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This paper adopts a new terminology, “delta g-Mittag-Leffler stability”, for studying the stability of nonlinear
g-fractional dynamical systems on the time scale. In fact, the idea of delta ¢g-Mittag-Leffler stability is inspired
by the idea of Mittag-Leffler stability, which is designed to investigate the stability of fractional dynamical
systems. The sufficient conditions for delta g-Mittag-Leffler stability of considered dynamical systems with
Caputo delta g-derivatives have been introduced.

1. Introduction

Fractional calculus studies fractional-order derivative and integral
operators and their applications in real and complex domains.!»? Fur-
thermore, fractional differential equation models have been applied in
a variety of fields, including economics,®> automatic control,* epidemi-
ological models,>° electrical engineering,” and many others. There has
been an increase in interest in this topic as a result of its interesting
applications in numerous disciplines of science and engineering.®-'3

In the early twentieth century, Jackson'* introduced g-calculus
as a study of calculus without limits. Due to the increasing demand
for mathematical modeling that incorporates quantum computing, this
topic has recently drawn the attention of many researchers. g-calculus
establishes a connection between physics and mathematics, where it
plays a main role in a variety of physics fields, including high energy
physics and nuclear,'® conformal quantum mechanics,'® cosmic strings
and black holes,!” and so on. The fundamentals of g-calculus can
be found in Kac and Cheung’s textbook.'® The g¢-differential equa-
tions, based on the g-calculus, were established which can describe
some special physical processes occurring in quantum dynamics, dis-
crete stochastic processes, discrete dynamical systems, and other ar-
eas.!>? The concept of g-fractional calculus was first presented by
Al-Salam?®'~23 and then by Agarwal.>* The results of g-fractional in-
tegrals, g-fractional derivatives, and the qualitative characteristics of
solutions to g-fractional differential equations have all been extensively
studied.>>-2°

Recently, with the appearance of time scale calculus,?**! several
researchers have begun to pay attention and incorporate time scale
approaches into g-fractional calculus.®?-** These findings are mostly
related to fractional calculus on the time scale T, := {¢" : r € Z} U {0},
where 0 < ¢ < 1. Some recent studies?>3>-3¢ have focused on ¢-FDEs
with a Caputo nabla g-fractional derivative.

* Corresponding author.

However, the Mittag-Leffler function is crucial in the study of frac-
tional differential equations.®*-%! In several papers,*>~*> the stability
of linear and nonlinear fractional dynamic systems is investigated.
However, to the best of our knowledge, no research has been done on
the stability of g-fractional dynamical systems. In Ref. 46, the authors
took into consideration two nonlinear dynamical systems in order to
illustrate the benefit of utilizing fractional order derivatives rather
than integer order derivatives. The integer-order derivative dynamical
system turned out to be unstable.

As a result of the aforementioned findings, we present in this
paper the delta g-Mittag-Leffler stability theorem for the following
nonlinear g-fractional dynamical systems with Caputo delta g-fractional
derivatives:

D5 1) =gt y(0) .1

Aglo
(o) = Yos

where a € (0,1), 1t > 1, 1,15 € T, g : T, xR" - R” is continuous in y,
and g(z,0) = 0.

2. Preliminaries

The fundamental definitions and results for the g-calculus can be
found in Refs. 18, 25, 47-49. Here we shall employ some of those basics
on a time scale.

Let T, be a time scale for 0 < g < 1

T,=1{q":
where Z denotes the integer set. A time scale is, in general, a closed
subset of the real numbers.>!

For the function g : T, — R, the delta g-derivative of g(r) is defined
as

rez)u{o},

g(qr) —g(r)

4080 = =0 T

, reT\{0}.

E-mail addresses: nada20407 @yahoo.com (N.K. Mahdi), ayadayad1970@yahoo.com (A.R. Khudair).

https://doi.org/10.1016/j.padiff.2023.100496

Received 14 December 2022; Received in revised form 24 January 2023; Accepted 29 January 2023

2666-8181/© 2023 Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license

(http://creativecommons.org/licenses/by-nc-nd/4.0/).


https://doi.org/10.1016/j.padiff.2023.100496
https://www.elsevier.com/locate/padiff
http://www.elsevier.com/locate/padiff
http://crossmark.crossref.org/dialog/?doi=10.1016/j.padiff.2023.100496&domain=pdf
mailto:nada20407@yahoo.com
mailto:ayadayad1970@yahoo.com
https://doi.org/10.1016/j.padiff.2023.100496
http://creativecommons.org/licenses/by-nc-nd/4.0/

N.K. Mahdi and A.R. Khudair

In addition to a higher order of delta g-derivatives

Ag(r) = g(r), Arg(r) = 4,47 " g(r) (m=1,2,3,..).

The delta g-integral of g(r) is defined as

,08)() = / gau = (1 —q)qu gra’), ret,

=0

and,

(Iq’ag)(r):/ g(u)Aqu:/O g(u)Aqu—/0 gwAu, a,reT,.

The basic theorem of calculus specifically applies to the delta g-
derivative and delta g-integral as follows:

4, /0 gwAu = g(r).

Additionally, if g(r) is continuous at zero,

/0 4,8 Au = g(r) - (0).

Also, the following identities will be beneficial

r r
4, /a g(r,u)Au = /a A,8(r,w)Au+ g(gr,r), 2.1)

and,
b b
Aq/r g(r,u)dgu = /qr A,8(r,u)Au—g(r,r).

According to the time-scale theorem and the g-calculus theorem in
general, the product rule is valid

4,(g(rv(r) = v(r)4,g(r) + glgr)d v(). (2.2)

In time scale integration, the change of variables is valid.>! We state
an exception as it pertains to the article in the subsequent theorem.

Definition 2.1. The delta g-factorial function is as follows:
If # € N, then

-1
w =[] -dw.

J=1

r-wP=1, -

If « is a non positive integer, then

o ] Hgi

— )@ = [
(r—w,” =r H]_L‘qj+a'
Jj=0 r

Several properties are stated for the g-factorial function. By using
the definition and a straightforward computation, each property will
be verified.

Lemma 2.1. Let f,y € R, then

1. (r— u)flﬂ”) =(r- u)(qﬁ)(r -

2. (r-m) =n(r—w.

3. The delta g-derivative of the delta g-factorial function with respect
to r is given by the expression

).

B —
A r—w)P =

_ b
9" (. _ NB-D
~4 (r u)q .

4. The delta g-derivative of the delta g-factorial function with respect

to u is given by the expression
—gP

—)® = T (D
4,r—w,’ = 4 (r qu)q .

Definition 2.2. For f € C\{-m,me Ny} and 0 < g < 1, the delta
g-Gamma function is

r@=0-gfa-g'’
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which fulfills

r,a+p=

(2.3)

For f,y € C, the delta ¢g-Beta function

1
B,(B,y) = /0 W11 = gD A
The delta g-Gamma and delta g-Beta defined by

LAL,G)

Bq(ﬂ,}’) = m-

Definition 2.3. Let C,(I’">[0, b] be the space containing all continues
functions with continuous delta g-derivatives up to order m—1 on [a, b]
is defined as

c;'">[0,b] = {g(r) D 4 g(r) € CI0,B], k =0, 1,.._,m}.

Definition 2.4. The definition of the delta g-exponential function is

ea, =[]0 -ra""
£=0
(o] r/
= LZ()W’
such that e 4, ) =1.

3. Fractional delta g-integrals and delta g-derivatives

We will use the fractional g-integral and the fractional g-derivative
as stated in Refs. 21-24, 26, 27, 33:

In Refs. 22, 24, which defines fractional g-integral of order a > 0
with the lower limit of integration being zero, we will use as follows:

0= [ a0

and for a;,a, > 0, then

leIal a1+tx2

glr) = g(r).

Lemma 3.1. If g(r) is defined and finite, then for 0 < a < 1
D} () = 4,15~ g(r),

where r € [¢°,q°] ¢ T, with a,b e NU {0}, b < a.

Proof. Begin with the left-hand side of the equality

4,157 g(r) = 4 / (r— qu)" fwAu

[r(l—

=F(1—a)/

+ (ar = ang ‘”g(r)

/ (r = qu) Vg au

(r—qu)( a=1) gwau

T, ( )
= Dj 8.

Remark 3.1. If « > 0 and n— 1 < a < n for a positive integer n, we
extend the idea of the proof of Lemma 3.1 and write

n(n @)

g(r) 8(r)
= A;(I;;"*”)g(r»,

on re'JTq.
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In Refs. 21, 26, 27, 33, defines the fractional g-integral with the
lower limit of integration being nonzero. We will use it as follows:

18 =8,

13, ,Og( N=f—= ( ) / (r = g9){" "V g(s)4,s.
Some of the properties of the previously defined the delta g-integral
Iy T @0 = U320, o <,
where «a;,a, > 0.

Definition 3.1. For g : T, » R at r, € T,, the fractional delta
g-derivative of the Riemann-Liouville type of order a > 0 is given by:

A ,Og(r) AZ"IX’ ,"(')g(r),
where m = [a] + 1.

For 0 < ry <r, « € R*. Then

DZ Fo A rog(r) g(r). (31)

We start by stating and proving some important preliminary lem-

mas. Then we define Caputo delta g-fractional derivatives and show
how they are related to fractional derivatives.

Lemma 3.2. The following equality holds for any value of a > 0O:
a a (r ro)(a ])
Ly r3a8) = 4415 = Tg("o)-

Proof. Using (2.2) and Lemma 2.1, one can have the following result:

1—q%!
8, (=05 ) = r=auif 4,80~ g V5. (3.2)

Applying Eq. (3.2) leads to
(a=1)

15 ae) = g + [ e Dgway
3yrg4a80) = L@ ST g ), T 8RS
or,

- O)m ) Lo gel
a — — gu)@2)
IAquUAqg(r) = T () g(rp) + T—q /,0 (r qu)q g u.

Now, use Lemma 2.1, Eq. (2.1) and the identity (2.3), we find that
_ a1 r

Sl A / (r — g™ g
1- q ro a

which means the proof is now complete.

A‘II‘AI ) g(r) =

Theorem 3.1. The following equality holds for any real « > 0 and any
positive integer v such that @ — v + 1 is not negative integer or 0. More
specifically, « > v —1

o-1 r—r )(a 0+76)

a v vy
15 Ae) = 4015 (r)_;)W g(ro)-

o+1) 1

Proof. Using Lemma 3.2, Lemma (2.2) and (2.3), the proof can be
achieved by following inductively on .

If we substitute « for 1 — a in Lemma 3.2, the g-delta fractional
derivatives of Riemann and Caputo can thus be related.

Definition 3.2. For g : T, » Ratr, € T,, the Caputo delta g-fractional
derivatives of order a > 0 is

D5 80 =1 ATe(r)

_ (m—a—1) gm
= gy / (r = qu)" D A7 g (w) A

where m = [a] + 1.
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Such that the sequential Caputo delta g-fractional derivatives

C pma 0

DA o m e N is
Cpyma _ Cpna ..Cna 4
DA o = DAq,ro DAq,ro (m — times).

For @« € R*. Then

C pa

DA o A rog(r) gr), reTy, r>ry

Theorem 3.2. For any 0 < a < 1, we have

(
CDZ 8= qufog(r) B r,1-a

Lemma 3.3. Let a > 0 and g is defined in suitable domains. Then

r]—l _ )(f
I5 D5 8() =g(r) - Z m 4 g(ry),
and if 0 < a < 1, then
15 1, DS, 8 = 8() = g(rg). 3.3)

The proof is given by the definition of Caputo delta q-fractional derivatives,
Egq. (3.1), Lemma 3.2 and Theorem 3.1.

In order to solve the linear g-fractional equations, it is essential to
know the identity:
I(u+1)

ro)" =1  ~ (x- ro)”“”, O<ry<x<r, (3.4)

17 (x-—
T a+pu+1D)

4410

where « € RT and u € (~1, o).
Definition 3.3. For ¢, ¢, € C, the delta g-Mittag-Leffler function is

< (6= 60)™
4,Eap(A6=6o) = Z A °

_— 3.5
& T an+p) 35

when g = 1, we use 4, (26 =60) = 4, Ea1(A: ¢ = Go)-
Example 3.1. Consider the Caputo delta g-fractional differential equa-
tion

Dy , ¥ =

a,r0” Ay(r) + g(r),

¥(rg) = ¢, (3.6)

where 0 < « < 1. If we apply I¢
Eq. (3.3) we see that

4,0 01 Eq. (3.6) then by the help of

() =co+ Al YOI L 8.

Utilizing the successive approximation method to obtain a clear and
explicit solution.
Set yy(r) = ¢y, and

Ym(F) = ¢y + AIA roym_l(r) + ]Xq’rog(r), m=1,2,3,...

For m = 1, we have the power formula Eq. (3.4)

A(r—ro)(a)
i) =c 1+m A Vng(r)

For m = 2, we also see that

a r- rO)Z a 20
»(r) =cy+ ACOIAMO 1+ T+ 1) + IAqyrog(r) + AIAq’rOg(r)
Mr=ro)s A =ro) R
= 1+ + 14 + ALY .
[)) T,a+1) I,Qa+1) Aq,rog(") Aq,rog(r)
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If we follow an inductive process and let m — oo, we arrive at the
solution

& M (r = rg)t”

q ahs A _ na—1
) rq(na+1)]+/,0 [Zr(m)(r q9)! ]g(m 9

& Al —ro)g”
=Cy 1+ —1
= Iy(na+1)

r| ® —
At -
— L (r— gV [ g(9)4,9
| S -t s,

: X M(r — rO)Z'I
=c |14y ———
0 & Ia+1)

"= g8 3
e g

¥(r) =cg [1 —+

)
e (r— q"&)g’" ] g(9)4,9.
Using Eq. (3.5), we have
p
y(r) = €04, E (A, r—rp) + / (r— q&)Z_IAq E, (4,1 — q*9)g(®A4,9.
o

A Caputo delta g-fractional initial value problem (3.6) has been
solved, and its solution is expressed by means of a newly introduced
delta ¢-Mittag-Leffler function (3.5).

4. The delta g-Mittag-Leffler stability

For nonlinear g-fractional dynamical systems on the time scale (1.1),
we define the delta g-Mittag-Leffler stability, which is equivalent to the
definition of the ¢-fractional dynamical systems’ Mittag-Leffler stability
in Ref. 46.

Definition 4.1. The system’s trivial solution (1.1), y(z), is said to be
delta ¢g-Mittag-Leffler stable if

YOl < [MOtt0) s, Eu=21 =19)] @1
where 4 > 0, ¢ > 0, M(0) =0, M(y) > 0 and M(y) is locally Lipschitz
foryesS,={yeR": |yl <n} CcR"

We observe that condition (4.1) expands the definition of “classical
exponential stability”.

Theorem 4.1. If a scalar function V'(t,y) € C[T, X S
constants &, & and & exist such that

R, ] and positive

alyl* <vay < syl “4.2)
and
D, Vt.y) < =&l (4.3)

atall (t,y) € T, X S,, t > t,, then the system’s trivial solution (1.1) is delta
g-Mittag-Leffler stable.

Proof. Let y(t) = y(t,1y,y,) be any solution of the system (1.1). In
accordance with conditions (4.2) and (4.3), we have

C na _5_3
DAqJOV(l, ») < 5 Vit y).

As a result, at all 1 € T, t > £, there is a function Z() > 0 such that

ACEE

=) - §—3V(L (D). 4.4
&
Therefore, Eq. (4.4) is in the form of Eq. (1.1) and has the solution
Vi, y®) = V(ty, yo) 4 Ea(_§_3’ t—tg)
a &

I3
- / (1= g0 s Eqalhat = *9)2(9)4,5.
0]
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Consequently,

V0500 < V0,005, Eu= 2.1 1)
2

Once more from condition (4.2), we have
1

Iyl < =V @, ),
&

and

V(tg, y9) < 52||y0||2'

Therefore, we have

Ix0I? < Lv.y
&

é
Bty <

=

< LVt 30) 4 Eol~ 2y e Eale 2t~ 1),
& K & q

=

which is

1
Iyl < \E Il [Aan<—§—z,t— m)] :

As a result, y(¢) is delta g-Mittag-Leffler stable.

Theorem 4.2. If a scalar function V (t,y) € C [T, xR",R,] and positive
constants &,, & and &; exists such that

&lyIZ < V@ y < &lylP

and

“Dg V6 < =&lyI?,

atalt >ty and (1,y) € T, xR", then the system’s trivial solution (1.1) is

globally delta q-Mittag-Leffler stable.

Proof . Similar to the proof of Theorem 4.1, we still have the estimate

ly@l* < 1/ ||Y()||  Ea(— z0>],

for all t > 1, and (1,y) € Tq x R". As a result, y(r) is globally delta

g-Mittag-Leffler stable.

Lemma 4.1. If V(t),y(ty)) = O, then for 0 < a < 1 we have
CDZ toV(z, y) £ DY rUV(” y) fort > t,.
g q

Proof. From Eq. 3.2, the result can be clearly observed. It resembles
the one from the classical case.

The related theorems for the Riemann delta g-fractional derivative

are shown below, taking into account Eq. 3.2.

Theorem 4.3. If a scalar function V(z,y) € C[T, xS,
constants &,, & and &; exists such that

EVIP <V, <&V (4.5)
and
Dy, V(t.y) < =&y (4.6)

atallt >ty and (1,y) € T, xS, then the system’s trivial solution (1.1) is
delta g-Mittag-Leffler stable.

R, ] and positive

Proof. From Eq. (4.5), we have V(ty,y,) >
Lemma 4.1, we have

0. Consequently, from

DY, V(y) < DS, V(LY. Vi
Thus, we have from Eq. (4.6)
“D§, V(. < =&l

The system’s trivial solution (1.1) is, therefore, delta g-Mittag-Leffler
stable because Theorem 4.1 hypotheses are satisfied.
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Theorem 4.4. If a scalar function V (1, y) € C[T, x R",R, ] and positive
constants &, & and &; exists such that

EIYIP <V y) < &lIyIP

and

D¢
Ay,

WV 69 < =&y,

atalt>1yand (1,y) € T, xR", then the system’s trivial solution (1.1) is
globally delta q-Mittag-Leffler stable.

Proof. The proof is similar to the theorem’s proof 4.4.

5. Conclusions

Recently, the concept of Mittag-Leffler stability has been introduced
to study the stability of fractional dynamical systems. Inspired by
this, we introduce the concept of delta ¢g-Mittag-Leffler stability for g-
fractional dynamical systems. Moreover, sufficient conditions for delta
g-Mittag-Leffler stability of nonlinear g-fractional dynamical systems
with Caputo delta g-fractional derivatives have been introduced. In ad-
dition, to the best of our knowledge, there are no studies covering this
kind of stability. Therefore, we expect that this type of stability will be
very useful in control theory and other areas of mathematics, physics,

and

engineering when g-fractional nonlinear dynamical systems are

taken into account.
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