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In this paper, a new method is suggested and implemented to find an analytical
approximate solution for a non-Newtonian viscoelastic fluid flow on the turbine
disk, used to cool the axisymmetric channel that has a porous wall. The new
method depends on combining the algorithms of Yang transform and the homo-
topy perturbation method (HPM) named Yang transformation–homotopy per-
turbation method (YTHPM). To ensure the correctness of the method, we com-
pared the results of YTHPM with the ones obtained by the numerical method
(Runge–Kutta 4th order) and by other methods as reported in the literature; a
good agreement was observed. Additionally, the effect of the power-law index,
Prandtl and Reynolds numbers on the velocity, and heat transfer was studied.
The results that we obtained by using the newmethod confirm that this method
has high accuracy and efficiency compared with other methods, used to find
the analytical approximate solution for the current problem. Furthermore, the
graphs and tables of error show the validity, utility, and necessity of this method.

1 INTRODUCTION

In recent years, the flow problem of non-Newtonian fluids has enticed many researchers. This great interest is due to its
wide applications in various engineering fields, especially in solving such heat transfer problems of non-Newtonian fluids
as cooling, lubrication and drag reduction, and so forth.
Many scientists and researchers have made an effort to find the analytical and numerical solutions to the problem of

non-Newtonian fluids flowing in a channel that has the porous wall by using different methods. As such, Sepasgozar et al.
[1] utilized the differential transformationmethod to find the solution for the non-Newtonian fluid flow in the porous wall
channel. Comparing their results with Runge–Kutta of order four (RK-4th), they obtained a good agreement, a result that
confirms the ability of this method to solve such problems. Mirgolbabaee et al. [2] applied the Akbari–Ganji’s method to
solve the non-Newtonian fluid flow in an axisymmetric channel with a permeable wall in a specified turbine refrigera-
tion application. Results were compared with RK-4th since conclusions are not based only on the precision of a solution
but also the simplicity of the proceedings and an excellent agreement was acquired. Sheikhzadeh et al. [3] implemented
the least square and Galerkin methods to solve the momentum and energy equations for a non-Newtonian fluid in an
axisymmetric porous channel. For the comparison of results obtained, the Raung–Kutta’s numerical method was likewise
used. The results show that the Galerkinmethod is simpler than the least squaremethod and demands less computations.
On another note, the results of the Galerkin method have a concurrence with the ones obtained from the Raung–Kutta.
Esmaeilpour et al. [4] used the homotopy analysis method to solve a non-Newtonian fluid flow in turbine refrigeration
applications. Upon the comparison with the numerical method, results show that this method is efficient and effective in
solving nonlinear problems arising from heat transfer. Hosseini et al. [5] utilize the optimal homotopy asymptotic method
to find a solution to the momentum and heat transfer equations of the non-Newtonian fluid flow in turbine refrigeration
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applications. To test the validity of this method, the numerical method is used, and good agreement was obtained between
them. Results exhibit that when the Prandtl number, power-law index, and Reynolds number increase, the Nusselt num-
ber increases too. Shakeri et al. [6] used the variational iteration method to analyze the non-Newtonian fluid flow in an
axisymmetric channel. Results show a passable accord between the numerical solution and results of this method. The
effect of various parameters was debated as clear in graphs. Ashorynejad et al. [7] applied the parameterized perturbation
method to investigate the non-Newtonian fluid flow into an axisymmetric porous channel used in the turbine refrigeration
applications. The comparison with Runge–Kutta 4th-order shows that the parameterized perturbationmethod is effective
in overcoming this problem. The obtained results showed that the increase in the Reynolds number leads to a rise in the
skin friction coefficient. Singh and Yadav [8] used the perturbation method to solve the problem of the heat transfer of
non-Newtonian fluid flow. The results show that the increase in Prandtl number causes the temperature to increase as
well and the rise in the Reynolds number increases the velocity of the non-Newtonian fluid flow. Dogonchi and Ganji
[9] utilized the Duan–Rach approach to solve the non-Newtonian viscoelastic fluid flow in an axisymmetric channel on
a turbine disk used in refrigeration applications. Results prove that the Nusselt number has an immediate relationship
with the power-law index, Prandtl and Reynolds numbers. Additionally, comparing their results with the numerical solu-
tions to confirm the precision of this method and a good agreement was obtained. Mabood et al. [10] used the optimal
homotopy asymptotic methods to solve the problem caused by the flow of a viscoelastic fluid in an axisymmetric channel
with a porous wall. Through the graphs, one can see the that the influence of various parameters on temperature, friction
factor, rate of heat transfer, and velocity was presented. Comparing their results with the other methods, they noted that
the optimal homotopy asymptotic method was an effective method for solving nonlinear problems in heat transfer, and
so forth.
Due to the importance of the analysis and mathematical formula in solving engineering problems, many researchers

from various fields endeavored to extend knowledge and arrive at a better understanding of the current problem. There-
fore, they used many numerical and analytical methods (as mentioned above). Moreover, many of the highly nonlinear
equations like the one in the current problemmore often than notmake it impossible for researchers to find the exact solu-
tions for them. So in many cases, the analytical approximate methods can be adopted as alternative methods to handle
these equations and introduce the appropriate solutions for them. There are many analytical (semi-analytical) methods to
solve linear/nonlinear differential equations. Some of these methods need the small parameters (perturbation quantities)
and others do not need them. One of the analytical methods that is based on a small parameter is the homotopy pertur-
bation method (HPM), which offers a fresh form, derived from the HPM. It was discovered in 2010 by Aminikhah and
Hemmatnezhad [10] while they were trying to find an analytical approximate solution to partial and ordinary differential
equations. This method was used by many researchers to find the solutions for various equations [12, 13], and so forth. On
the other hand, one of the analytical methods that does not need a small parameter is the Yang transformmethod that was
discovered by Yang [14] in 2016, and applied for the first time to the heat transfer equation in the steady state. Note that
this method is precise and efficacious in finding analytical solutions to linear differential equations (partial or ordinary),
and has been used by many researchers to analyze different problems [14, 15].
It is worth noting that these two methods (YT, HPM) have their own advantages in finding analytical approximate

solutions for differential equations (linear and nonlinear) as illustrated in literature. Despite the observation above, there
are some disadvantages to these two methods (depending on the above literature review and our humble information).
As, in general, inmost cases, it is difficult to solve non-linear differential equations using the integrative transformation

methods because of the non-linear part. Therefore, based on ourmodest information that we obtained from the references
mentioned in the historical background above, and the role played by the process of integrating transformation methods
with semi-analytical methods [16–18]. Moreover, nowadays, studies concentrate on the combinations between analytical
methods and/or numerical methods to overcome the difficulties that appear in one or both of the merging methods and
the time-consuming problem of numerical methods. All these reasons led us to suggest a new method to overcome these
difficulties and reduce the number of iterations (based on our previous experience we found the solution within the first
or second iterations [19, 20]); that observed when researchers try to find analytical approximate solutions to the nonlinear
equations of the problem.
So, the most important achievement of the current work is to introduce a new, powerful, and active analytical approx-

imate method that is used for the first time to find a solution for non-Newtonian fluid flow in an axisymmetric porous
channel in the turbine cooling applications. The new method was built by combining both the Yang transform and the
HPMs and is called the Yang transform–homotopy perturbation method (YTHPM). As with semi-analytical methods, the
initial or boundary conditions should be available to find the accurate solutions. The influences of Prandtl, Reynolds num-
bers, and power-law index on the velocity and heat transfer were studied. To confirm the efficiency of the new method, a
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comparison was made with the other methods reported in the literature, and a good agreement was obtained. The results
obtained by implementing the new method, proved the efficiency, effectiveness, and high accuracy of the new method in
comparison with other methods, applied to solve the current problem. Therefore, one can say that the new method is an
improvement (development) of the othermethods that are used to find the analytical approximate solution for the current
problem.

2 THE YTHPMALGORITHM

The basic ideas of YTHPM depend on the algorithms of YTM and HPM, which will be discussed in this section.
To clarify the fundamental ideas of these methods, let us consider the general nonlinear equation in the differential

operational/operating forms as follows:

𝐴1(𝑣) − 𝑞(𝑟∙) = 0, 𝑟∙ ∈ Ω1 (1)

together with the conditions of the boundary:

B1

(
𝑣,

𝜕𝑣

𝜕𝑛∙1

)
= 0, 𝑟∙ ∈ Γ1 , (2)

where B1 is the operator of the boundary; 𝑞(𝑟∙) is a function, which is known, and Γ1 is the boundary of the domain Ω1,
and A1 is the differential operator, which can be divided into two parts; N1 is the nonlinear operator and 𝐿1, 𝑅 are the
linear operators. So, Equation (1) can be written as follows:

𝐿1(𝑣) + 𝑅(𝑣) + 𝑁1(𝑣) − 𝑞(𝑟∙) = 0 (3)

Now, to illustrate the algorithm ofYTM, which is defined to the function 𝑔(𝑡) and denoted by𝑌{𝑔(𝑡)} or 𝑇(𝑠) as follows:

𝑌{𝑔(𝑡)} = 𝑇(𝑠) =

∞

∫
0

𝑒−𝑡∕𝑠𝑔 (𝑡) 𝑑𝑡 (4a)

If we substitute, 𝑥 =
𝑡

𝑠
, then Equation (4a) becomes

𝑌{𝑔(𝑡)} = 𝑇 (𝑠) = 𝑠

∞

∫
0

𝑒−𝑥𝑔 (𝑠 𝑥) 𝑑𝑥 (4b)

Then, the application of YTM to the linear parts of Equation (3) with the initial condition 𝑣(0) , and if we assume that
𝐿1 =

𝜕

𝜕𝑡
, and take the Yang transform for both sides of Equation (3), we have

𝑌 (𝐿1(𝑣) + 𝑅(𝑣)) = 𝑌 (𝑞(𝑟∙)) ,
1

𝑠
𝑌 (𝑣) − 𝑣 (0) = 𝑌 (𝑞(𝑟∙) − 𝑅( 𝑣)) , 𝑌 (𝑣) = 𝑠 (𝑌 { 𝑞(𝑟∙) − 𝑅 (𝑣)} + 𝑣 (0)) (5a)

By taking the inverse Yang transform for Equation (5a), then a solution has the form

𝑣 = 𝑌−1 [𝑠 (𝑌 { 𝑞(𝑟∙) − 𝑅 (𝑣)} + 𝑣 (0))] (5b)

Now, we demonstrate the algorithm ofNHPM [11, 12] as follows:
By the technique of the homotopy, we build a homotopy 𝑢 (𝑟∙, 𝛽) ∶ Ω1 × [0, 1] → ℝ, which achieves

𝐻1(𝑢, 𝛽) = (1 − 𝛽)
[
𝐿1(𝑢) − 𝑣∗0)

]
+ 𝛽 [𝐴1(𝑢) − 𝑞(𝑟∙)] = 0, 𝛽 ∈ [0, 1] , 𝑟∙ ∈ Ω1, (6)
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or

𝐻1(𝑢, 𝛽) = 𝐿1(𝑢) − 𝑣∗0 + 𝛽 (𝑣∗0) + 𝛽 [𝑁1(𝑢) + 𝑅(𝑢) − 𝑞(𝑟∙)] = 0, (7)

where 𝛽 ∈ [0, 1] is an embedding parameter, and 𝑣∗0 is an initial of Equation (3). Clearly, from Equations (6) and (7), we
have

𝐻1(𝑢, 0) = 𝐿1(𝑢) − 𝑣∗0 = 0, (8)

𝐻1(𝑢, 1) = 𝐿1(𝑢) + 𝑁1(𝑢) + 𝑅(𝑢) − 𝑞(𝑟∙) = 0. (9)

Suppose that the solutions of Equations (6) and (7) as a force chain in 𝛽 as

𝑢 =

∞∑
𝑛1=0

𝛽𝑛 1 𝑢𝑛 1
(10)

Now, let us rewrite Equation (7) in the following form:

𝐿1(𝑢) − 𝑣∗0 + 𝛽
[
𝑁1(𝑢) + 𝑅(𝑢) − 𝑞(𝑟∙) + 𝑣∗0

]
= 0 (11)

By taking the 𝐿−11 of Equation (11) to both sides, we get

𝑢 = 𝐿−11 (𝑣∗0) + 𝛽
[
𝐿−11 (𝑞(𝑟∙)) − 𝐿−11 (𝑁1(𝑢) + 𝑅(𝑢)) − 𝐿−11 (𝑣∗0)

]
(12)

Postulate that the initial approximation of Equation (3) is as follows:

𝑣∗0 =

∞∑
𝑛 1=0

𝑎𝑛 1
𝑝𝑛 1

(13)

where 𝑎0, 𝑎1, 𝑎2,... are the coefficients, which are unknown, and𝑝0,𝑝1,𝑝2,... are special functions that rely on the problem.
Through putting Equations (10) and (13) into Equation (12), we obtain

∞∑
𝑛 1=0

𝛽𝑛 1 𝑢𝑛 1
= 𝐿−11

(
∞∑

𝑛 1=0

𝑎𝑛 1
𝑝𝑛 1

)

+𝛽

[
𝐿−11 (𝑞 (𝑟∙)) − 𝐿−11

(
𝑁1

(
∞∑

𝑛 1=0

𝛽𝑛 1 𝑢𝑛 1

)
+ 𝑅

(
∞∑

𝑛 1=0

𝛽𝑛 1 𝑢𝑛 1

))
− 𝐿−11

(
∞∑

𝑛 1=0

𝑎𝑛 1
𝑝𝑛 1

)]
(14)

Comparing the coefficients, which have the same powers of 𝛽 leads to

𝛽0 ∶ 𝑢0 = 𝐿−11

(
∞∑

𝑛 1=0

𝑎𝑛 1
𝑝𝑛 1

)

𝛽1 ∶ 𝑢1 = 𝐿−11 (𝑞(𝑟∙)) − 𝐿−1

(
∞∑

𝑛 1=0

𝑎𝑛 1
𝑝𝑛 1

)
− 𝐿−1(𝑁1(𝑢0) + 𝑅(𝑢0))

𝛽2 ∶ 𝑢2 = −𝐿−11 (𝑁1(𝑢0, 𝑢1) + 𝑅(𝑢0, 𝑢1))

⋮

𝛽𝑗 ∶ 𝑢𝑗 = −𝐿−11 (𝑁1(𝑢0, 𝑢1, … , 𝑢𝑗−1) + 𝑅(𝑢0, 𝑢1, … , 𝑢𝑗−1))

⋮

(15)
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If we assume that 𝑢1 = 0, then Equation (15) results in 𝑢2 = 𝑢3 = ⋯ = 0. Then, the exact solution can be found as
follows:

𝑣 = 𝑢0 = 𝐿−1

(
∞∑

𝑛 1=0

𝑎𝑛 1
𝑝𝑛 1

)
(16)

Therefore; the fundamental notion of the new technique (YTHPM) for Equation (3) is summarized by the following
steps:

Step 1: By the HPM, we have

𝐿1(𝑢) − 𝑣∗0 + 𝛽 (𝑣∗0) + 𝛽 [𝑁1(𝑢) + 𝑅(𝑢) − 𝑞(𝑟∙)] = 0 (17)

Step 2: Taking the Yang transform for both sides of Equation (17), we get

𝑌
(
𝐿1(𝑢 ) − 𝑣∗0 + 𝛽 (𝑣∗0) + 𝛽 [𝑁1(𝑢) + 𝑅(𝑢) − 𝑞(𝑟∙)]

)
= 0 (18)

Step 3: Postulate that 𝐿1 =
𝜕

𝜕𝑡
, then by the differential property of Yang transform, we obtain

1

𝑠
𝑌(𝑢 ) − 𝑢 (0) − 𝑌(𝑣∗0) + 𝑌 (𝛽 (𝑣∗0)) + 𝑌 (𝛽 [𝑁1(𝑢) + 𝑅(𝑢) − 𝑞(𝑟∙)] ) = 0 (19)

𝑌(𝑢 ) = 𝑠 𝑢 (0) + 𝑠 𝑌(𝑣∗0) − 𝑠 𝑌 (𝛽 (𝑣∗0)) − 𝑠 𝑌 (𝛽 [𝑁1(𝑢) + 𝑅(𝑢) − 𝑞(𝑟∙)] ) (20)

Step 4: Taking the Yang inverse for Equation (20) to both sides, we get

𝑢 = 𝑌−1(𝑠 𝑢 (0)) + 𝑌−1(𝑠 𝑌(𝑣∗0)) − 𝑌−1(𝑠 𝑌 (𝛽 (𝑣∗0))) − 𝑌−1 [𝑠 𝑌 (𝛽 [𝑁1(𝑢) + 𝑅(𝑢) − 𝑞(𝑟∙)])] (21)

Step5: Via the NHPM, we suppose that 𝑢 =
∑∞

𝑛 1=0
𝛽𝑛 1 𝑢𝑛 1

, 𝑣∗0 =
∑∞

𝑛 1=0
𝑎𝑛 1

𝑝𝑛 1
𝑢(0) = 𝑣(0)

then, Equation (21) becomes

∞∑
𝑛 1=0

𝛽𝑛 1 𝑢𝑛 1
= 𝑌−1(𝑠 𝑢 (0)) + 𝑌−1

{
𝑠 𝑌

(
∞∑

𝑛 1=0

𝑎𝑛 1
𝑝𝑛 1

)}
− 𝑌−1

{
𝑠 𝑌

[
𝛽

(
∞∑

𝑛 1=0

𝑎𝑛 1
𝑝𝑛 1

)]}

− 𝑌−1

⎡⎢⎢⎢⎢⎢⎣
𝑠 𝑌

⎛⎜⎜⎜⎜⎜⎝
𝛽

⎡⎢⎢⎢⎢⎢⎣
𝑁1

(
∞∑

𝑛 1=0

𝛽𝑛 1 𝑢𝑛 1

)

+𝑅

(
∞∑

𝑛 1=0

𝛽𝑛 1 𝑢𝑛 1

)
− 𝑞(𝑟∙)

⎤⎥⎥⎥⎥⎥⎦

⎞⎟⎟⎟⎟⎟⎠

⎤⎥⎥⎥⎥⎥⎦
(22)

Step 6: By equalizing the terms that have the same power of 𝛽, we have

𝛽0 ∶ 𝑢0 = 𝑌−1(𝑠 𝑢 (0)) + 𝑌−1
{
𝑠 𝑌

(∑∞

𝑛 1=0
𝑎𝑛 1

𝑝𝑛 1

)}
𝛽1 ∶ 𝑢1 = −𝑌−1

{
𝑠 𝑌

(∑∞

𝑛 1=0
𝑎𝑛 1

𝑝𝑛 1

)}
− 𝑌−1 [𝑠 𝑌 (𝑁1( 𝑢0) + 𝑅( 𝑢0) − 𝑞(𝑟∙))]

𝛽2 ∶ 𝑢2 = −𝑌−1 [𝑠 𝑌 (𝑁1( 𝑢0 , 𝑢1) + 𝑅( 𝑢0 , 𝑢1))]

⋮

(23)

Step 7: The analytical approximate solution can be found by putting 𝛽 = 1

𝜈 = lim
𝛽→1

𝑢 = 𝑢0 + 𝑢1 + 𝑢2 +⋯
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F IGURE 1 A diagrammatic representation of the physical problem

3 MATHEMATICALMODEL

3.1 Flow analysis

The current work offers a synchronous development to the flow and heat transfer of a non-Newtonian viscoelastic fluid
flow on the turbine disk for cooling purposes. As illustrated in Figure 1, the Z-axis is normal for the surface of the disc
and the r-axis is parallel to it. At z = L is the porous disk of the channel. Even though the wall that synchronizes with the
r-axis is heated due to the exterior gas flow, non-Newtonian fluid is injected uniformly through the other punctured wall
to cool the hot wall.
The equations of continuity and momentum in cylindrical coordinates for the axisymmetric, steady, and non-

Newtonian fluid flow are as follows [1]:

𝜕 (𝑟 𝑢𝑟)

𝜕 𝑟
+
𝜕 (𝑟 𝑢𝑧)

𝜕 𝑧
= 0, 𝑢𝑟

𝜕 𝑢𝑟
𝜕 𝑟

+ 𝑢𝑟
𝜕 𝑢𝑧
𝜕 𝑧

=

(
−
1

𝜌

)
𝜕 𝑃

𝜕 𝑟
+

1

𝜌

(
𝜕 𝜏𝑟𝑟
𝜕 𝑟

+
1

𝑟
(𝜏𝑟𝑟 − 𝜏𝜃𝜃) +

𝜕 𝜏𝑟 𝑧
𝜕 𝑧

)
(24a)

𝑢𝑟
𝜕 𝑢𝑧
𝜕 𝑟

+ 𝑢𝑧
𝜕 𝑢𝑧
𝜕 𝑧

=

(
−
1

𝜌

)
𝜕 𝑃

𝜕 𝑧
+

1

𝜌

(
𝜕 𝜏𝑧 𝑟
𝜕 𝑟

+
1

𝑟
(𝜏𝑟 𝑧) +

𝜕 𝜏𝑧 𝑧
𝜕 𝑧

)
(24b)

where; 𝜏𝑟𝑟, 𝜏𝑟 𝑧, 𝜏𝑧 𝑟, 𝜏𝑧 𝑧 are the stress matrix components while P is pressure; 𝜌 is the density; and 𝑢𝑟 , 𝑢𝑧 are the compo-
nents of velocity in r, z directions.
The boundary conditions are

𝑢𝑟 = 𝑢𝑧 = 0 𝑎𝑡 𝑧 = 0 (25a)

𝑢𝑟 = 0 , 𝑢𝑧 = −𝑉 𝑎𝑡 𝑧 = 𝐿 (25b)

To solve the problem that appears in Figure 1 in the state of axially symmetric flow, it is comfortable to define a stream
function, therefore, the continuity equation is satisfied:

Ψ = 𝑉 𝑟2ℎ (𝜉) (26a)

where, 𝜉 =
𝑧

𝐿
, and the velocity components are

𝑢𝑟 =
𝑉 𝑟

𝐿
ℎ′(𝜉)

𝑢𝑧 = −2𝑉 ℎ (𝜉)
(26b)
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By using Equations (26a) and (26b), the momentum equations become [1]

ℎ′′′′ + 2Reℎ ℎ′′′ − 𝑘1Re(4 ℎ
′′ℎ′′′ + 2ℎ′ ℎ′′′′) = 0 (27)

With the boundary conditions

ℎ (0) = ℎ′(0) = ℎ′(1) = 0 , ℎ (1) = 1 (28)

where K1 is the injection Reynolds number and Re is the Reynolds number.

3.2 Heat transfer analysis

In the current problem, the energy equation with viscous squandering in the dimensionless formula is as follows:

𝜌 𝐶

(
𝑢𝑟
𝜕𝑇

𝜕𝑟
+ 𝑢𝑧

𝜕𝑇

𝜕𝑧

)
= 𝑘∇2𝑇 + 𝜙 (29)

𝜙 = 𝜏𝑟𝑟
𝜕𝑢𝑟
𝜕𝑟

+ 𝜏𝜃𝜃
𝑢𝑟
𝑟
+ 𝜏𝑧𝑧

𝜕𝑢𝑧
𝜕𝑧

+ 𝜏𝑟 𝑧

(
𝜕𝑢𝑟
𝜕𝑧

+
𝜕𝑢𝑧
𝜕𝑟

)
(30)

here; 𝑘, 𝐶, 𝑇 are the heat conduction coefficient of the fluid, specific heat, and the temperature, respectively. 𝜌 is the
density, while 𝑃 is pressure; 𝑢𝑟 , 𝑢𝑧 are the components of velocity in 𝑟, 𝑧 directions, whereas V is the velocity of injection,
and 𝜙 is the dissipation function.
By neglecting the squandering influence, the equations below with the conditions of the boundary are obtained [1]:

𝑓′′ − PrRe(𝑛 ℎ′𝑓 + 2ℎ 𝑓′) = 0, 𝑛 = 0, 2, 3, 4, … (31)

𝑓 (0) = 1 , 𝑓 (1) = 0 (32)

where, 𝑛 is the power-law index and Pr is the Prandtl number.

4 APPLICATION OF YTHPM TO THEMATHEMATICALMODEL

Now, the algorithm of YTHPM was applied here to Equations (27) and (31) with the boundary conditions (28), (32). The
basic steps of the new technique are illustrated as follows:

Step 1: By HPM, we obtained

ℎ′′′′ − ℎ∗0 + 𝛽 ℎ∗0 + 𝛽
(
2Reℎ ℎ′′′ − 𝑘1Re(4 ℎ

′′ℎ′′′ + 2ℎ′ ℎ′′′′)
)
= 0 ∶ ℎ∗0 =

∞∑
𝑖=0

𝑎𝑖𝜉
𝑖

𝑓′′ − 𝑓∗0 + 𝛽 𝑓∗0 − 𝛽
(
PrRe(𝑛 ℎ′𝑓 + 2ℎ 𝑓′)

)
= 0 ; 𝑓∗0 =

∞∑
𝑖=0

𝑏𝑖𝜉
𝑖

Step 2: Taking the Yang transform for both sides, we have

1

𝑠4
ℎ̃ −

1

𝑠3
ℎ(0) −

1

𝑠2
ℎ′(0) −

1

𝑠
ℎ′′(0) − ℎ′′′(0) − 𝑌(ℎ∗0) + 𝛽 𝑌(ℎ∗0) + 𝛽 𝑌

(
2Reℎ ℎ′′′ − 𝑘1Re(4 ℎ

′′ℎ′′′ + 2ℎ′ ℎ′′′′)
)
= 0

1

𝑠2
𝑓 −

1

𝑠
𝑓(0) − 𝑓′(0) − 𝑌 (𝑓∗0) + 𝛽 𝑌 (𝑓∗0) − 𝛽 𝑌

(
PrRe(𝑛 ℎ′𝑓 + 2ℎ 𝑓′)

)
= 0
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since ℎ(0) = ℎ′(0) = 0, 𝑓(0) = 1 and ℎ′′(0) = 𝑎, ℎ′′′(0) = 𝑏, 𝑓 ′(0) = 𝑐 are to be specified from the boundary conditions;
then

ℎ̃ = 𝑠3ℎ′′(0) + 𝑠4ℎ′′′(0) + 𝑠4 𝑌(ℎ∗0) − 𝑠4𝛽 𝑌(ℎ∗0) − 𝑠4𝛽 𝑌
(
2Reℎ ℎ′′′ − 𝑘1Re(4 ℎ

′′ℎ′′′ + 2ℎ′ ℎ′′′′)
)

𝑓 = 𝑠 𝑓(0) + 𝑠2𝑓′(0) + 𝑠2 𝑌 (𝑓∗0) − 𝑠2𝛽 𝑌 (𝑓∗0) + 𝑠2𝛽 𝑌
(
PrRe(𝑛 ℎ′𝑓 + 2ℎ 𝑓′)

)
⎫⎪⎬⎪⎭ (33)

Step 3: After taking the inverse YT of Equation (33) for both sides, we get

ℎ = 3 𝜉2 − 2 𝜉3 + 𝑌−1(𝑠4 𝑌(ℎ∗0)) − 𝑌−1(𝑠4𝛽 𝑌(ℎ∗0)) − 𝑌−1
[
𝑠4𝛽 𝑌

(
2Reℎ ℎ′′′ − 𝑘1Re(4 ℎ

′′ℎ′′′ + 2ℎ′ ℎ′′′′)
)]

𝑓 = 1 − 𝜉 + 𝑌−1(𝑠2 𝑌 (𝑓∗0)) − 𝑌−1(𝑠2𝛽 𝑌 (𝑓∗0)) + 𝑌−1
[
𝑠2𝛽 𝑌

(
PrRe(𝑛 ℎ′𝑓 + 2ℎ 𝑓′)

)]
⎫⎪⎬⎪⎭

where, 𝑎 = 6 , 𝑏 = −6 , 𝑐 = −1, 𝑌−1(𝑠𝜗) =
𝜉𝜗−1

(𝜗−1) !
since, 𝑌(𝜉𝜗) = 𝜗 ! 𝑠𝜗+1.

Step 4: From the assumption of the NHPM that puts ℎ = ℎ0 + 𝛽 ℎ1 + 𝛽2 ℎ2 +⋯ ,

𝑓 = 𝑓0 + 𝛽 𝑓1 + 𝛽2 𝑓2 +⋯, and ℎ∗0 = 𝑎0 + 𝑎1 𝜉 + 𝑎2 𝜉
2 +⋯+ 𝑎10 𝜉

10,
𝑓∗0 = 𝑏0 + 𝑏1 𝜉 + 𝑏2 𝜉

2 +⋯+ 𝑏10 𝜉
10, we have:

ℎ0 + 𝛽 ℎ1 + 𝛽2 ℎ2 +⋯ = 3𝜉2 − 2 𝜉3 + 𝑌−1(𝑠4 𝑌(𝑎0 + 𝑎1 𝜉 + 𝑎2 𝜉
2 +⋯+ 𝑎10 𝜉

10))

−𝑌−1(𝑠4𝛽 𝑌(𝑎0 + 𝑎1 𝜉 + 𝑎2 𝜉
2 +⋯+ 𝑎10 𝜉

10))

−𝑌−1

⎡⎢⎢⎢⎣𝑠
4𝛽 𝑌

⎛⎜⎜⎜⎝
2Re(ℎ0 + 𝛽 ℎ1 + 𝛽2 ℎ2 +⋯) (ℎ0

′′′
+ 𝛽 ℎ1

′′′
+ 𝛽2 ℎ2

′′′
+⋯)

−𝑘1Re

[
4 (ℎ0

′′
+ 𝛽 ℎ1

′′
+ 𝛽2 ℎ2

′′
+⋯)(ℎ0

′′′
+ 𝛽 ℎ1

′′′
+ 𝛽2 ℎ2

′′′
+⋯)

+2(ℎ0
′
+ 𝛽 ℎ1

′
+ 𝛽2 ℎ2

′
+⋯) (ℎ0

′′′′
+ 𝛽 ℎ1

′′′′
+ 𝛽2 ℎ2

′′′′
+⋯)

]⎞⎟⎟⎟⎠
⎤⎥⎥⎥⎦

𝑓0 + 𝛽 𝑓1 + 𝛽2 𝑓2 +⋯ = 1 − 𝜉 + 𝑌−1(𝑠2 𝑌 (𝑏0 + 𝑏1 𝜉 + 𝑏2 𝜉
2 +⋯+ 𝑏10 𝜉

10))

−𝑌−1(𝑠2𝛽 𝑌 (𝑏0 + 𝑏1 𝜉 + 𝑏2 𝜉
2 +⋯+ 𝑏10 𝜉

10))

+𝑌−1

[
𝑠2𝛽 𝑌

(
PrRe

[
𝑛 (ℎ0

′
+ 𝛽 ℎ1

′
+ 𝛽2 ℎ2

′
+⋯)(𝑓0 + 𝛽 𝑓1 + 𝛽2 𝑓2 +⋯)

+2(ℎ0 + 𝛽 ℎ1 + 𝛽2 ℎ2 +⋯)(𝑓0
′
+ 𝛽 𝑓′1 + 𝛽2 𝑓2

′
+⋯)

])]

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭
Step 5: By equalizing the terms that have the same power of 𝛽, we possess

𝛽0 ∶

{
ℎ0 = 3 𝜉2 − 2 𝜉3 + 𝑌−1(𝑠4𝑌(𝑎0 + 𝑎1 𝜉 + 𝑎2 𝜉

2 +⋯+ 𝑎10 𝜉
10))

𝑓0 = 1 − 𝜉 + 𝑌−1(𝑠2 𝑌 (𝑏0 + 𝑏1 𝜉 + 𝑏2 𝜉
2 +⋯+ 𝑏10 𝜉

10))

𝛽1 ∶

⎧⎪⎨⎪⎩
ℎ1 = −𝑌−1(𝑠4𝑌(𝑎0 + 𝑎1 𝜉 + 𝑎2 𝜉

2 +⋯+ 𝑎10 𝜉
10)) − 𝑌−1

[
𝑠4 𝑌

(
2Reℎ0 ℎ0

′′′
− 𝑘1Re

[
4 ℎ0

′′
ℎ0

′′′
+ 2ℎ0

′
ℎ0

′′′′
])]

𝑓1 = −𝑌−1(𝑠2 𝑌 (𝑏0 + 𝑏1 𝜉 + 𝑏2 𝜉
2 +⋯+ 𝑏10 𝜉

10)) − 𝑌−1
[
𝑠2 𝑌

(
Pr Re

[
𝑛 ℎ0

′
𝑓0 + 2ℎ0𝑓0

′
])]

𝛽2 ∶

⎧⎪⎨⎪⎩
ℎ2 = −𝑌−1

[
𝑠4 𝑌

(
2Reℎ0 ℎ1

′′′
+ 2Reℎ1 ℎ0

′′′
− 𝑘1Re

[
4 ℎ0

′′
ℎ1

′′′
+ 4 ℎ1

′′
ℎ0

′′′
+ 2ℎ0

′
ℎ1

′′′′
+ 2ℎ1

′
ℎ0

′′′′
])]

𝑓2 = −𝑌−1
[
𝑠2 𝑌

(
Pr Re

[
𝑛 ℎ0

′
𝑓1 + 𝑛 ℎ1

′
𝑓0 + 2ℎ0𝑓1

′
+ 2ℎ1𝑓0

′
])]
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Step 6: The analytical approximate solution can be acquired by putting 𝛽 = 1,

ℎ = lim
𝛽→1

ℎ = ℎ0 + ℎ1 + ℎ2 +⋯

𝑓 = lim
𝛽→1

𝑓 = 𝑓0 + 𝑓1 + 𝑓2 +⋯

The numerical analysis of YTHPM, calculated according to the above steps is applied here in order to find the semi-
analytical solution for the non-Newtonian viscoelastic fluid flow on the turbine disc used for cooling purposes is repre-
sented by the Equations (27) and (31). For confirmation, see the appendix.
The final form of ℎ (𝜉), 𝑓(𝜉) appears as follows:

ℎ (𝜉) = ℎ0 + ℎ1 + ℎ2 𝑎𝑛𝑑 𝑓 (𝜉) = 𝑓0 + 𝑓1 + 𝑓2

Then the final form of the solutions is

ℎ (𝜉) =

(
3 +

13

35
Re −

12

5
Re𝑘1

)
𝜉2 −

(
2 +

18

35
Re −

48

5
Re𝑘1

)
𝜉3 − 12Re𝑘1 𝜉

4 +
24

5
Re𝑘1𝜉

5 +
Re

(
10818 𝜉6 − 5184 𝜉7

)
90090

+
Re𝑘1 𝜉

7
(
3456 Re2𝑘21 − 576 Re𝑘1

)
105

+
Re𝑘1 𝜉

8
(
24192 Re2𝑘21 − 60 Re

)
420

−
Re𝑘1 𝜉

9
(
48Re + 193536 Re3𝑘31 + 20 Re𝑘1

(
24192 Re2𝑘21 − 60 Re

))
1260

+ Re2𝜉4
(
748

525
Re𝑘21𝜉

6 −
44

105
Re𝑘21𝜉

5

)
+Re2𝜉4

(
2

25
Re𝑘1𝜉

7
1 −

53

1155
Re𝑘1 𝜉

8 +
216

35
Re𝑘21𝜉

4

)
+⋯,

𝑓(𝜉) = 1 −

(
1 +

3

10
Re Pr+

3

10
Re Pr 𝑛

)
𝜉 +

RePr
(
540540 𝜉4 − 216216 𝜉5

)
1081080

−
RePr 𝑛

(
360360 𝜉4 − 216216 𝜉5

)
720720

+
RePr 𝑛

(
720720 𝜉3 − 360360 𝜉4

)
720720

+
Re2 Pr 𝑛𝜉3

(
475200 Re𝑘21 𝜉

4 − 665280Re𝑘21𝜉
3 + 4840Re𝑘1𝜉

6 − 4400Re𝑘1𝜉
7
)

138600
+⋯

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
(34)

5 RESULTS AND DISCUSSION

Figure 2 below shows the analytical approximate solution of YTHPM for the velocity ℎ (𝜉) at the different values ofRe and
𝑘1 = 0.01, while Figure 3 explains the derivative of the velocity ℎ ′ (𝜉) at the same values of parameters. Figure 4 illustrates
the temperature profiles 𝑓 (𝜉) at various values of power law index (𝑛) and 𝑘1 = 0.01 , Re = 1 for the solution obtained by
YTHPM.Likewise, Figure 5 clarifies the analytical approximate solution of YTHPM for the temperature𝑓 (𝜉) at the various
values of 𝑛, Re, and 𝑘1 = 0.01 . Moreover, Figure 6 demonstrates a comparison between YTHPM, RK-4th and HAM [4] of
the 1st iteration for temperature and velocity at 𝑛 = 0 , 𝑘1 = 0.01, Re = 0.1, and Pr = 0.7. Table 1 shows the comparison of
the average absolute error for velocity and temperature at 𝑛 = 0 , 𝑘1 = 0.01 over a range of 𝜉 = 0,… , 1 between YTHPM
and HPM at Re = 0.5 and Pr = 0.5, whereas at Re = 0.1 and Pr = 0.7 expounds the comparison of average percentage
errors (%Error) betweenYTHPM for 2nd iteration, HPM for 2nd iteration and PPM [7] for 3rd iteration. Finally, atRe = 0.5

and Pr = 1 compares average absolute errors between YTHPM for 2nd iteration, HPM for 2nd iteration and DTM [1] at
step (10) of velocity.
From Figures 2 and 3, we note that an increase in the Reynolds number yields an increase in velocity values in the 𝑧-

direction.Moreover, themaximumvalue of velocity takes place in the center of the channel at lowReynolds numbers. This
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F IGURE 2 Analytical approximate solution of YTHPM for the velocity ℎ (𝜉) at different values of Re and 𝑘1 = 0.01 for 2nd iteration

F IGURE 3 Analytical approximate solution of YTHPM for the velocity ℎ′ (𝜉) at different values of Re and 𝑘1 = 0.01 for 2nd iteration

alteration is because the condensing velocity gradient is close to the snug plate and the shear stress increases due to the
increase in the Reynolds number. Because ℎ′′(0) is the gauge of the friction power, it is convenient to utilize viscoinelastic
fluids as a coolant fluid to bring down the temperature of the synthetic gas turbine motives. Examining Figure 4, we
notice that the decrease in the power-law index leads to a temperature increase. This means that the lower power-law
index with temperature distribution calculates the temperature more than the de facto quantity. Furthermore, when the
Reynolds number increases, the temperature curve increases and the value of temperature decreases as illustrated in
Figure 5. Moreover, Figure 6 illustrates the comparison between YTHPM, numerical method (RK-4th), and HAM [4] for
the 1st iteration of temperature and velocity. It shows that the YTHPM coincides with the numerical method (RK-4th)
more than the solution of HAM [4]. From Table 1, we note that YTHPM is more effective than HPM in solving these
problems, therefore, we can say that YTHPM is a development of HPM and YTM. Further, the comparison between the
newmethod (YTHPM) for 2nd iteration, DTM for 10-step, and PPM for 3rd iteration with the numerical method (RK-4th)
show that YTHPMhas fewer errors, better convergence, and higher accuracy compared with DTM [1] and PPM [7]. It also
has an excellent agreement with the numerical method in comparison with DTM [1] and PPM [7].
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F IGURE 4 Temperature profiles 𝑓 (𝜉) at the various values of 𝑛 and 𝑘1 = 0.01 , Re = 1 for the solution obtained by YTHPM for 2nd
iteration

F IGURE 5 Analytical approximate solution of YTHPM for the temperature 𝑓 (𝜉) at various values of 𝑛, Re and 𝑘1 = 0.01 for 2nd
iteration

6 CONVERGENT ANALYSIS OF YTHPM

In this part, we will study the analytical approximate solutions (34) obtained by using the new method (YTHPM) and as
follows:

Definition:Assume that 𝑋1 is the Banach space and𝑁 ∶ 𝑋1 → ℝ is a nonlinear mapping where ℝ is the real number.
Then, the sequence of the solutions can be written as follows:

𝑊𝑚 = 𝑁(𝑊𝑚−1), 𝑊𝑚−1 =

𝑚−1∑
𝑖=0

𝑤𝑖, 𝑚 = 1, 2, 3, … (35)
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F IGURE 6 Comparison between YTHPM,
RK-4th, and HAM [4] for velocity (right) and
temperature (left) with respect to 1st iteration at
𝑛 = 0 , 𝑘1 = 0.01, Re = 0.1, and Pr = 0.7

TABLE 1 A comparison of the average errors for velocity and temperature at 𝑛 = 0 , 𝑘1 = 0.01 over a range of 𝜉 = 0,… , 1

𝐑𝐞 𝐏𝐫 YTHPM 𝒉 (𝝃 ) HPM 𝒉 (𝝃 ) YTHPM 𝒇 (𝝃) HPM 𝒇 (𝝃) PPM [7] 𝒉 (𝝃 ) PPM [7] 𝒇 (𝝃) DTM [1] 𝒉 (𝝃 )

0.5 0.5 0.0000140 0.00849 0.00143 0.0365 – – –
0.1 0.7 0.000372 0.10308181 0.00220 1.89472727 1.9203 1.2890 –
0.5 1 0.000045454 0.00278181 0.00065 0.02006363 – – 0.00012381

where 𝑁 satisfies the Lipschitz condition such that

∀ 𝛾 ∈ ℝ ‖𝑁(𝑊𝑚) − 𝑁(𝑊𝑚−1)‖ ≤ 𝛾 ‖𝑊𝑚 −𝑊𝑚−1‖ , 0 < 𝛾 < 1 (36)

Theorem 1. The series of analytical approximate solutions ℎ =
∑∞

𝑘=0 ℎ𝑘(𝜉) and 𝑓 =
∑∞

𝑘=0 𝑓𝑘(𝜉) obtained by YTHPM
converges if it satisfies the following condition:

‖𝑊𝑚 −𝑊𝑛∗‖→ 0 when 𝑛∗ → ∞, 0 < 𝛾 < 1.

Proof.

‖𝑊𝑚 −𝑊𝑛∗‖ = ‖‖‖‖‖‖
𝑚∑
𝑖=0

𝑤𝑖 −

𝑛∗∑
𝑖=0

𝑤𝑖

‖‖‖‖‖‖ =
‖‖‖‖‖‖𝑤0 +

𝑚∑
𝑖=1

𝑁(𝑤∙
𝑖
) − 𝑤0 +

𝑛∗∑
𝑖=1

𝑁(𝑤∗
𝑖
)

‖‖‖‖‖‖ ,
=

‖‖‖‖‖‖
𝑚∑
𝑖=1

𝑁(𝑤∙
𝑖
) +

𝑛∗∑
𝑖=1

𝑁(𝑤∗
𝑖
)

‖‖‖‖‖‖ , 𝑊𝑚 = 𝑁 (𝑊𝑚−1) =

‖‖‖‖‖‖𝑁
(

𝑚−1∑
𝑖=0

𝑤∙
𝑖

)
+𝑁

(
𝑛∗−1∑
𝑖=0

𝑤∗
𝑖

)‖‖‖‖‖‖ ≤ 𝛾 ‖𝑊𝑚−1 −𝑊𝑛∗−1‖
Because 𝑁 satisfies the Lipschitz condition and

𝑤∙
𝑖
=

𝑛∗∑
𝑗=0

𝜉

∫
0

(
2Re 𝜉

𝜕3ℎ𝑗

𝜕𝜉3
− 𝑘1Re

𝑗∑
𝑘=0

(
4
𝜕2ℎ𝑘
𝜕𝜉2

(
𝜕3ℎ𝑗−𝑘

𝜕𝜉3

)
+ 2

(
𝜕ℎ𝑘
𝜕𝜉

)
𝜕4ℎ𝑗−𝑘

𝜕𝜉4

))
𝑑𝜉

𝑤∗
𝑖
=

𝑛∗∑
𝑗=0

𝜉

∫
0

(
−PrRe

𝑗∑
𝑘=0

(
𝑛 𝑓𝑘

(
𝜕ℎ𝑗−𝑘

𝜕𝜉

)
− 2ℎ𝑘

(
𝜕𝑓𝑗−𝑘

𝜕𝜉

)))
𝑑𝜉
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Let,𝑚 = 𝑛∗ + 1 then, we have ‖𝑊𝑛∗+1 −𝑊𝑛∗‖ ≤ 𝛾 ‖𝑊𝑛∗ −𝑊𝑛∗−1‖, then
‖𝑊𝑛∗ −𝑊𝑛∗−1‖ ≤ 𝛾 ‖𝑊𝑛∗−1 −𝑊𝑛∗−2‖ ≤ ⋯ ≤ 𝛾𝑛

∗−1 ‖𝑊1 −𝑊0‖ (37)

From Equation (37), we have

‖𝑊2 −𝑊1‖ ≤ 𝛾 ‖𝑊1 −𝑊0‖‖𝑊3 −𝑊2‖ ≤ 𝛾2 ‖𝑊1 −𝑊0‖
⋮‖𝑊𝑛∗ −𝑊𝑛∗−1‖ ≤ 𝛾𝑛

∗−1 ‖𝑊1 −𝑊0‖
By using the triangle inequality:

‖𝑊𝑚 −𝑊𝑛∗‖ = ‖‖𝑊𝑚 −𝑊𝑚−1 −⋯−𝑊𝑛∗+1 −𝑊𝑛∗
‖‖

≤ ‖𝑊𝑚 −𝑊𝑚−1‖ + ‖𝑊𝑚−1 −𝑊𝑚−2‖ +⋯+ ‖‖𝑊𝑛∗+1 −𝑊𝑛∗
‖‖

≤ (
𝛾𝑚−1 + 𝛾𝑚−2 +⋯+ 𝛾𝑛

∗) ‖𝑊1 −𝑊0‖
≤ 𝛾𝑛

∗

1−𝛾
‖𝑊1 −𝑊0‖

When 𝑛∗ → ∞, we have ‖𝑊𝑚 −𝑊𝑛∗‖→ 0, then𝑊𝑚 is the Cauchy sequence in Banach space 𝑋1.

Theorem 2. The solution by the newmethod (YTHPM) ℎ =
∑∞

𝑘=0 ℎ𝑘(𝜉) and 𝑓 =
∑∞

𝑘=0 𝑓𝑘(𝜉) converges and is close to the
solution problems (27) , (31), if the following property is achieved:

𝐿−1𝑁(ℎ) = 𝐿−1𝑁(𝑓) = lim
𝑚→∞

𝐿−1𝑁(𝑊𝑚), where 𝐿−1(∗) = ∫
𝜉

0

(∗)𝑑𝜉

Proof. For any𝑊 ∈ 𝑋1 is defined as an operator from 𝑋1 to 𝑋1, 𝓁(𝑊) = 𝑊0 + 𝐿−1 𝑁(𝑊).
Let,𝑊1 , 𝑊2 ∈ 𝑋1, then we have

‖𝓁(𝑊1) − 𝓁(𝑊2)‖ = ‖‖𝑊0 + 𝐿−1𝑁(𝑊1) −𝑊0 − 𝐿−1𝑁(𝑊2)‖‖
= ‖‖𝐿−1𝑁(𝑊1) − 𝐿−1𝑁(𝑊2)‖‖
≤ ||𝐿−1|| ‖𝑁(𝑊1) − 𝑁(𝑊2)‖
≤ 𝛾 ‖𝑊1 −𝑊2‖

Therefore, the mapping 𝓁 is contractive, and by the Banach fixed point theorem for contractive mapping, there is a
unique solution for problems (27), (31). Now, we prove that the series solution 𝑓, ℎ satisfies problems (27), (31):

𝐿−1𝑁(ℎ) = 𝐿−1𝑁

(
∞∑
𝑘=0

ℎ𝑘(𝜉)

)

= 𝐿−1𝑁

(
lim
𝑚→∞

𝑛∗∑
𝑖=0

𝑤𝑖

)
= 𝐿−1𝑁

(
lim
𝑚→∞

𝑊𝑚

)
= lim

𝑚→∞
𝐿−1𝑁(𝑊𝑚)

and

𝐿−1𝑁(𝑓) = 𝐿−1𝑁

(
∞∑
𝑘=0

𝑓𝑘(𝜉)

)

= 𝐿−1𝑁

(
lim
𝑚→∞

𝑛∗∑
𝑖=0

𝑤𝑖

)
= 𝐿−1𝑁

(
lim
𝑚→∞

𝑊𝑚

)
= lim

𝑚→∞
𝐿−1𝑁(𝑊𝑚)
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From theorems 1 and 2, the values of the parameter 𝛾𝑚 must be calculated to obtain convergence by using the following
relationship:

𝛾𝑚 =

⎧⎪⎨⎪⎩
‖𝑊𝑚+1−𝑊𝑚‖‖𝑊1−𝑊0‖ =

‖ℎ𝑚+1‖‖ℎ1‖ =
‖𝑓𝑚+1‖‖𝑓1‖ , ‖ℎ1‖ ≠ 0, ‖𝑓1‖ ≠ 0 , 𝑚 = 1, 2, 3, …

0, ‖ℎ1‖ = 0, ‖𝑓1‖ = 0

Now, by using this definition, we find the convergence of the problem as follows:

‖ℎ1 − ℎ0‖ = ‖‖‖‖ (( 13

35
Re −

12

5
Rek1

)
𝜉2 −

(
18

35
Re −

48

5
Rek1

)
𝜉3 − 12Rek1 ξ

4 +
24

5
Rek1ξ

5 +⋯
)
−
(
3 𝜉2 − 2 𝜉3

) ‖‖‖‖‖ℎ2 − ℎ1‖ ≤ ‖ℎ1 − ℎ0‖ 𝛾, 𝛾 = 0.000191 < 1,‖ℎ3 − ℎ2‖ ≤ ‖ℎ1 − ℎ0‖ 𝛾2, 𝛾2 = 0.00000186 < 1,

⋮‖ℎ𝑚 − ℎ𝑚−1‖ ≤ ‖ℎ1 − ℎ0‖ 𝛾𝑚.

and

‖𝑓1 − 𝑓0‖ = ‖‖‖‖‖
((

3

10
Re Pr+

3

10
Re Pr 𝑛

)
𝜉 +

RePr (540540 𝜉4−216216 𝜉5)
1081080

−
RePr 𝑛 (360360 𝜉4−216216 𝜉5)

720720
+⋯

)
− (1 − 𝜉)

‖‖‖‖‖‖𝑓2 − 𝑓1‖ ≤ ‖𝑓1 − 𝑓0‖ 𝛾, 𝛾 = 0.00839 < 1,‖𝑓3 − 𝑓2‖ ≤ ‖𝑓1 − 𝑓0‖ 𝛾2, 𝛾2 = 0.0000152 < 1,

⋮‖𝑓𝑚 − 𝑓𝑚−1‖ ≤ ‖𝑓1 − 𝑓0‖ 𝛾𝑚.

7 CONCLUSIONS

A novel analytical approximate method has been suggested in this paper to solve a non-Newtonian viscoelastic fluid
flow on the turbine disk used to cool an axisymmetric channel with a porous wall. The effect of parameters (Pr,𝑛,Re) on
temperature and velocity was studied. From the results obtained, we noted the following:

∙ the velocity values increase when the Reynolds number increases.
∙ In the center of the channel at low Reynolds numbers the velocity takes the maximum value.
∙ Decreasing the power law index leads to a temperature increase.
∙ The value decreases and the curve increases for the temperature when the Reynolds number increases.
∙ The comparison between the results of YTHPM, RK-4th, HPM, and other methods in literature (DTM [1], HAM [4]
and PPM [7]) proves that YTHPM has a good convergence with high accuracy and an excellent agreement with RK-4th
more than other methods.

Through all these points, we conclude that the YTHPM is an efficient method with good convergence to find the analyt-
ical approximate solution of a non-Newtonian viscoelastic fluid flow on the turbine disk to cool an axisymmetric channel
with a porous wall. Finally, from the analysis of results, we can say that YTHPM is easy to use and has high thoroughness
with good convergence and can be used to treat diverse complicated fluid flow problems as it is used in many applications
in life and in future studies.
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APPENDIX

ℎ0 = 3 𝜉2 − 2 𝜉3 +
𝑎0 𝜉

4

4!
+
𝑎1 𝜉

5

5!
+
2 𝑎2 𝜉

6

6!
+
3!𝑎3 𝜉

7

7!
+
4! 𝑎4 𝜉

8

8!
+⋯+

10!𝑎10 𝜉
14

14!

𝑓0 = 1 − 𝜉 +
𝑏0 𝜉

4

4!
+
𝑏1 𝜉

5

5!
+
2 𝑏2 𝜉

6

6!
+
3!𝑏3 𝜉

7

7!
+
4! 𝑏4 𝜉

8

8!
+⋯+

10!𝑏10 𝜉
14

14!

ℎ1 = −

(
𝑎0 𝜉

4

4!
+
𝑎1 𝜉

5

5!
+
2 𝑎2 𝜉

6

6!
+
3!𝑎3 𝜉

7

7!
+
4! 𝑎4 𝜉

8

8!
+⋯+

10!𝑎10 𝜉
14

14!

)
−
Re𝑎10

(
90

25!𝑎10 𝜉
29

29!
+ 715

20!𝑎5 𝜉
24

24!
+⋯

)
11891880

−
Re 𝑎9

(
90

24!𝑎10 𝜉
28

28!
+ 715

19!𝑎5 𝜉
23

23!
+ 6486480

12! 𝜉16

16!
+⋯

)
10810800
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−
Re𝑎0

(
126

14!𝑎9 𝜉
18

18!
+ 90090

5!𝑎0 𝜉
9

9!
+ 6486480

3! 𝜉7

7!
+⋯

)
1081080

+
Re

(
90090

4!𝑎0 𝜉
8

8!
− 4324320

3! 𝜉7

7!
+ 6486480

2! 𝜉6

6!
+⋯

)
1081080

+
Re 𝑘1𝑎9

(
1001

19!𝑎7 𝜉
23

23!
+ 6006

15! 𝑎3𝜉
19

19!
+ 30030

13! 𝑎1𝜉
17

17!
+⋯

)
360360

+
Re 𝑘1𝑎8

(
3432

15 !𝑎4 𝜉
19

19!
+ 12012

13! 𝑎2𝜉
17

17!
+⋯

)
360360

+
Re 𝑘1𝑎0

(
120120

3 !𝑎0 𝜉
7

7!
− 4324320

2! 𝜉6

6!
+ 6486480

𝜉5

5!
+⋯

)
360360

+ 12Re 𝑘1
5!𝑎3 𝜉

9

9!

+24Re 𝑘1
3!𝑎1 𝜉

7

7!
− 24Re 𝑘1

𝑎0 𝜉
5

5!
+ 8Re 𝑘1

3!𝑎1 𝜉
7

7!
+ 24Re 𝑘1

2!𝑎0 𝜉
6

6!
− 576Re 𝑘1

𝜉5

5!
+ 288Re 𝑘1

𝜉4

4!
+⋯

𝑓1 = −

(
𝑏0 𝜉

4

4!
+
𝑏1 𝜉

5

5!
+
2 𝑏2 𝜉

6

6!
+
3!𝑏3 𝜉

7

7!
+
4! 𝑏4 𝜉

8

8!
+⋯+

10!𝑏10 𝜉
14

14!

)

−
RePr 𝑏10

(
90

25!𝑎10 𝜉
27

27!
+ 715

20!𝑎5 𝜉
22

22!
+⋯

)
11891880

−
RePr 𝑏7

(
90090

12!𝑎0 𝜉
14

14!
− 4324320

11! 𝜉13

13!
+⋯

)
6486480

−
RePr 𝑏4

(
1287

13!𝑎4 𝜉
15

15!
− 6486480

7! 𝜉9

9!
+⋯

)
5405400

+
RePr

(
90090

4!𝑎0 𝜉
6

6!
− 4324320

3! 𝜉5

5!
+ 6486480

2! 𝜉4

4!
+⋯

)
6486480

+
RePr 𝑛 𝑏6

(
1001

18!𝑎7 𝜉
20

20!
+ 2145

16!𝑎5 𝜉
18

18!
+ 4324320

9! 𝜉11

11!
+⋯

)
40360320

+
RePr 𝑛 𝑏2

(
420

17!𝑎10 𝜉
19

19!
+ 30030

8!𝑎1 𝜉
10

10!
+ 4324320

5! 𝜉7

7!
+⋯

)
8648640

−
RePr 𝑛

(
120120

4!𝑎0 𝜉
6

6!
− 4324320

3! 𝜉5

5!
+ 4324320

2! 𝜉4

4!
+⋯

)
720720

+
RePr 𝑛

(
120120

3!𝑎0 𝜉
5

5!
− 4324320

2! 𝜉4

4!
+ 4324320

𝜉3

3!
+⋯

)
720720

+⋯

⋮

The terms h2, f2 are too long.
To solve any equation that contains constants, we have to make the equation equal to zero, and then calculate the value

of each constant by equating the terms with the identical powers on both sides. So, to calculate the constants coefficients
𝑎0, 𝑎1 , 𝑎2 , … , 𝑎10 and 𝑏0, 𝑏1 , 𝑏2 , … , 𝑏10 assume that ℎ1 = 0, 𝑓1 = 0, and then equal the terms that have the same power
of 𝜉, we have

𝑎0 = 288 Re 𝑘1, 𝑏0 = 0

𝑎1 = 24Re 𝑘1 𝑎0 −
4324320Re𝑘1 𝑎0

360360
− 576Re 𝑘1 , 𝑏1 =

4324320Re𝑘1 𝑛

720720
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𝑎2 =
6486480Re

108108
−
4324320Re𝑘1 𝑎1

360360
+
4324320Re𝑘1 𝑎0

360360
+ 72Re 𝑘1𝑎0 + 12Re 𝑘1𝑎1 ,

𝑏2 =
6486480 PrRe

1081080
−
4324320Re Pr 𝑛

720720
,

𝑎3 =
6486480Re𝑎0

108108
−

4324320Re

90090
−
4324320Re𝑘1 𝑎1

360360
−
4324320Re𝑘1 𝑎2

360360
−
120120Re𝑘1 𝑎

2
0

360360
− 8Re 𝑘1𝑎2

+32Re 𝑘1𝑎1 − 2Re 𝑘1𝑎
2
0 ,

𝑏3 =
4324320Re Pr 𝑛

720720
+
120120Re Pr 𝑛 𝑎0

720720
−
6486480 PrRe

1081080
,

⋮

So on, the values of the remaining parameters are too large.
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