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A B S T R A C T

In this paper, we employ the 𝑞-difference equation technique to generalize some well-known 𝑞-integrals such
as the extension of Askey–Roy 𝑞-integral, Andrews–Askey 𝑞-integral, and Askey–Wilson 𝑞-integral.

1. Introduction

The notations used in Ref. 1 are employed in this paper, and we
suppose that |𝑞| < 1.

The 𝑞-shifted factorial is defined by Ref. 1:

(𝑎; 𝑞)0 = 1, (𝑎; 𝑞)𝑛 =
𝑛−1
∏

𝑘=0
(1 − 𝑎𝑞𝑘) 𝑎𝑛𝑑 (𝑎; 𝑞)∞ =

∞
∏

𝑘=0
(1 − 𝑎𝑞𝑘).

The basic hypergeometric series 𝑟𝜙𝑠 is given by Ref. 1:

𝑟𝜙𝑠

(

𝑎0, 𝑎1,… , 𝑎𝑟−1
𝑏1, 𝑏2,… , 𝑏𝑠

; 𝑞, 𝑥
)

=
∞
∑

𝑛=0

(𝑎0,… , 𝑎𝑟−1; 𝑞)𝑛
(𝑞, 𝑏1,… , 𝑏𝑠; 𝑞)𝑛

[

(−1)𝑛𝑞(
𝑛
2)
]1+𝑠−𝑟

𝑥𝑛,

where 𝑞 ≠ 0 when 𝑟 > 𝑠 + 1. Note that

𝑠+1𝜙𝑠

(

𝑎1, 𝑎2,… , 𝑎𝑠+1
𝑏1, 𝑏2,… , 𝑏𝑠

; 𝑞, 𝑥
)

=
∞
∑

𝑛=0

(𝑎1, 𝑎2,… , 𝑎𝑠+1; 𝑞)𝑛
(𝑞, 𝑏1, 𝑏2,… , 𝑏𝑠; 𝑞)𝑛

𝑥𝑛, |𝑥| < 1.

The multiple 𝑞-shifted factorials is:

(𝑎1, 𝑎2,… , 𝑎𝑚; 𝑞)𝑛 = (𝑎1; 𝑞)𝑛(𝑎2; 𝑞)𝑛 …(𝑎𝑚, 𝑞)𝑛.

The 𝑞-binomial coefficients is given by Ref. 1:
[

𝑛
𝑘

]

=
(𝑞; 𝑞)𝑛

(𝑞; 𝑞)𝑘(𝑞; 𝑞)𝑛−𝑘
, 0 ⩽ 𝑘 ⩽ 𝑛.

The following identity, will be used in this paper1:

(𝑞∕𝑎; 𝑞)𝑛 = (𝑎𝑞−𝑛; 𝑞)𝑛
(

−
𝑞
𝑎

)𝑛
𝑞(

𝑛
2). (1.1)

The 𝑞-Chu–Vandermonde sum is

2𝜙1

(

𝑞−𝑛, 𝑎
𝑐

; 𝑞, 𝑐𝑞𝑛∕𝑎
)

=
(𝑐∕𝑎; 𝑞)𝑛
(𝑐; 𝑞)𝑛

. (1.2)
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The 𝑞-differential operator is defined by Refs. 2–5

𝐷𝑞{𝑓 (𝑥)} =
𝑓 (𝑥) − 𝑓 (𝑥𝑞)

𝑥
. (1.3)

The 𝑞-operator 𝜃 is defined by Refs. 6, 7:

𝜃{𝑓 (𝑎)} =
𝑓 (𝑎𝑞−1) − 𝑓 (𝑎)

𝑎𝑞−1
.

The 𝜃 operator working with a variable 𝑎 will signified by 𝜃𝑎.
The homogeneous 𝑞-difference operator 𝐷𝑥𝑦 is described as fol-

lows8,9:

𝐷𝑥𝑦 {𝑓 (𝑥, 𝑦)} =
𝑓 (𝑥, 𝑞−1𝑦) − 𝑓 (𝑞𝑥, 𝑦)

𝑥 − 𝑞−1𝑦
.

The Thomae–Jackson 𝑞-integral1,10,11 is

∫

𝑑

𝑐
𝑓 (𝑥)𝑑𝑞𝑥 = (1 − 𝑞)

∞
∑

𝑛=0
[𝑑𝑓 (𝑞𝑛𝑑) − 𝑐𝑓 (𝑞𝑛𝑐)]𝑞𝑛.

In 1981, Andrews and Askey12 presented the following 𝑞-integral:

Theorem 1.1 (12). For 𝑚𝑎𝑥{|𝑎𝑐|, |𝑎𝑑|, |𝑏𝑐|, |𝑏𝑑|} < 1, we have

∫

𝑑

𝑐

(𝑞𝑥∕𝑐, 𝑞𝑥∕𝑑; 𝑞)∞
(𝑎𝑥, 𝑏𝑥; 𝑞)∞

𝑑𝑞𝑥 =
𝑑(1 − 𝑞)(𝑞, 𝑞𝑑∕𝑐, 𝑐∕𝑑, 𝑎𝑏𝑐𝑑; 𝑞)∞

(𝑎𝑐, 𝑎𝑑, 𝑏𝑐, 𝑏𝑑; 𝑞)∞
. (1.4)

In 1985, Askey and Wilson13 obtained the next 𝑞-integral:

1
2𝜋𝑖 ∫𝐶

(𝑧2, 𝑧−2; 𝑞)∞
(𝑎𝑧, 𝑎∕𝑧, 𝑏𝑧, 𝑏∕𝑧, 𝑐𝑧, 𝑐∕𝑧, 𝑑𝑧, 𝑑∕𝑧; 𝑞)∞

𝑑𝑧
𝑧

=
2(𝑎𝑏𝑐𝑑; 𝑞)∞

(𝑞, 𝑎𝑏, 𝑎𝑐, 𝑎𝑑, 𝑏𝑐, 𝑏𝑑, 𝑐𝑑; 𝑞)∞
, (1.5)
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