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A B S T R A C T

This article focuses on the recent epidemic caused by COVID-19 and takes into account several measures
that have been taken by governments, including complete closure, media coverage, and attention to public
hygiene. It is well known that mathematical models in epidemiology have helped determine the best strategies
for disease control. This motivates us to construct a fractional mathematical model that includes quarantine
categories as well as government sanctions. In this article, we prove the existence and uniqueness of positive
bounded solutions for the suggested model. Also, we investigate the stability of the disease-free and endemic
equilibriums by using the basic reproduction number (BRN). Moreover, we investigate the stability of the
considering model in the sense of Ulam–Hyers criteria. To underpin and demonstrate this study, we provide
a numerical simulation, whose results are consistent with the analysis presented in this article.
. Introduction

To combat the spread of COVID-19, all governments around the
orld have made significant efforts and taken preventive measures.1–3

n Wuhan, the capital of Hubei province, China, COVID-19 was first
etected which is a new strain of SARS-CoV-2.4,5 In the months fol-
owing its discovery, the number of patients grew at an exponential
ate. According to the World Health Organization’s situation report,
here were 5 304 772 total cases and 342 029 deaths worldwide as of
ay 25, 2020. The use of mathematical models in epidemics is very

mportant for understanding the nature of these epidemics as well as for
esigning effective strategies for controlling them.6–8 As a contribution
rom some mathematicians to reduce the COVID-19 pandemic, many
esearchers have adopted the development of models for this emerging
pidemic. Where some researchers took from developing some models
f the spread of epidemics such as SEIR and SIR to design a model
hat simulates the spread of Corona disease.9–19 The COVID-19 sever-
ty was calculated by Wu et al. using the dynamics of transition in
ef. 20. There have been investigations into random transition models

n Refs. 21, 22. The general multi-group SEIRA model for modeling
OVID-19 diffusion in a heterogeneous population was represented and
umerically tested in Ref. 23. Differential equations in their various
orms (ordinary, randomly detected, partial, fractional, or with delay)
re an essential mathematical tool for modeling many epidemics.8
any research attempts have been made to prevent epidemic outbreaks

ia optimum control.24–26 Mathematical studies of epidemic illnesses
ave become more relevant.27–29 Several studies have been introduced
o control HIV,30 dengue fever,31 TB,32 SIR,33,34 and SIRS.35

Fractional differential equations (FDEs) provided an accurate de-
cription of the dynamics of epidemiological models,36 taking into
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E-mail addresses: sanaasanaa1978@yahoo.com (S.L. Khalaf), mohammedsari@yahoo.com (M.S. Kadhim), ayadayad1970@yahoo.com (A.R. Khudair).

account information about a population’s memory and learning mech-
anisms, which influence disease spread. In this paper, we used a frac-
tional mathematical model that includes the quarantine category and
methods taken by the government to prevent the spread of disease and
demonstrated the existence of non-negative and bounded solutions.

Many authors prefer to use FDEs to describe epidemic models
since they carry more memory information and provide a learning
mechanism for the spread of disease in the population compared to
the ordinary differential equation, which is incapable of serving this
purpose. Also, the region of stability for the FDEs is larger than that
for the ordinary differential equations. Furthermore, the fractional
derivative is a non-local operator, whereas the classical derivative is
a local operator. In other words, the description of epidemic models by
using fractional differential equations takes into account all historical
and current states, which makes them more realistic and more general
in nature.37,38 This prompted us to develop the Caputo fractional math-
ematical model for COVID-19 and introduce details about the existence
of a unique positive solution and its behavior. In spite of the fact that
there are many definitions of a fractional derivative, many scholars
prefer to use the Caputo derivative to describe mathematical models by
means of FDEs. In fact, due to the initial conditions of FDEs with Caputo
derivatives containing integer order derivatives with physical meanings
like distance, speed, and acceleration, FDEs with Caputo derivatives are
widely used in real-world applications.39
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2. Fundamentals of fractional calculus

In this part, we will present some related material about FDE,
including the Riemann–Liouville fractional (R-LF) integral, Caputo frac-
tional derivative definition, the existence, and uniqueness of FDE so-
lutions, as well as some key properties and theorems in the field of
stability analysis.

Definition 2.1 (Ref. 40). The left and right R-LF integral of order 𝛼 > 0
of 𝑓 are given by

𝑎𝐽
𝛼
𝑡 𝑓 (𝑡) =

1
𝛤 (𝛼) ∫

𝑡

𝑎
(𝑡 − 𝜉)𝛼−1𝑓 (𝜉)𝑑𝜉, (2.1)

𝑡𝐽
𝛼
𝑏 𝑓 (𝑡) =

1
𝛤 (𝛼) ∫

𝑏

𝑡
(𝜉 − 𝑡)𝛼−1𝑓 (𝜉)𝑑𝜉, (2.2)

respectively.

Definition 2.2 (Ref. 40). The right (left) Caputo fractional derivative
of order 𝑚 − 1 < 𝛼 < 𝑚, 𝑚 ∈ Z+ are defined as follows:

𝐶
𝑡 𝐷

𝛼
𝑏𝑦(𝑡) =

(−1)𝑚

𝛤 (𝑚 − 𝛼) ∫

𝑏

𝑡
(𝜉 − 𝑡)𝑚−𝛼−1𝑦(𝑚)(𝜉)𝑑𝜉, (2.3)

𝐶
𝑎 𝐷𝑡

𝛼𝑦(𝑡) = 1
𝛤 (𝑚 − 𝛼) ∫

𝑡

𝑎
(𝑡 − 𝜉)𝑚−𝛼−1𝑦(𝑚)(𝜉)𝑑𝜉. (2.4)

Lemma 2.1 (Ref. 41). If 𝑔(𝑡, 𝑦∗) = 0, then the Caputo FDE

𝐶
𝑡0
𝐷𝛼

𝑡 𝑦(𝑡) = 𝑔(𝑡, 𝑦(𝑡)) (2.5)

𝑦(𝑡0) = 𝑦0

with 0 < 𝛼 ≤ 1 has equilibrium point at 𝑦∗.

Theorem 2.1 (Ref. 42). Consider 𝑦∗ be an equilibrium point of the Caputo
FDE (2.5), if |arg(𝜆)| > 𝛼𝜋

2 holds for all 𝜆, where 𝜆 is the Jacobian matrix
f 𝑔(𝑡, 𝑦(𝑡)) = 0 at 𝑦∗, then 𝑦∗ is locally asymptotically stable.

Definition 2.3. If 𝐹 (𝑠) be Laplace transform of 𝐹 (𝑡), then

𝐿{𝐶𝑎 𝐷
𝛼
𝑡 𝐹 (𝑡), 𝑠} = 𝑠𝛼𝐹 (𝑠) −

𝑚−1
∑

𝑖=0
𝑠𝛼−𝑖−1𝐹 (𝑖)(0) , 𝛼 ∈ (𝑚 − 1, 𝑚), 𝑚 ∈ Z+

(2.6)

Theorem 2.2 (Ref. 40). Let 𝑔(𝑡, 𝑦(𝑡)) ∶ R × R𝑛 → R be a continuous
function with respect 𝑦 and Lebesgue measurable with respect to 𝑡. If there
are two positive constants 𝛾 and 𝜇 such that ‖𝑔(𝑡, 𝑦(𝑡))‖ ≤ 𝜇+𝛾 ‖𝑦(𝑡)‖ satisfy
∀(𝑡, 𝑦) ∈ R × R𝑛, then there is a solution to the Caputo FDE (2.5) started
from the point (𝑡0, 𝑦0).

Lemma 2.2 (Ref. 40). Suppose that all conditions in Theorem 2.2 hold and
𝜕𝑔(𝑡,𝑦(𝑡))
𝜕𝑦(𝑡) is continuous with respect 𝑦, then the solution of the Caputo FDE

(2.5) is unique.

Definition 2.4. The function 𝐸𝑟,𝑛(𝑡) for 𝑡 ∈ R is defined by

𝐸𝑟,𝑛(𝑡) =
∞
∑

𝑖=0

𝑡𝑖

𝛤 (𝑟𝑖 + 𝑛)
, 𝑟, 𝑛 > 0 (2.7)

where 𝐸𝑟,𝑛(𝑡) is called the generalized Mittag-Leffler function and satis-
fies

𝐸𝑟,𝑛(𝑡) =
1

𝛤 (𝑛)
+ 𝑡 𝐸𝑟,𝑟+𝑛(𝑡) , 𝑛, 𝑟 > 0

{𝑡𝑛−1𝐸𝑟,𝑛(±𝜌𝑡𝑟)} = 𝑠𝑟−𝑛

𝑠𝑟 ∓ 𝜌

here 𝐿 is the Laplace transform.
2

Table 1
Represent variables for COVID-19 fractional model.

Model symbols Symptoms of a disease

𝑆 Susceptible population fraction.
𝐸 Exposed population fraction.
𝐼 Hospitalized infected population fraction.
𝑄 The population that is quarantined.
𝑅 Recovered or Removed population fraction.

Table 2
Represent parameters for COVID-19 fractional model.

Parameters Description

𝐴 Recruitment in its entirety
𝜗1 The contact area of 𝑆 with 𝐸.
𝜗2 The contact area of 𝐸 with 𝑆.
𝜌 The disease transmission rate that is bi-linear.
𝑑 The natural mortality rate.
𝑏1 The rate at which 𝑄 transforms into 𝑆.
𝑏2 The rate at which 𝐸 turns into a quarantine.
𝑤 The rate at which 𝐸 transforms into 𝐼 .
𝜎 The natural rate at which 𝐸 transforms into 𝑅.
𝜉 The natural rate at which 𝐼 transforms into 𝑅.
𝑐 The rate at which 𝑄 transforms into 𝐼 .
𝛽 The mortality rate for 𝐼 .
𝑢 The government policy parameter.
𝑝 Some 𝑆 becomes 𝐸 due to media.

Lemma 2.3 (Ref. 43). If 0 < 𝛼 ≤ 1, 𝑦(𝑡) ∈ 𝐶 [𝑎, 𝑏], and 𝐶
𝑎 𝐷

𝛼
𝑡 𝑦 (t) ∈ C (a, b

]

,
hen

(𝑡) = 𝑦 (𝑎) + 1
(𝛼)

(𝐶
𝑎 𝐷

𝛼
𝑡 𝑦
)

(𝜁 ) (𝑡 − 𝑎)𝛼 ,

where 𝜁 ∈ [𝑎, 𝑡], ∀𝑡 ∈ (𝑎, 𝑏].

Corollary 2.1. Let 0 < 𝛼 ≤ 1, 𝑦(𝑡) ∈ 𝐶 [𝑎, 𝑏], and 𝐶
𝑎 𝐷

𝛼
𝑡 𝑦 (t) ∈ C (a, b

]

.
han 𝑦(𝑡) is non-increasing ∀𝑡 ∈ [𝑎, 𝑏], if 𝐶

𝑎 𝐷
𝛼
𝑡 𝑦(𝑡) ≤ 0,∀𝑡 ∈ (𝑎, 𝑏). While,

(𝑡) is non-decreasing ∀𝑡 ∈ [𝑎, 𝑏], if 𝐶
𝑎 𝐷

𝛼
𝑡 𝑦(𝑡) ≥ 0,∀ 𝑎 < 𝑡 < 𝑏.

. Model formulation

This section presents a fractional model for COVID-19. The total
opulation is divided into five disease variables in the COVID-19 epi-
emic model, and the relationship between the variables is shown
n Fig. 1, with the details of the variables is shown in Table 1.

Assume a model composed of five fractional differential equations
s follows:

𝐷𝛼
𝑡 𝑆 = 𝐴 − 𝜌

(

1 − 𝜗2
) (

1 − 𝜗1
)

𝑆𝐸 + 𝑏1 𝑄 − 𝑑𝑆 − 𝑝𝑆𝑢

𝐷𝛼
𝑡 E = 𝜌

(

1 − 𝜗2
) (

1 − 𝜗1
)

𝑆𝐸 − 𝑏2𝐸 −𝑤𝐸 − 𝜎𝐸 − 𝑑𝐸

𝐷𝛼
𝑡 Q = 𝑏2𝐸 − 𝑏1 𝑄 − 𝑐𝑄 − 𝑑𝑄 (3.1)

𝐷𝛼
𝑡 I = 𝑤𝐸 + 𝑐𝑄 − (𝜉 + 𝑑 + 𝛽) 𝐼

𝐷𝛼
𝑡 R = 𝜉𝐼 + 𝜎𝐸 − 𝑑𝑅 + 𝑝𝑆𝑢

here 𝑆(0) ≥ 0, 𝐸(0) ≥ 0, 𝑄(0) ≥ 0, 𝐼(0) ≥ 0 and 𝑅(0) ≥ 0 are the
nitial conditions. Also, Table 2 shows the parameters in the COVID-19
ractional model (3.1).

heorem 3.1 (Existence and Uniqueness). The COVID-19 fractional model
3.1) has unique solution for all 𝑡 ≥ 0.

roof. For the model (3.1), let 𝑦(𝑡) = (𝑆(𝑡), 𝐸(𝑡), 𝑄(𝑡), 𝐼(𝑡), 𝑅(𝑡))𝑇 and

(𝑡, 𝑦(𝑡))=

⎛

⎜

⎜

⎜

⎜

⎜

𝑔1(𝑡, 𝑦(𝑡))
𝑔2(𝑡, 𝑦(𝑡))
𝑔3(𝑡, 𝑦(𝑡))
𝑔4(𝑡, 𝑦(𝑡))

⎞

⎟

⎟

⎟

⎟

⎟

=

⎛

⎜

⎜

⎜

⎜

⎜

𝐴 − 𝜌
(

1 − 𝜗2
) (

1 − 𝜗1
)

𝑆𝐸 + 𝑏1 𝑄 − 𝑑𝑆 − 𝑝𝑆𝑢
𝜌
(

1 − 𝜗2
) (

1 − 𝜗1
)

𝑆𝐸 − 𝑏2𝐸 −𝑤𝐸 − 𝜎𝐸 − 𝑑𝐸
𝑏2𝐸 − 𝑏1 𝑄 − 𝑐𝑄 − 𝑑𝑄
𝑤𝐸 + 𝑐𝑄 − (𝜉 + 𝑑 + 𝛽) 𝐼

⎞

⎟

⎟

⎟

⎟

⎟

.

⎝
𝑔5(𝑡, 𝑦(𝑡))⎠ ⎝

𝜉𝐼 + 𝜎𝐸 − 𝑑𝑅 + 𝑝𝑆𝑢
⎠
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It is clear that 𝑔(𝑡, 𝑦(𝑡)) is quadratic function so it is continuous with
espect 𝑦 on R5, and Lebesgue-measurable for all 𝑡 ∈ R. Now, we
ompute ‖𝑔(𝑡, 𝑦(𝑡))‖1 =

∑5
𝑗=1

|

|

|

𝑔𝑗 (𝑡, 𝑦(𝑡))
|

|

|

‖𝑔(𝑡, 𝑦(𝑡))‖1 =
|

|

|

𝐴 − 𝜌
(

1 − 𝜗2
) (

1 − 𝜗1
)

𝑆𝐸 + 𝑏1 𝑄 − 𝑑𝑆 − 𝑝𝑆𝑢||
|

+ |

|

|

𝜌
(

1 − 𝜗2
) (

1 − 𝜗1
)

𝑆𝐸 − 𝑏2𝐸 −𝑤𝐸 − 𝜎𝐸 − 𝑑𝐸|

|

|

+ |

|

𝑏2𝐸 − 𝑏1 𝑄 − 𝑐𝑄 − 𝑑𝑄|

|

+ |𝜉𝐼 + 𝜎𝐸 − 𝑑𝑅 + 𝑝𝑆𝑢|

+ |𝑤𝐸 + 𝑐𝑄 − (𝜉 + 𝑑 + 𝛽) 𝐼|

pplying the triangular inequality, one can have;

𝑔(𝑡, 𝑦(𝑡))‖1 ≤ 𝐴 + 2𝜌
(

1 − 𝜗2
) (

1 − 𝜗1
)

|𝑆| |𝐸| + 𝑏1 |𝑄| + 𝑑 |𝑆| + 2𝑝𝑢 |𝑆|

+ (2𝑏2 + 2𝑤 + 2𝜎 + 𝑑) |𝐸| + (𝑏1 + 2𝑑 + 𝑐) |𝑄| + 𝑑 |𝑅|

+ (2𝜉 + 𝑑 + 𝛽) |𝐼|

Since, 𝑁 = 𝑆 +𝑄 + 𝐸 + 𝐼 + 𝑅 we have 𝑆 ≤ 𝑁 . This imply

‖𝑔(𝑡, 𝑦(𝑡))‖1 ≤ 𝐴 + (2𝜌
(

1 − 𝜗2
) (

1 − 𝜗1
)

𝑁 + (2𝑏2 + 2𝑤 + 2𝜎 + 𝑑)) |𝐸|

+ (𝑑 + 2𝑝𝑢) |𝑆| + (2𝑏1 + 2𝑑 + 𝑐) |𝑄| + 𝑑 |𝑅| + (2𝜉 + 𝑑 + 𝛽) |𝐼|

Now, add the following positive terms to the RHS of the above inequal-
ity

(2𝜌
(

1 − 𝜗2
) (

1 − 𝜗1
)

𝑁 + 2𝑏2 + 2𝑤 + 2𝜎 + 4𝑑 + 2𝑏1 + 2𝑐 + 2𝜉 + 𝛽) |𝑆| ,

(2𝜌
(

1 − 𝜗2
) (

1 − 𝜗1
)

𝑁 + 2𝑏2 + 2𝑤 + 2𝜎 + 4𝑑 + 2𝑝𝑢 + 2𝜉 + 𝛽) |𝑄| ,

(2𝜌
(

1 − 𝜗2
) (

1 − 𝜗1
)

𝑁 + 2𝑏2 + 2𝑤 + 2𝜎 + 4𝑑 + 2𝑝𝑢 + 2𝑏1 + 2𝑐) |𝐼| ,

(2𝜌
(

1 − 𝜗2
) (

1 − 𝜗1
)

𝑁 + 2𝑏2 + 2𝑤 + 2𝜎 + 4𝑑 + 2𝑝𝑢 + 2𝑏1
+ 2𝑐 + 2𝜉 + 𝛽) |𝑅| ,

(4𝑑 + 2𝑝𝑢 + 2𝑏1 + 2𝑐 + 2𝜉 + 𝛽) |𝐸| ,

So, we have

‖𝑔(𝑡, 𝑦(𝑡))‖1 ≤ 𝜇 + 𝛾 ‖𝑦(𝑡)‖ , ∀𝑡 ∈ R, 𝑦(𝑡) ∈ R5, (3.2)

where the positive constants, 𝜇 = 𝐴 and 𝛾 = (2𝜌
(

1 − 𝜗2
) (

1 − 𝜗1
)

𝑁 +
(2𝑏2 + 2𝑤 + 2𝜎 + 𝑑))(𝑑 + 2𝑝𝑢)(2𝑏1 + 2𝑑 + 𝑐)(2𝜉 + 𝑑 + 𝛽𝑑)𝑑. By applying
Theorem 2.2, we deduce that The COVID-19 fractional model (3.1) has
a solution for all R. Since, 𝑔(𝑡, 𝑦(𝑡)) is quadratic function so 𝜕𝑔(𝑡,𝑦(𝑡))

𝜕𝑦(𝑡) is
continuous with respect 𝑦 on R5. By using Lemma 2.2, we deduce that
The COVID-19 fractional model (3.1) has a unique solution for all R.
 0

3

Theorem 3.2. Consider 𝑦̄(𝑡) = (𝑆̄(𝑡), 𝐸̄(𝑡), 𝑄̄(𝑡), 𝐼(𝑡), 𝑅̄(𝑡))𝑇 , then

(g(𝜉, 𝑦̄(𝜉)) − g(𝜉, 𝑦(𝜉)))‖1 ≤ ℏ‖𝑦̄(𝜉) − 𝑦(𝜉)‖1

or some positive constant ℏ.

The proof of Theorem 3.2 is similar to proof Theorem 3.1, so we
mitted it.

Now, ff the initial values are non-negative, it is simple to show that
he solutions of model (3.1) are always non-negative, as we will prove
n Theorem 3.3.

heorem 3.3. The admissible region 𝛹 = {(𝑆,𝐸,𝑄, 𝐼, 𝑅) ∈ R+5 ∶ 𝑆 ≥
, 𝐸 ≥ 0, 𝑄 ≥ 0, 𝐼 ≥ 0, 𝑅 ≥ 0} for model (3.1) is a positive invariant set.

roof. The uniqueness and existence of the solution of model (3.1) has
een proved in Theorem 3.1. Say the solution is 𝑦(𝑡) = (𝑆(𝑡), 𝐸(𝑡), 𝑄(𝑡),
(𝑡), 𝑅(𝑡))𝑇 . Also, 𝐶

0 𝐷
𝛼
𝑡 𝑦 continuous function, since 𝑔(𝑡, 𝑦(𝑡)) is quadratic

unction. However, let us try to compute 𝐶
0 𝐷

𝛼
𝑡 𝑆|𝑆=0,

𝐶
0 𝐷

𝛼
𝑡 𝐸|𝐸=0,

𝐷𝛼
𝑡 𝑄|𝑄=0, 𝐶

0 𝐷
𝛼
𝑡 𝐼|𝐼=0, and 𝐶

0 𝐷
𝛼
𝑡 𝑅|𝑅=0 by substitute 𝑆 = 0 in the first

quation of model (3.1), 𝐸 = 0 in the second equation of model (3.1),
= 0 in the third equation of model (3.1), 𝐼 = 0 in the fourth equation

f model (3.1), and 𝑅 = 0 in the fifth equation of model (3.1). Since all
arameter in model (3.1) is positive constants, we have

𝐶
0 𝐷

𝛼
𝑡 𝑆|𝑆=0 = 𝐴 + 𝑏1 𝑄 ≥ 0

𝐶
0 𝐷

𝛼
𝑡 𝐸|𝐸=0 = 0

𝐷𝛼
𝑡 𝑄|𝑄=0 = 𝑏2𝐸 ≥ 0 (3.3)

𝐶
0 𝐷

𝛼
𝑡 𝐼|𝐼=0 = 𝑤𝐸 + 𝑐𝑄 ≥ 0

𝐶
0 𝐷

𝛼
𝑡 𝑅|𝑅=0 = 𝜉𝐼 + 𝜎𝐸 + 𝑝𝑆𝑢 ≥ 0

or all 𝑡 ≥ 0. Now, from the second equation in Eq. (3.3), Now, let initial
ondition of model (3.1) lie in 𝛹 . According to Eq. (3.3) and Corollary
.1 we find that (𝑆(𝑡), 𝐸(𝑡), 𝑄(𝑡), 𝐼(𝑡), 𝑅(𝑡)) ∈ 𝛹 . This result means that
is a positive invariant set of solution for model (3.1).

heorem 3.4. For the COVID-19 fractional model (3.1), the admissible
egion 𝛹 is uniformly bounded.

roof. From (3.1) the total population satisfies

𝐷𝛼 𝑁 𝑡 = 𝐴 − 𝑑𝑁 𝑡 − 𝜀𝐼 𝑡 .
𝑡 ( ) ( ) ( )
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𝑁

≤

𝛹

3

d
b

𝛯

𝐸

𝑅

3

o
𝐶
0
𝐶
0
𝐶
0

A
𝐶
0

𝑥

l

𝑅

3

t
t
a
e
a
f

f

𝛯

where

𝑁(𝑡) = 𝑆 (𝑡) + 𝐸 (𝑡) +𝑄 (𝑡) + 𝐼 (𝑡) + 𝑅 (𝑡) .

𝐶
0 𝐷

𝛼
𝑡 𝑁 (𝑡) ≤ 𝐴 − 𝑑𝑁 (𝑡)

Now by using the Laplace transform for Eq. (3.3) we can get the
following equation

𝑠𝛼𝐿 {𝑁 (𝑡)} − 𝑠𝛼−1𝑁 (0) ≤ 𝐴
𝑠
− 𝑑𝐿 {𝑁 (𝑡)}

(𝑠𝛼 + 𝑑)𝐿 {𝑁 (𝑡)} ≤ 𝐴
𝑠
+ 𝑠𝛼−1𝑁 (0)

𝐿 {𝑁 (𝑡)} ≤ 𝑠−1

𝑠𝛼 + 𝑑
𝐴 + 𝑠𝛼−1

𝑠𝛼 + 𝑑
𝑁 (0)

hen from Eq. (5) and Eq. (6) we get

(𝑡) ≤ 𝐴𝑡𝛼 𝐸𝛼,𝛼+1 (−𝑑𝑡𝛼 ) + 𝐸𝛼,1 (−𝑑𝑡𝛼 )𝑁 (0)

𝐴
𝑑
[

𝑑𝑡𝛼 𝐸𝛼,𝛼+1 (−𝑑𝑡𝛼 ) + 𝐸𝛼,1 (−𝑑𝑡𝛼 )
]

≤ 𝐴
𝑑

[

𝑑𝑡𝛼 𝐸𝛼,𝛼+1 (−𝑑𝑡𝛼 ) − 𝑑𝑡𝛼𝐸𝛼,𝛼+1 (−𝑑𝑡𝛼 ) + 1
(1)

]

≤ 𝐴
𝑑

(3.4)

Solutions in the model (3.1) are restricted as follows

= {(𝑆,𝐸,𝑄, 𝐼, 𝑅) ∈ 𝑅+5 ∶ 0 ≤ 𝑁(𝑡) ≤ 𝐴
𝑑
}

.1. Infection equilibria points

There are two equilibria in the Caputo fractional model (3.1). The
isease-free equilibria 𝛯0, in which infection is eradicated from the
ody is given as follows:

0 = (𝑆0, 𝐸0, 𝑄0, 𝐼0, 𝑅0) =
(

𝐴
𝑑 + 𝑝𝑢

, 0, 0 , 0 ,
𝑝𝑢𝐴

𝑑 (𝑑 + 𝑝𝑢)

)

.

IF 𝐴𝜌(1 − 𝜗1)(1 − 𝜗2) ≥ (𝑑 + 𝑝𝑢)(𝑏2 + 𝑤 + 𝜎 + 𝑑), then there is
other type of equilibrium which is called endemic equilibria 𝛯∗ =
(𝑆∗, 𝐸∗, 𝑄∗, 𝐼∗, 𝑅∗), which occurs when the infection is always present
in the model, where

𝑆∗ =
𝑏2 +𝑤 + 𝜎 + 𝑑
(1 − 𝜗1)(1 − 𝜗2)𝜌

,

∗ =
𝐴𝜌(1 − 𝜗1)(1 − 𝜗2)(𝑏1 + 𝑑 + 𝑐) − (𝑑 + 𝑝𝑢)(𝑏2 +𝑤 + 𝜎 + 𝑑)(𝑏1 + 𝑑 + 𝑐)

(1 − 𝜗1)(1 − 𝜗2)𝜌[𝑏2(𝑑 + 𝑐) + (𝑤 + 𝜎 + 𝑑)(𝑏1 + 𝑑 + 𝑐)]
,

𝑄∗ =
𝑏2𝐴𝜌(1 − 𝜗1)(1 − 𝜗2) − 𝑏2(𝑑 + 𝑝𝑢)(𝑏2 +𝑤 + 𝜎 + 𝑑)

(1 − 𝜗1)(1 − 𝜗2)𝜌[𝑏2(𝑑 + 𝑐) + (𝑤 + 𝜎 + 𝑑)(𝑏1 + 𝑑 + 𝑐)]
,

𝐼∗ =
[𝑤(𝑏1 + 𝑑 + 𝑐) + 𝑏2𝑐][𝐴𝜌(1 − 𝜗1)(1 − 𝜗2) − (𝑑 + 𝑝𝑢)(𝑏2 +𝑤 + 𝜎 + 𝑑)]
(1 − 𝜗1)(1 − 𝜗2)𝜌(𝜉 + 𝑑 + 𝛽)[𝑏2(𝑑 + 𝑐) + (𝑤 + 𝜎 + 𝑑)(𝑏1 + 𝑑 + 𝑐)]

,

∗ =
𝑝𝑢𝑆∗ + 𝜎𝐸∗ + 𝜉𝐼∗

𝑑
.

.2. Calculating 𝑅0.

The BRN, 𝑅0, is the most important epidemiological component
for classifying the type of infection. In fact, 𝑅0 is defined as the total
secondary number of people infected as a result of one infected person
over the course of the entire time interval. Consequently, 𝑅0 is a
non-dimensional quantity that measures the probability of a disease
spreading. However, 𝑅0 is defined as the ‘‘number of secondarily in-
fected individuals caused by a single infected individual over the entire
time interval’’.44 As a result, 𝑅0 is a dimensionless quantity that denotes
the likelihood of the disease spreading. There are several techniques
available for determining 𝑅 for epidemic spread. The next-generation
0

4

matrix approach45,46 is used in our current research article. Only 𝐸, 𝑄
and 𝐼 are currently directly involved in the spread of disease. As a result
f system (3.1), we have

𝐷𝛼
𝑡 𝐸 = 𝜌

(

1 − 𝜗1
) (

1 − 𝜗2
)

𝑆𝐸 − 𝑏2𝐸 −𝑤𝐸 − 𝜎𝐸 − 𝑑𝐸

𝐷𝛼
𝑡 𝑄 = 𝑏2𝐸 − 𝑏1 𝑄 − 𝑐𝑄 − 𝑑𝑄 (3.5)

𝐷𝛼
𝑡 𝐼 = 𝑤𝐸 + 𝑐𝑄 − (𝜂 + 𝑑 + 𝛽) 𝐼

ccording in the procedure in Ref. 44, we rewrite the system (3.5) as
𝐷𝛼

𝑡 𝑥 = P(𝑥) − 𝛩 (𝑥), where

=
⎡

⎢

⎢

⎣

𝐸
𝑄
𝐼

⎤

⎥

⎥

⎦

,P(𝑥) =
⎡

⎢

⎢

⎣

𝜌
(

1 − 𝜗1
) (

1 − 𝜗2
)

𝑆𝐸
0
0

⎤

⎥

⎥

⎦

, 𝑎𝑛𝑑

𝛩 (𝑥) =
⎡

⎢

⎢

⎣

(𝑏2 +𝑤 + 𝜎 + 𝑑)𝐸
(

𝑏1 + 𝑐 + 𝑑
)

𝑄 − 𝑏2𝐸
(𝜂 + 𝑑 + 𝛽) 𝐼 −𝑤𝐸 − 𝑐𝑄

⎤

⎥

⎥

⎦

We note from the system (3.5) that 𝐸0 =
(

𝐴
𝑑+𝑝𝑢 , 0, 0, 0,

𝑝𝑢𝐴
𝑑(𝑑+𝑝𝑢)

)

is
a disease-free equilibrium. The Jacobean matrix of 𝜌(𝑥) at point 𝐸0, is
given by:

𝑁 = ℑ
(

P|𝐸0
)

=

⎛

⎜

⎜

⎜

⎝

𝜌
(

1 − 𝜗1
) (

1 − 𝜗2
) 𝐴

𝑑+𝑝𝑢 0 0
0 0 0
0 0 0

⎞

⎟

⎟

⎟

⎠

(3.6)

Also, the Jacobean matrix of 𝛩 at point 𝐸0, is given by:

𝑀 = ℑ
(

𝛩|𝐸0
)

=
⎛

⎜

⎜

⎝

𝑏2 +𝑤 + 𝜎 + 𝑑 0 0
−𝑏2 𝑏1 + 𝑐 + 𝑑 0
−𝑤 −𝑐 𝜂 + 𝑑 + 𝛽

⎞

⎟

⎟

⎠

(3.7)

The inverse of 𝑀 is given by;

𝑀−1 =

⎛

⎜

⎜

⎜

⎜

⎝

1
𝑏2+𝑤+𝜎+𝑑 0 0

𝑏2
(𝑏2+𝑤+𝜎+𝑑)(𝑏1+𝑐+𝑑)

1
𝑏1+𝑐+𝑑

0
𝑤(𝑏1+𝑐+𝑑)+𝑏2𝑐

(𝑏2+𝑤+𝜎+𝑑)(𝑏1+𝑐+𝑑)(𝜂+𝑑+𝛽)
𝑐

(𝑏1+𝑐+𝑑)(𝜂+𝑑+𝛽)
1

𝜂+𝑑+𝛽

⎞

⎟

⎟

⎟

⎟

⎠

(3.8)

The next generation matrix 𝑁𝑀−1 is given by;

𝐺 = 𝑁𝑀−1 =

⎛

⎜

⎜

⎜

⎝

𝐴𝜌(1−𝜗1)(1−𝜗2)
(𝑑+𝑝𝑢)(𝑏2+𝑤+𝜎+𝑑) 0 0

0 0 0
0 0 0

⎞

⎟

⎟

⎟

⎠

(3.9)

The eigenvalues from the matrix 𝐺 are 𝜆1 = 0, 𝜆2 = 0, and 𝜆3 =
𝐴𝜌(1−𝜗1)(1−𝜗2)

(𝑑+𝑝𝑢)(𝑏2+𝑤+𝜎+𝑑) . As a result, the reproductive number 𝑅0 (which is the
argest eigenvalue) is calculated as follows:

0 =
𝐴𝜌

(

1 − 𝜗1
) (

1 − 𝜗2
)

(𝑑 + 𝑝𝑢)
(

𝑏2 +𝑤 + 𝜎 + 𝑑
) (3.10)

.3. Sensitivity analysis

Due to the fact that 𝑅0 is an extremely biologically significant quan-
ity that plays a chief role in the spread of any pandemic, investigating
he sensitivity of 𝑅0 is very interesting and crucial to the elimination
nd effective control of the disease. 𝑅0 sensitivity to changes in param-
ter 𝛶 is represented by this index. So, we can calculate the changes in
ll parameters in the formula of 𝑅0 by using the partial derivatives as
ollows:

Now, we give the following relationship that describes the 𝑅0
orward sensitivity index with respect to the parameter 𝛶 :

𝑅0
𝛶 =

(

𝜕𝑅0
𝜕𝛶

)(

𝛶
𝑅0

)

(3.11)

where 𝛶 is a parameter to describe the basic reproductive number
𝑅0. It is well known that a negative (positive) index means that any
increase in the parameter 𝛶 leads to a decrease (increase) in 𝑅0.47 The
sensitivity indices with respect to the parameters can be given 𝐴, 𝜗 , 𝜗 ,
1 2
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m

3

𝛯

T

r
a

ℑ =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

− (𝑑 + 𝑝𝑢) −𝜌
(

1 − 𝜗1
) (

1 − 𝜗2
) 𝐴

𝑑+𝑝𝑢 𝑏1 0 0
0 𝜌

(

1 − 𝜗1
) (

1 − 𝜗2
)

𝑆0 −
(

𝑏2 +𝑤 + 𝜎 + 𝑑
)

0 0 0
0 𝑏2 −

(

𝑏1 + 𝑑 + 𝑐
)

0 0
0 𝑤 𝑐 − (𝜉 + 𝑑 + 𝛽) 0
𝑝𝑢 𝜎 0 𝜉 −𝑑

⎞

⎟

⎟

⎟

⎟

⎟

⎠

Box I.
w
𝜌
𝐴

t
0

i

c

B

|

D
s
𝜀
m

Table 3
Sensitivity indices.

Parameters The sensitivity index of 𝑅0 Indexes of sensitivity
with respect to the parameters

𝐴 1 +ve

𝜌 1 +ve

𝜗1
−𝜗1
1−𝜗1

−ve

𝜗2
−𝜗2
1−𝜗2

−ve

𝑑 −𝑑(𝑝𝑢+2𝑑+ 𝜎 +𝑤+𝑏2)
(𝑏2+𝑤+ 𝜎 +𝑑)(𝑝𝑢+𝑑) −ve

𝑝 −𝑢𝑝
𝑝𝑢+𝑑

−ve

𝑏2
−𝑏2

𝑏2+𝑤+ 𝜎 +𝑑
−ve

𝑤 −𝑤
𝑏2+𝑤+ 𝜎 +𝑑

−ve

𝑢 −𝑢𝑝
𝑝𝑢+𝑑

−ve

𝜎 −𝜎
𝑏2+𝑤+ 𝜎 +𝑑

−ve

𝜌, 𝑑, 𝑏1, 𝑤, 𝑢, 𝑝, and 𝜎 respectively, by the basic reproductive number
entioned in the Eq. (3.10), as in Table 3.

.4. Stability analysis of COVID-19 model

In this section, we look for stability that is local to the equilibrium
0 and the equilibrium 𝛯∗.

heorem 3.5. The model (3.1) is locally asymptotic stable when 𝑅0 < 1
at 𝛯0 and unstable when 𝑅0 > 1.

Proof. The Jacobian matrix of the model (3.1) at the equilibrium 𝛯0 is
given as follows: see ℑ that is given in Box I. The eigenvalue equation
of the ℑ at the equilibrium 𝛯0 is

(𝜆 + 𝑑)(𝜆 + 𝜉 + 𝑑 + 𝛽)(𝜆 + 𝑏1 + 𝑑 + 𝑐)(𝜆 + 𝑑 + 𝑝𝑢)

× (𝜆 + (𝑏2 +𝑤 + 𝜎 + 𝑑)(1 − 𝑅0)) = 0

𝜆1 = −𝑑

𝜆2 = −𝜉 − 𝑑 − 𝛽

𝜆3 = −𝑏1 − 𝑐 − 𝑑

𝜆4 = −𝑢𝑝 − 𝑑

𝜆5 = −(𝑏2 +𝑤 + 𝜎 + 𝑑)(1 − 𝑅0)

We can note 𝜆1, 𝜆2, 𝜆3, 𝜆4 have a real negative part and 𝜆5 < 0 has a
eal negative part when 𝑅0 < 1. As a result, the model (3.1) is locally
symptotically stable when 𝑅0 < 1, whereas it is unstable when 𝑅0 > 1

and so the theorem was proven.

Theorem 3.6. If the endemic equilibrium, 𝛯∗, exists, then it is locally
asymptotically stable.

Proof. From the model (3.1) the Jacobean matrix at equilibrium 𝛯∗

we can get as follows: see ℑ that is given in Box II.
 ‖

5

The eigenvalue polynomial of the model (3.1) at the equilibrium
𝛯∗, is given as follows:

(𝜆 + 𝑑)(𝜆 + 𝜉 + 𝑑 + 𝛽)(𝜆3 + 𝐴1𝜆
2 + 𝐴2𝜆 + 𝐴3) = 0 (3.12)

here 𝐴1 = (1 − 𝜗1)(1 − 𝜗2)𝜌 + 2𝑑 + 𝑏1 + 𝑐 + 𝑝𝑢, 𝐴2 = (𝑑 + 𝑝𝑢 +
(1 − 𝜗1)(1 − 𝜗2)𝐸∗)(𝑏1 + 𝑑 + 𝑐) + (𝑏2 + 𝑤 + 𝜎 + 𝑑)𝜌(1 − 𝜗1)(1 − 𝜗2), and
3 = 𝜌(1 − 𝜗1)(1 − 𝜗2)𝐸∗[(𝑏2 +𝑤 + 𝜎 + 𝑑)(𝑏1 + 𝑑 + 𝑐) − 𝑏1𝑏2]

Indeed, one can notice that Eq. (3.12) have two negative roots and
he other roots are the roots of the cubic equation 𝜆3+𝐴1𝜆2+𝐴2𝜆+𝐴3 =
. If these roots lie inside the complex plane which satisfies |arg(𝜆)| >
𝛼𝜋
2 and by using Theorem 2.1, We can conclude that the model (3.1)

is asymptotically stable locally close to its endemic equilibrium 𝛯∗

because 𝐴1, 𝐴2, 𝐴3, and 𝐴1𝐴2 − 𝐴3 are always positive regardless of
the parametric value.

3.5. Hyers–Ulam stability

To study the global stability of the considered fractional model
(3.1), we use the Ulam–Hyers sense. For this purpose, we define the
following inequality:
|

|

|

𝐶
0 𝐷

𝛼
𝑡 𝑦(𝑡) − g(𝑡, 𝑦(𝑡))||

|

≤ 𝜀, ∀𝑡 ∈ [0, 𝑇 ]. (3.13)

Now, 𝑦̄ ∈ 𝛴 is solution of (10) if and only if there is ℎ ∈ 𝛴 such that:

i |ℎ(𝑡)| ≤ 𝜀.

i
𝐶
0 𝐷

𝛼
𝑡 𝑦̄(𝑡) = g(𝑡, 𝑦̄(𝑡)) + ℎ(𝑡), ∀𝑡 ∈ [0, 𝑇 ]. (3.14)

Now, apply the fractional R-LF integral to both sides of (3.14), one
an have

𝑦̄(𝑡) = 𝑦̄(0) + 1
𝛤 (𝛼) ∫

𝑡

0
(𝑡 − 𝜉)𝛼−1g(𝜉, 𝑦̄(𝜉))𝑑𝜉

+ 1
𝛤 (𝛼) ∫

𝑡

0
(𝑡 − 𝜉)𝛼−1ℎ(𝜉)𝑑𝜉,∀𝑡 ∈ [0, 𝑇 ].

y taken condition (i), we get

𝑦̄(𝑡) − 𝑦̄(0) − 1
𝛤 (𝛼) ∫

𝑡

0
(𝑡 − 𝜉)𝛼−1g(𝜉, 𝑦̄(𝜉))𝑑𝜉|

≤ 𝜀
𝛤 (𝛼) ∫

𝑡

0
(𝑡 − 𝜉)𝛼−1𝑑𝜉,∀𝑡 ∈ [0, 𝑇 ].

So, we have

|𝑦̄(𝑡) − 𝑦̄(0) − 1
𝛤 (𝛼) ∫

𝑡

0
(𝑡 − 𝜉)𝛼−1g(𝜉, 𝑦̄(𝜉))𝑑𝜉| ≤ 𝜀𝑇 𝛼

𝛤 (𝛼 + 1)
, ∀𝑡 ∈ [0, 𝑇 ].

(3.15)

efinition 3.1. The COVID-19 fractional model (3.1) is Hyers–Ulam
tability on [0, 𝑇 ] if there exists a constant 𝛶𝑔 > 0 such that for any
> 0, and any 𝑦̄(𝑡) satisfying (3.13), then the COVID-19 fractional
odel (3.1) possess a solution 𝑦(𝑡) satisfying

𝑦̄(𝑡) − 𝑦(𝑡) ≤ 𝜀𝛶 , ∀𝑡 ∈ [0, 𝑇 ].
‖1 𝑔
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T
C
𝛤

P
C
f

𝑦

ℑ =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

−𝜌(1 − 𝜗1)(1 − 𝜗2)𝐸∗ − (𝑑 + 𝑝𝑢) −𝜌(1 − 𝜗1)(1 − 𝜗2)𝑆∗ 𝑏1 0 0
𝜌(1 − 𝜗1)(1 − 𝜗2)𝐸∗ 𝜌(1 − 𝜗1)(1 − 𝜗2)𝑆∗ − (𝑏2 +𝑤 + 𝜎 + 𝑑) 0 0 0

0 𝑏2 −(𝑏1 + 𝑑 + 𝑐) 0 0
0 𝑤 𝑐 −(𝜉 + 𝑑 + 𝛽) 0
𝑝𝑢 𝜎 0 𝜉 −𝑑

⎞

⎟

⎟

⎟

⎟

⎟

⎠

Box II.
Fig. 2. The susceptible population, 𝑆(𝑡), for various value of 𝛼.
r
w

E

Q

heorem 3.7. Assume the assumptions (i) and (ii) holds. Then the
OVID-19 fractional model (3.1) is Hyers–Ulam stability on [0, 𝑇 ], if
(𝛼 + 1) > 𝑇 𝛼ℏ hold.

roof. Recall Theorem 3.1, we let 𝑦(𝑡) be a unique solution of the
OVID-19 fractional model (3.1), let 𝑦̄(𝑡) satisfy (3.13). By applying the

ractional R-LF integral to both sides of (3.1), we get

(𝑡) = 𝑦(0) + 1
𝛤 (𝛼) ∫

𝑡

0
(𝑡 − 𝜉)𝛼−1g(𝜉, 𝑦(𝜉))𝑑𝜉,∀𝑡 ∈ [0, 𝑇 ]. (3.16)

Now, using (3.15) and (3.16), we compute ‖𝑦̄(𝑡) − 𝑦(𝑡)‖1 as follows:

‖𝑦̄(𝑡) − 𝑦(𝑡)‖1 =
‖

‖

‖

‖

‖

𝑦̄(𝑡) − 𝑦(0) − 1
𝛤 (𝛼) ∫

𝑡

0
(𝑡 − 𝜉)𝛼−1g(𝜉, 𝑦(𝜉))𝑑𝜉

‖

‖

‖

‖

‖1

By adding and subtracting the term 1
𝛤 (𝛼) ∫

𝑡
0 (𝑡 − 𝜉)𝛼−1g(𝜉, 𝑦̄(𝜉))𝑑𝜉 and

applying the triangle inequality, we have

‖𝑦̄(𝑡) − 𝑦(𝑡)‖1 ≤
‖

‖

‖

‖

‖

𝑦̄(𝑡) − 𝑦(0) − 1
𝛤 (𝛼) ∫

𝑡

0
(𝑡 − 𝜉)𝛼−1g(𝜉, 𝑦̄(𝜉))𝑑𝜉

‖

‖

‖

‖

‖1

+
‖

‖

‖

‖

‖

1
𝛤 (𝛼) ∫

𝑡

0
(𝑡 − 𝜉)𝛼−1(g(𝜉, 𝑦̄(𝜉)) − g(𝜉, 𝑦(𝜉)))𝑑𝜉

‖

‖

‖

‖

‖1
.

Using (3.15) and the norm properties, one can get

‖𝑦̄(𝑡) − 𝑦(𝑡)‖1 ≤
𝜀𝑇 𝛼

𝛤 (𝛼 + 1)
+ 1
𝛤 (𝛼) ∫

𝑡

0
(𝑡 − 𝜉)𝛼−1‖(g(𝜉, 𝑦̄(𝜉)) − g(𝜉, 𝑦(𝜉)))‖1𝑑𝜉

Applying Theorem 3.2, yields

‖𝑦̄(𝑡) − 𝑦(𝑡)‖1 ≤
𝜀𝑇 𝛼

𝛤 (𝛼 + 1)
+ 𝑇 𝛼ℏ

𝛤 (𝛼 + 1)
‖𝑦̄(𝑡) − 𝑦(𝑡)‖1.

So, we have ‖𝑦̄(𝑡) − 𝑦(𝑡)‖1 ≤ 𝛶𝑔𝜀, where 𝛶𝑔 = 𝑇 𝛼

𝛤 (𝛼+1)−𝑇 𝛼ℏ . Using

Definition 3.1, we deduce that the COVID-19 fractional model (3.1) is
Hyers–Ulam stability on [0, 𝑇 ].
6

4. Numerical simulations

It is common knowledge that there is no analytical method currently
available to solve FDEs. Consequently, to find approximations of solu-
tions to FDEs, accurate and efficient numerical methods are needed,
such as the generalized fractional differential transform,48 the frac-
tional difference method,49 the power series method,50 the fractional
variational iteration method,51 the Haar wavelet collocation,52 the
restricted fractional differential transform,53 the wavelet method,54 the
fractional Adams method,55 the spectral method,56 and also numerous
additional outstanding works in the following papers (see e.g. Refs. 57–
64). However, to give a complete picture of the stability analysis in the
previous section, we will use the fractional Euler method (FEM)37 to
solve the model numerically. To underpin the analysis in this work, we
will investigate the effect of fractional order on stability behavior by
taking 𝛼 = 0.95, 0.9, 0.8, 0.7.

In order to use the FEM for solving the fractional model (3.1), we
ewrite the interval [0, 𝑇 ] into 𝑛 subinterval [(𝑘−1)ℎ, 𝑘ℎ], ∀𝑘 = 1, 2,… , 𝑛
ith ℎ = 𝑇

𝑛 . As a result, we have the discretized equations shown below:

𝑆(𝑡𝑘) = 𝑆(0) + ℎ𝛼

𝛤 (𝛼 + 1)

𝑘
∑

𝑖=0
𝜒𝑘,𝑖[𝐴 − 𝜌

(

1 − 𝜗2
) (

1 − 𝜗1
)

𝑆(𝑡𝑖)𝐸(𝑡𝑖)

+ 𝑏1 𝑄(𝑡𝑖) − 𝑑𝑆(𝑡𝑖) − 𝑝𝑆(𝑡𝑖)𝑢]

(𝑡𝑘) = E(0) + ℎ𝛼

𝛤 (𝛼 + 1)

𝑘
∑

𝑖=0
𝜒𝑘,𝑖[𝜌

(

1 − 𝜗2
) (

1 − 𝜗1
)

𝑆(𝑡𝑖)𝐸(𝑡𝑖)

− 𝑏2𝐸(𝑡𝑖) −𝑤𝐸(𝑡𝑖) − 𝜎𝐸(𝑡𝑖) − 𝑑𝐸(𝑡𝑖)]

(𝑡𝑘) = Q(0) + ℎ𝛼
𝑘
∑

𝜒𝑘,𝑖[𝑏2𝐸(𝑡𝑖) − 𝑏1 𝑄(𝑡𝑖) − 𝑐𝑄(𝑡𝑖) − 𝑑𝑄(𝑡𝑖)]
𝛤 (𝛼 + 1) 𝑖=0
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Fig. 3. The exposed population, 𝐸(𝑡), for various value of 𝛼.
Fig. 4. The population that is quarantined, 𝑄(𝑡), for various value of 𝛼.
𝑅
0
r

5

f
t
o
b
T
e
s

I(𝑡𝑘) = I(0) + ℎ𝛼

𝛤 (𝛼 + 1)

𝑘
∑

𝑖=0
𝜒𝑘,𝑖[𝑤𝐸(𝑡𝑖) + 𝑐𝑄(𝑡𝑖) − (𝜉 + 𝑑 + 𝛽) 𝐼(𝑡𝑖)]

R(𝑡𝑘) = R(0) + ℎ𝛼

𝛤 (𝛼 + 1)

𝑘
∑

𝑖=0
𝜒𝑘,𝑖[𝜉𝐼(𝑡𝑖) + 𝜎𝐸(𝑡𝑖) − 𝑑𝑅(𝑡𝑖) + 𝑝𝑆(𝑡𝑖)𝑢]

where 𝜒𝑘,𝑖 = (𝑘 − 𝑖)𝛼 − (𝑘 − 1 − 𝑖)𝛼 , ∀𝑖 = 0, 1,… , 𝑘, and ∀𝑘 = 1, 2,… , 𝑛.

Using FEM, precise numerical solutions can be obtained over an
extended period of time. As a starting point, we used the following
initial conditions: (𝑆(0), 𝐸(0), 𝑄(0), 𝐼(0), 𝑅(0)) = (500, 10, 5, 0, 0) with the
following cases.

Case 1: In this case, we use the following values of parameters;
𝐴 = 50, 𝑑 = 0.2, 𝑏1 = 0.25, 𝑏2 = 0.8, 𝑐 = 0.12, 𝜌 = 1.5, 𝜎 = 0.2, 𝜗1 =
0.78, 𝜗2 = 0.92, 𝑤 = 0.0714, 𝑝 = 0.78, 𝜉 = 0.025, 𝑢 = 0.8 and 𝛽 = 0.25.65

Now, recall Eq. (28) and compute reproductive number, we find
𝑅0 = 1.259982498. So, the endemic equilibria 𝛯∗ = (48.15909091,
11.20766266, 15.73005285, 5.658596752, 162.1713509) is locally
asymptotically stable according Theorem 3.6 for various value of 𝛼.

In fact, this is clearly through Figs. 2–6. F

7

Case 2: In this case, we use the following values of parameters;
𝐴 = 50, 𝑑 = 0.2, 𝑏1 = 0.25, 𝑏2 = 0.8, 𝑐 = 0.12, 𝜌 = 1.5, 𝜎 = 0.2, 𝜗1 =
0.78, 𝜗2 = 0.92, 𝑤 = 0.0714, 𝑝 = 5, 𝜉 = 0.025, 𝑢 = 0.8 and 𝛽 = 0.25.65

Now, recall Eq. (28) and compute reproductive number, we find
0 = 0.2471965662. So, the disease-free equilibria 𝛯0 = (60.67961165,
, 0, 0, 189.3203883) is locally asymptotically stable according Theo-
em 3.5 In fact, this is clearly through Figs. 7–11.

. Conclusions

This study focused on the investigation of a five-dimensional
ractional-order COVID-19 mathematical model. We proved prove some
heorems related to the existence, uniqueness, and positively invariant
f this model’s solution. Also, the basic reproductive number, 𝑅0, has
een calculated in detail by using the next-generation matrix technique.
hen the local asymptotic stability of the disease-free and endemic
quilibriums have been studied. Additionally, we investigate the global
tability of the proposed model in terms of the Ulam–Hyers criteria.
inally, we demonstrated the validity of our analysis by presenting
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Fig. 5. The hospitalized infected population, 𝐼(𝑡), for various value of 𝛼.

Fig. 6. The recovered or Removed population, 𝑅(𝑡), for various value of 𝛼.

Fig. 7. The susceptible population, 𝑆(𝑡), for various value of 𝛼.

8
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Fig. 8. The exposed population, 𝐸(𝑡), for various value of 𝛼.

Fig. 9. The population that is quarantined, 𝑄(𝑡), for various value of 𝛼.

Fig. 10. The hospitalized infected population, 𝐼(𝑡), for various value of 𝛼.

9
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Fig. 11. The recovered or Removed population, 𝑅(𝑡), for various value of 𝛼.
an explanatory numerical simulation of the behavior of this model for
various fractional order values.
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