV ,(b)15 eV,(c) 20 eV , (d) 40 eV. 
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Figure (1): Differential cross-sections (a0
2
/sr) for the Scattering of electrons from  Mg- atoms for an incident  

electron energy, (e) 60eV, (f)80 eV, (g)100 eV, (h) 300eV. 
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Figur (2): Total Cross – Sections( a20)  for the 

Scattering of electrons from Mg- atoms in the 

incident electron energy range ( 1-1000) eV. 

Figure (3): Momentum transfer cross-sections (a02) 

for the scattering of electrons Mg-atoms in the 

energy range (1- 1000) eV. 
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Figure (4): Differential cross-sections (a02/sr) for the Scattering of electrons from Ca- atoms for an incident  

electron energy  (a)10 eV ,(b)40 eV,(c) 60 eV, (d) 200 eV,(e) 300eV, and (f(500 eV. 
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Figure (5): Total Cross – Sections( a20)  for the Scattering of electrons from Ca- atoms in the impact electron 

energy range ( 1- 500 ) eV. 

 

 

 

 

Figure ( 6): Momentum transfer cross-sections (a02) for the scattering of electrons Ca-atoms 

In the incident electron energy range (1- 500 ) eV. 
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Figure( 7):The variation of  spin polarization parameter (S) with scattering angle at incident energies(a)10 

eV,(b)15 eV (c)20 eV (d)60 eV. 
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Figure( 7):The variation of  spin polarization parameter (S) with scattering angle at incident energies(e)80 eV,(f) 

200 eV ( g) 400 eV ( h) 500 eV. 
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Figure (8): Spin polarization parameters S ,T, and U at 10eV for scattering of ( a ,b , c) and at 200 eV of (d ,e 

,f) for Mg – atoms. 
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Figure (9):The variation of spin polarization parameter(S) with scattering angle at incident energies(a)10 eV 

,(b)20 eV, (c) 40 ev, and (d) 80 eV. 
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Figure (10): Spin polarization parameters S ,T, and U at 10eV for scattering of (a ,b , c) and at 80 eV of (d ,e ,f)  

for Ca – atoms. 

0 20 40 60 80 100 120 140 160 180

-0.3

-0.2

-0.1

0.0

0.1

0.2

0.3

S
-p

a
ra

m
e

te
r

Scattering angle(deg.)

 present work

E=10 eVCa

a

 

0 20 40 60 80 100 120 140 160 180

0.86

0.88

0.90

0.92

0.94

0.96

0.98

1.00

1.02

T
-p

a
ra

m
e

te
r

Scattering angle (deg.)

 present work

Ca E=10 eV

0 2 4 6 8 10

 b

0 20 40 60 80 100 120 140 160 180
-0.1

0.0

0.1

0.2

0.3

0.4

0.5

U
-p

a
re

m
e

te
r

Scattering angle (deg.)

 present work

 Ca E=10 ev

 

 e

0 20 40 60 80 100 120 140 160 180

-0.20

-0.15

-0.10

-0.05

0.00

0.05

0.10

s
 -

 p
a

rm
e

te
r

Scattering angle(deg.)

 present work

 Ca
E = 80 eV

d

0

2

4

6

8

10

 

0 20 40 60 80 100 120 140 160 180
0.90

0.92

0.94

0.96

0.98

1.00

 T
 -

p
a

rm
e

te
r

Scattering angle(deg.)

 present work

ca

e

 E = 80 eV

0 20 40 60 80 100 120 140 160 180

-0.4

-0.3

-0.2

-0.1

0.0

0.1

0.2

u
 -

 p
a

rm
e

te
r

Scattering angle (deg.)

 present work
f

Ca E= 80 eV

 



JOURNAL OF KUFA–PHYSICS  |  Vol. 10, No. 2 (2018) A. K. Yassir, A. H. Hussain, F. A. Ali 

   99  

4. References  

 

[1] J. Kessler, Adv. At., Mol., Opt. Phys. 27, 

81 (1991). 

[2] P.Kumar,A.K.Jain,A.N.Tripathi and 

S.N.Nahar,Phys.Rev.A,49,899(1994). 

[3] S. N. Nahar and J. M. Wadehra, Phys. 

Rev. A, 43,1275 (1991). 

[4] R.M.Eisberg,"Fundamentals of Modern 

Physics"(Wiley,NewYork,1961). 

[5] D. W. Walker, Adv. Phys. 20,257 (1971). 

[6] Neerja, A. N. Tripathi, and A. K. Jain, 

Phys. Rev. A, 61,032713(2000). 

[7] F.Salvat,A.Jablonski,C.J.Powell,Comp..P

hys.Comm.165,157 (2005). 

[8] J.P. Desclaux, Comput. Phys.Commun. 

9,31 (1975). 

[9] J.B. Furness, I.E. McCarthy, J. Phys. B: 

At. Mol. Phys. 6,2280(1973). 

[10] J.P.Perdew ,A. Zunger, Phys. Rev. B ,23 

5048. (1981) 

[11] D.R. Lide, CRC Handbook of Chemistry 

and Physics, 79th ed., CRC Press, Boca 

Raton, FL, 1999. 

[12] M.H. Mittleman, K.M. Watson, Ann. of 

Phys. 10 (1960) 268. 

[13] P.Syty,J.E.Sienkiewicz  andS.Fritzsche, 

Radiation Physics and Chemistry68 , 301–

305 (2003),. 

[14] M.IsmailHossain , et.al. Eur. phys., J. 

D.,70, 41 (2016). 

[15] 15- M. Dummler, G. F. Hanne and 

J.Kessler,J .phys., B:28, 2985 (1995). 

[16] B. Predojevi c, V. Pejˇ cev, D.M. Filipovi´ 

c, D. Sevi´ c, B.P.Marinkovi´c, J.Phys. 

B:40, 1853 (2007). 

[17] Mohmudul Hassan,M. AlfazUddin, M. 

Ismail Hossain, A.K.F. Haque, and A.K. 

Basak,J.phys.92.206(2014). 

[18] C.Pandya, P.M.Patel, and K. L. Baluja, 

CHINESE J.phys. 48, no. 4(2010). 

[19] S.Milsavljevic,M.S.Rabasovic,D.Sevic,V.

pejcev,D.M.Filipvic,Lalita Sharma, J. 

phys. B:38, 237, (2005). 

 


