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1. Introduction

Repeated measurements analysis is widely used in many fields, for example, the health and
life sciences, epidemiology, biomedical, agricultural, industrial, psychological, and education
and so on [1, 2]. Repeated measurements is a term used to describe data in which the response
variable for each experimental unit is observed on multiple occasions and possibly under
different experimental conditions [2]. Repeated measures designs involving two or more
independent groups are among the most common experimental designs in a variety of research
settings. Various statistical procedures have been suggested for analyzing data from split-plot
designs when parametric model assumptions are violated [3]. Maximum Likelihood is a useful
way to estimate the variance parameters[4]. Penalized Likelihood estimation has been used to
obtain more stable estimates in item response theory [4]. Al-Mouel and Mustafa [5] studied the
lawley-Hotelling test in one-way multivariate repeated measurements model. Al-Mouel and
Swadi [6] studied the Bayesian estimators of the one-way repeated measurements model. Al-
Mouel and Al-Shmailawi [7] studied the modified maximum likelihood estimators for one-way
repeated measurements model. Al-Mouel and Al-Shmailawi [8] studied the sufficiency and
completeness of the one-way repeated measurements model. Al-Mouel and Al-lsawi [9]
computed the quadratic unbiased estimator, which has minimum variance (best quadratic
unbiased estimate) by using analysis of variance (ANOVA) method of estimating the variance
components. Kursawe and et al [10] revealed the importance of repeated measurements for
parameterizing cell-based models of growing tissues. Al-Isawi [11] proposed a new approach to
determine the matrices for minimum variance quadratic unbiased estimators of variance
components and minimum norm quadratic unbiased estimators of variance components for the
repeated measurements model. Mcfarquhar [12] studied the group level repeated measurements
of neuroimaging data using the univariate general linear model. Al-Mouel and Afnan [13]
studied the Bayesian approach on one-way repeated measurements model. The objective of this
paper is to estimate the variance components of the model by using maximum likelihood
method, we use the mean square error to compare the maximum likelihood estimator with the
penalized likelihood estimators. We also determine the corresponding moments for each

estimator. We find bias equations and variance for each estimator.
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2. Setting up the Model
We considered the repeated measurement model as follows

Yijk = W+ T+ v+ 8ijy + iy + (V) ji + eiji 1)
i =1,..,nisan index for experimental unit,
j =1,...,q is an index for levels of between unit factor,
k =1,...,pis an index for levels of within-unit factor,
Yijk is the response measurement at within unit factor k for unit i within between-unit factor j,
7; is the added effect for treatment between-unit, factor j,
¥ Is the added effect for within-units factor k,
8i(;) Is the random effect due to the experimental unit i within treatment between-units factor j,
Airy 1s the random effect due to the experimental unit i within-units factor k,
(ty) ji is the added effect for between-unit, factor j x within-unit factor k interaction, and
e;j is the random error on within-unit factor k for unit i within between-unit factor j .
For the parametrization to be of full rank we impose the following set of conditions :
;’zlrj =0, Z;’zl(ry)jk =0, foreachk=1,..,p (2)
Yhe Ve =020, (t¥)jx =0, foreachj=1,..,q (3)
eijk »0i(jyand Ay are independent with
eijx~i.i.d N(0,62),8;jy~i.i.d N(0,05) , Aigy~i.i.d N(0,07)
The expressions of SS¢, SSw, SSu(6), SSexw, and SSg are
$Ss = X1 X0, 2 (7 -7.) ) (4)
SSw = Xt1 Doy X1 e = 7.)% (5)
SSutey = Zea Bes Shea (5. = 9 = 75, +7.) + s Bl 2k G — 7.00% (6)

_ _ _ _\2
SSexw = Lie1 Xie1 ZkemaFj = V.=V +53.), ()

and
2

SSg = Yicq Z?zl Yhe1 ((}’ijk —Vij. = Vik YV tyVi.+tVj+tyr— }7)) (8)

Lemma(1)[14]. Let z,, z,, ..., z,, be independent normal variables with mean p and variance

2. Then X" (z; — 2)? ~02X[2n—1]-
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3. Maximum likelihood estimators

To estimate the parameters o7, o7, and 2, we use the maximum likelihood method which
aim to make the likelihood function at the maximum values.

Theorm(1). The maximum likelihood estimators of variance components are

>

e = ) -

SSE+SSexw A 1(SSg SSE+SSexw A~ 1(SSw SSE+SSexw
2 _ SSE+SSow 52 _ 1(SS6 _ SSE+SSew) ang 62 = 1(SSw _ SSE+SSear) ©)
VetVgxw 14

vg VetVgxw Uy VetVgxw

Proof. The maximum likelihood estimators of ¢§, 7, and 2, can be developed by starting from
the distribution of the sufficient statistics ¥ , SSg, SS¢, SSw, SSgxw, and SSy ). By applying the
factorization theorem of sufficient statistics and lemma(l), then the quantities
¥..,SSg, 556, SSw, SSexw, and SSy () are constitute a sufficient statistics of u, 62,05, and of.

The likelihood function is given by

exp[-_l{SSE, SS¢_, SSw =556xwi(q+1"1)ssu(6)=nqp(i...—u)z}]
2| 0% po+ol qoi+oi  of qp(o'§+o'/2{) po+qob+al

L =

1, (10)

1 1 1 1 1 24 52)\2"u(9)
@ (@) (pogs02)?"0 (aof o7 (077" (BTN (o go o)

Where v, =(n—-D(@-D@-D,v;=@-D,v,=@-1),v5w=(@—-D(@-1), and
V) = (m—D(g+p—1).

The log-likelihood function is given by

In(L) = —-|nap In(2m) + v, In(02) + v, In(pag + 62) + v, In(qof + 62) + vyxy In(0?)

SS;  SSg SSw

+
0} pof+ot qof+ o

+ V(g In(af + o) + In(po + qof + 02) +

SSexw (@ +p— 1SSy
7 T 2 2
e qp(a3 + a7)

N ngp(y.. — p)*
paf + qaf + 02|

(11)

Equating to zero the partial derivatives of In(L) with respect to 62, (poé + 02), and (qo; +

0Z), we obtain
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oln(L) _ U_e SSE ngw __ SSexw
90z a2 (02) (62)* =0 12
ain(L) vy SS¢___ g (13)

a(paj+a?) P0§+% (p05+0e)

aln(L) Vi SSw
_ 14
6(q0'%+0',§) (CIO'%"'O??) (qol+oe) ( )

. A~ SSE+SS A~ 1/(SS SSE+SS
it follows that §2 = =E—2W 52 = = (—G — el GXW), (15)
Ve+Vgxw p\ vy Ve+Vgxw
~ 1/(SS SSE+SS,
and 62 = _<_W _ E—GXW) (16)
q\ Vw VetVgxw

Theorem(2) The maximum likelihood estimators have the following bias equations,

respectively,

a- E(62)—0d2=0, (7)
b- E(6%)— 0% =0, (18)
c- E(6})—oaf =0. (19)
Proof. From lemma (1), we have
SSENO-eZXEei (20)
L~ )((2 ),where 7, =0, (21)
(02 +paf) "\
2w Z h 0 (22)
,Wherey, =0,
(02 +qaf) MO HTEE
SS,
alll )((Zv ),Where (V) jx =0, (23)
Je
~ SSE+SSGx 1
a- E(o-ez) — 0'62 = E (ﬁ) — O'e2 = ve+vg (E(SSE) + E(SSGxW)) = Ue+vg><w (Ue +
Vgxw )02 — 02 = 0. (24)
~ _ 1(SS SSE+SSGx 1 SS PN 2 _
b- E(62)— 02 = (; (- —v;vngW)) — o} = ;(E (Z9) - E(o&)) ~af =
1(1
(L (pot + 2)v, — 02) o =0, 25)
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c- B(6f) - of = B (1 (2 - Ze25w) ) o7 (5 () ~ 5(6D) - of -

VetVgxw

*(&(a0f + 02)vy —02) —0f = 0. (26)

Theorem(3) The maximum likelihood estimators have the following variance, respectively,

_ A2y _ 2 (0-62)2 2

a- var(6?) = ootvonn) (27)
2 2

b- var(6%) = 2(p§f il + pz(zvfii)gw)’ (28)

c- var(6}) = Z(QSAZU") + Z(ifiv)gxw). (29)

Proof. From lemma 1 (Equs. 20, 21, 22, and 23)

ssE+ssGXw)
VetVgxw (ve"'vgxw)

a- var(62) = va ( > (var(SSg) + var(SSgxw)) =

2
2 242 2leE) 30
(Ue+vg><w) ( UE(O-E) + ngW(O-e) ) (Ue'H’gX ) ( )
) A2y _ 1 5S¢ SSe+SSexw\ | _ 1 [ 2(p o5+02)
b- var(6%) = = (var ( ” ) + var (—ve+vgxw >> = <—vg + var(62)
2pofrod)” | 2(cd)’ 31)
p? vg pz(ve‘H’gxw).
2 2
c- var(67) = q—12 <var (f—ww) + var (%)) = q_12 <W + var(ae))
2(q o3 +0 ) 2 (o2 )
q? vy + z(ve‘H{gxw). (32)

4. Maximum Penalized likelihood estimators

In this section, we specify a penalty for 62,53, and o7, the penalized log-likelihood function is

given by
In(L,) = In(L) + Inp(aZ,0§,07), (33)

Where the first term of the right-hand side is the log-likelihood and lnp(oez,a(?,af) is an

additive penalty term. We find the maximum penalized likelihood estimators by maximizing
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(33). The exponential of the penalty term can be regard as a Bayesian prior density for 62, o5,

and 7.
Theorm(4). The maximum penalized likelihood estimators of variance components are

A~2
e

SSE+SS ~ 1( SS SSE+SS, A~ 1(SS SSE+SS,
EtSSexw 022_( G _SSE GXW),andO'2= ( w_ _ SSE GxW)l (34)

Ve+Vgxw+2’ 9 P \vg+2  Vetvguw+2 q\vw+2  VetvUgxw+2

Proof. The penalized log-likelihood function is

-1
in(L,) = - lnqp In(2m) + v, In(02) + vy In(pa§ + 62) + vy, In(qof + 02) + vyxw In(02)

SS;  SSg SSw

+ +
o} pof+o¢ qo}+a?

+ Vy(g) In(o§ + of) + In(po + qo} + o) +

SSexw  (@+p—DSSyy ngp(F.— w?
+ 2 + 2 2 2 2 2
oF qp(a? + o?) po} + qo} + o2

— In(qo} + o). (35)

—In(0?2) — In(pof + 02)

Where the additive penalty is defined as the log-likelihood for the Bayesian prior density. we

consider the prior distribution for u, 62, 6%, and o7 as follows

1
(pa§ + 082)((10/12 +02)

p(.02.0%,07) (36)
e

Equating to zero the partial derivatives of in(L,) with respect to o2, (poZ + o), and (qo7 +

02) we obtain

oln(L,) ve SSg  Vgxw SSoxw 2

=< _ — +—==0 37
G0z oz @' oz (@F ot &7
din(L v SS, 2
2( p)z = zg 2 : 2t —= =0 (38)
(paj +02) Pos+0¢ (po?+o2)’ PIs+ 0
din(L % SS 2
2( P) - — - w —~— w - + > > =0 (39)
d(qo? +02) (qof +d2) (qof + 02) (qo? + o)
it follows that 62 = 2E+SScxw. 62 = 1 ( SSa ssE+sszw>, (40)
Vet+Vgxw+2 P \Vg+2  VetvUgxy+2
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and 6'\2 — ;(SSW _ SSE"'SSGXW). (41)

Vw+2 VetVgxw+2

Theorem(5) The maximum penalized likelihood estimators have the following bias equations,

respectively,

~ (vetvgsw)od
> E(O-eZ) B O-ez - (Ve"'vjxw"'z) B O-ez’ (42)
A2 2 vg(pog+o?) (vetvgxw)od 2
- B(55) =08 = S0 s )
) A2\ vw(qal+ae) (Vet+vgxw)o3d 2
¢ E(O-)L ) 0-’1 T g (vw+2) q (Ve+vgxw+2) O) (44)

Proof. From lemmal(Equs. 20, 21, 22, and 23)

_ A2\ 2 SSE+SSexw | 2 _
a- E(62)—o02=E (—%WWH) 0 = s (E(SS) + E(SSg.))
1 2 _ 2
—— (Ve + Vgxw )02 — 02 (45)
_ ~2) 2 _ l SS¢g _ SSE+SSexw 2 _ l SS¢ _ ~2 _ 2 _
b B(0F) ~of = 5 (25 - ) ) o = 1 (£ (25) - 0D -
(2 2 2 __r 2\ _ 2 _ vg(pa§+a§) _ (Ve‘H’gxw)Ug _
D (vg+2 (p0'5 +0¢ )Ug VetVgxw+2 (‘Ue + vg><W)0'e> 95 = p (vg+2) P (Ve+vgxw+2)
o3 (46)
_ ~2) SSw SSE+SSexw 2 _ l (SSW ) _ ~2 2
¢ E(O-/‘L ) 0-/1 E (q (Vw+2 VetVgxw+2 )) % q <E Vw+2 E(Ge )> %
1 2 1 _ vw(qal+ae) (vet+vgxw)o2 _
q (v +2 (CIO')L toe )UW ve+vg><w+2 (‘Ue T UQXW)O'e) 0-’1 T g (vw+2) q (Ve+vgxw+2)
o2, (47)

Theorem(6) The maximum penalized likelihood estimators have the following variance,

respectively,

2) _2 (ve+vg><w)(ae) (48)

a- var(6;
(ve+vg><w+2)
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b-

C_

2 2 2
~A2) _ 2”.9(”9"'2) (p 0}%"'0'@2) Z(Ve"'vgxw) (02) 49
var(63) 2 + TR LL (49)
A2 2vy, (vy+2)?(q 05+ ) 2(Vetvgxw) (03)2 50
var(a,l) q? qz(ve+vgxw+2)2 ' (50)

Proof. From lemma 1 (Equs. 20, 21, 22, and 23)

a-

(ve+vgxw+ )

ssE+556Xw)
VetvVgxwt2 (ve+vg><w+ )

var(6%) = va ( (var(SSE) + UaT(SSwa)) =

2(ve+vgxw) (02)°

(ve+vg><‘,v+2)2

7 (20 (02)? + 2 Vg (01)?) = (51)

~2 SS¢ SSE+SSexw 1 2 2 2 2
var(6%) = (va ( g+2) + var (—ve+vgxw+2)> == (2vg (v, +2) (poj+02) +

~2n) _ 2vg(vg+2)2(p a§+a§)2 2(Vetvgxw) (03)2 5
var(ae)) = — pTE—— (52)

var(6f) = % <var (%) + var (M» = q—lz (va(vw +2)%(q o2 +02)" +

w Ve+Vgxw+2
2
var(o_z)) ZUW(UW+2)2(q o3 +O'e) 2(ve+vg><w) (O'g)z ) (53)
€ q? qz(ve+vg><W+2)

Difference between maximum likelihood method and maximum penalized
likelihood method

The following theorem used to show the relationship between the estimators of variance

components and compare these estimators by using mean square error.

Theorem(7). Uniformly in the parameters

a-

b-

C-

MSE(624,) < MSE(62yp1), (54)
MSE( ML) = MSE( 6MPL) (55)
MSE (67 m1) < MSE(67mpL)- (56)
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Proof.

_2(08)"
a- MSE( ML) SMSE( MPL)_

2 2
2(vetvgxw)(08) ((ve+vgxw)a§ _ O'2>
e )

(Ue+vg)(w) (ve+vgx‘,|,+2)2 (Ve+vgxw+2)
2
2(p05+0e) 2(o2) ng(vg+2) (» 05+a§)
b- MSE(é + < MSE(6 =
( S,ML p? vg 2(ve+vg><w) ( S5,MPL p2
2

2(Ve+vgxw) (03)2 (vg(p05+ae) (Ve+vgxw)od _ 0_2>
pz(ve+vg><w+2)2 p (vg+2) P (Vetvgxw+2) O

2y (v +2)%(q 0/1+cre)

A2 2(qaﬁ+a§)2 202
c- MSE(67y.) = + < MSE(6%yp) =

q?vy q%(ve+vgxw) q?
2(vetvgxw) (08)° | (vw(aod+08)  (vetvgxw)od 5\
- > —a?) . (57)
4% (Ve+vgxw+2) q (vy+2) q (Ve+vgxw+2)
Conclusions

For the repeated measurements model, we conclude the following:

1- The maximum likelihood estimators are unbiased.
2- The mean square error is used to show the relationship between the estimators of variance

components, such that

a' MSE(O-e ML) S MSE(&eZ’MPL),
b- MSE(@%,ML) = MSE(@%,MPL)'
C- MSE(&AZ,ML) S MSE(6/12,MPL)'
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